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Some Empirical Tests of the Theory of Arbitrage
Pricing

NAI-FU CHEN*

ABSTRACT

We estimate the parameters of Ross’s Arbitrage Pricing Theory (APT). Using daily
return data during the 1963-78 period, we compare the evidence on the APT and the
Capital Asset Pricing Model (CAPM) as implemented by market indices and find that
the APT performs well. The theory is further supported in that estimated expected
returns depend on estimated factor loadings, and variables such as own variance and
firm size do not contribute additional explanatory power to that of the factor loadings.

THE ARBITRAGE PRICING THEORY (APT), originally formulated by Ross [35, 36]
and extended by Huberman [23] and Connor [13], is an asset pricing model that
explains the cress-sectional variation in asset returns. Like the Capital Asset
Pricing Model (CAPM) of Sharpe [39], Lintner [26], and Black [2], the APT
begins with an assumption on the return generating process: each asset return is
linearly related to several, say k, common “global” factors plus its own idiosyn-
cratic disturbance. Then in a well-diversified, frictionless, and perfectly compet-
itive economy, the no arbitrage condition requires that the expected return vector
must lie (asymptotically) in the k£ + 1 dimensional vector space spanned by a
vector of all one’s and the k vectors of asset response amplitudes (to the &
common global factors).

The initial empirical evidence on the model has been rather encouraging (see
Gehr [19] and Roll and Ross [34]). In this paper, we shall compare the empirical
performance of the APT with that of the CAPM. We shall also test whether the
APT can explain some of the empirical “anomalies” related to the CAPM in
recent years. The paper has six sections. In Sections I and II, some basic results
related to the APT are given so that testable implications of the model can be
clearly identified and the parameters of the model can be estimated. Section III
contains the cross-sectional results of the APT. In Sections IV and V, we attempt
to reject the APT by looking at variables that are known to be highly correlated
with returns to see if they have any additional explanatory power after the APT
parameters are included. We summarize our findings in Section VI. Some
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mathematical derivations and the estimation procedure for the factors are de-
scribed in the Appendix.

I. The Arbitrage Pricing Theory and Its Implications
A. A Brief Review of the APT"

Assume that asset markets are perfectly competitive and frictionless and that
individuals believe that returns on assets are generated by a k-factor model, so
that the return on the i*" asset can be written as:

Fo=E;+ bud; + +-- + bydy + & 1)

where E; is the expected return; l§j, J=1, -.., k, are the mean zero factors
common to all assets; b; is the sensitivity of the return on asset i to the
fluctuations in factor j; and ¢; is the “nonsystematic” risk component idiosyncratic
to the ith asset with E{¢;| &} = 0 for all j. In a well diversified economy with no
arbitrage opportunity, the equilibrium expected return on the i*" asset is given
by:

E,' = )\0 + >\1bi1 + )\zbiz + ...+ >\kbik- (2)

If there exists a riskless (or a “zero beta”) asset, its return will be Ay. The other
parameters, A;, ..., Az, can be interpreted as risk premiums corresponding to
risk factors 51, R &%. In other words, )\, is the expected return per unit of long
investment of a portfolio with zero net investment and b,;, = 1 and b, = --- =
bpk = 0.

B. Factor Analysis and the Estimation of the Factor Loadings

The procedure to estimate factor loadings (i.e., the b;’s) for all assets corre-
sponding to the same set of common factors is quite involved and expensive. We
first do a factor analysis on an initial subset of assets, and then we extend the
factor structure of the subset to the entire sample. This is accomplished via a
large scale mathematical programming exercise. Section II contains a brief
outline.

It is clear that the development of the theory of arbitrage pricing is quite
separate from the factor analysis. We use factor analysis here only as a statistical
tool to uncover the pervasive forces (factors) in the economy by examining how
asset returns covary together. As with any statistical method, its result is
meaningful only when the method is applied to a representative sample. In the
present context, the initial subset to which the factor analysis is applied should
consist of a large random sample of securities of net positive supply in the
economy; thus the sample would be closely representative of the risks borne by
investors. In a recent article, Shanken [37] points out some of the potential
pitfalls of testing the APT when the factored covariance matrix is unrepresen-
tative of the covariation of assets in the economy. By forming portfolios from

! See Ross [35, 36], Huberman [23], and Connor [13] for the formal development. See also Ingersoll
[24], Chen and Ingersoll [10], Grinblatt and Titman [22], and Dybvig [16].
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any given set of assets, Shanken demonstrates that factor analysis can produce
many different factor structures from the manipulated portfolios. In the extreme
case where the constructed portfolios are mutually uncorrelated, factor analysis
produces no common factor. Of course, forming uncorrelated portfolios by longing
and shorting securities merely repackages the risk bearing and potential reward
associated with the original securities and does not alter the fundamental forces
and characteristics inherent in the economy. However, as a statistical tool, factor
analysis can no longer detect those pervasive forces from such manipulated
portfolios.? This, of course, should not be construed as a criticism of the theory
or of the testability of the APT, but rather should serve as a reminder of the
potential problems involved in doing statistical analysis on unrepresentative
samples. In this paper, we select 180 securities for each of the initial factor
analyses. If we miss an important factor because of unrepresentativeness, all the
tests that follow will be biased against the APT.

C. Testable Hypothesis of the APT

We regard Equation (2) as the main result of the APT that explains the cross-
sectional differences in asset returns, and it is (2) that will be tested in the
following sections.

A logical first step in testing (2) would be to look for priced factors. However,
the task of finding priced factors turns out to be not particularly straightforward.
If we have determined that k& factors exist (in the sense of Connor [13]) in the
generating process of asset returns in the economy, then the number of priced
factors—as long as there is at least one—is not well defined. Intuitively, this can
be most easily seen by noting that a k factor pricing equation can always be
collapsed into a single beta equation via mean-variance efficient set mathematics
(and with an additional orthogonal transformation similar to that described
below, the number of priced factors can be arbitrary). Mathematically, let v be
the risk premium vector for a particular set of risk factors and let u be any vector
of the same dimension with u’u = v’v. Then there exists an orthogonal trans-
formation that will transform the original set of factors to a new set of orthogonal
factors whose associated risk premium vector is u. In other words, if it has been
established that & factors are present, the number of priced factors can be any
number between 1 and k. It should be emphasized here, however, that those
factors that are not priced are just as important as those that are priced in an
individual’s investment decision (see Breeden [4], Constantinides [12] and Roll
[32] for related issues). They are irrelevant only in predicting expected return.
This should be borne in mind when interpreting the cross-sectional results in
Section III.

A question that naturally arises in this investigation is how the APT fares
against other asset pricing models. It is immediately apparent from Equations

2The term “pervasive forces” was made popular by Connor {13]. See Shanken [37] for his
interpretation of Connor’s result and its implications to the APT. Contrary to some beliefs, Shanken’s
results were not driven by the idiosyncratic terms in a finite sample or the approximate nature of
Ross’ original formulation. The no common factor result can be obtained in an economy with exactly
k factors and no idiosyncratic risks.



1396 The Journal of Finance

(1) and (2) that any model that predicts a linear relation between “risk” and
return is potentially consistent with the APT.? For example, if we let §, be the
return on the market and 8, be changes in interest rate, we obtain Merton’s [27]
two factor pricing equation. Therefore, unless the “market” and/or the “factors”
can be properly identified, accepting the APT (i.e., not being able to reject the
APT) does not necessarily reject the other pricing equations. However the results
of APT can be compared with other models as popularly implemented. In Section
III, we examine the cross-sectional results of the APT and the CAPM.

It has been suggested that the APT is so general that it is not rejectable.
Fortunately, this is not true. The most important result of the APT is that only
those risks that are reflected in the covariance matrix are priced, nothing else.
So if we are able to find a variable that is priced even after the factor loadings
(FL) are accounted for, the APT would be rejected. For example, if the daily
return to every small firm were increased by 1% per day, the returns to small
firms would be statistically significantly higher than the returns to large firms,
no matter how many factors were extracted from the covariance matrix to account
for risk ex ante, as long as the number of factors is small* relative to the number
of securities.

In Sections IV and V, we attempt to reject the APT using variables such as
own variance and size of firm equity. Those variables are chosen because of the
well documented high correlation between them and the average returns.

II. Estimation of the Factor Loadings
A. The Data

The data are described in Table I. All the parameters in Sections III, IV, and
V are computed using only data within each subperiod so that we may have four
independent tests of each hypothesis.

The computation of the b;;’s, the factor loadings (FL), uses only data from odd
days within each subperiod. Even day returns are reserved for testing purposes.

B. Methodology

The details of the estimation procedure are described in the Appendix; the
following is a brief outline:

(i) The first 180 stocks in the sample (alphabetically) are selected and their
sample covariance matrix computed. The choice 180 is the upper limit

31t is often asserted that the CAPM is a special case of the APT. This is true if and only if there
exists a rotation of the factors such that one of the factors is the “market.” Ex ante, there is no
reason to assume this is the case in our finite economy. Ex post, we discover in this study as well as
in subsequent studies [7, 11] that the first factor is highly correlated with a measure of the “market”
such as the equally or value weighted NYSE stock index. However, throughout this study, we maintain
the ex ante position that the CAPM and the APT are nonnested for hypothesis testing.

1 “Small” here refers to the number of pervasive factors that influence the returns of most assets,
and this number is no more than a few and certainly less than, say, 20. We insert “small” here to
rule out the pathological case where the number of factors is equal to the number of assets and
therefore any pattern of returns can be explained. In the present study, the maximum number of
factors is limited to 180, the size of the initial factor analysis, while the number of securities in each
period is more than 1,000.
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Table I
Data Description

Source: Center for Research in Security Prices
Graduate School of Business
University of Chicago

Daily Returns File
Sample period: 1963-78 inclusive. The entire period is divided into four
subperiods: 1. 1963-66, I1. 1967-70, III. 1971-74, and
1V. 1975-178.
Selection criterion: All the securities that do not have missing data during
each subperiod.*
Basic data unit: Return adjusted for all capital changes and including
dividends.
Number of selected securities: Subperiod Total sample
I 1,064
1I 1,522
111 1,580
v 1,378

* Their average daily return in absolute value is less than 0.01 to eliminate outliers.
Only Burma Mining Inc. was excluded with this criterion during the first subperiod.

placed by the processing capacity of the IBM 3033 used (in 1980) for the
computation of the factor loadings.

(i) The first ten factor loadings for each stock are obtained with the computer
software package EFAP II.

(iii) Five portfolios are formed using linear programming® so that the resultant
portfolios will balance estimation errors with other desirable properties.
The time series of the five portfolios will contain linear combinations of
the &,, - - - , & (i.e., the factor scores).

(iv) The first five factor loadings are produced for every stock in the sample
by solving a matrix equation (Equation (A1) in the Appendix).

One of the difficulties in empirically testing the APT is that it does not tell us
what the number of common factors should be. Since ex post data are being used
to test for an ex ante relation, the number of factors to be included must be
independently determined and prespecified in order to avoid potential data
mining and to give the alternative hypothesis a fair chance ex post. Five were
selected based on previous empirical studies (see Roll and Ross [34] and Rein-
ganum [30]).° A study by Brown and Weinstein [5] also confirms that the number
of pervasive factors is probably no greater than five.

III. Cross-Sectional Results
A. The APT and the CAPM

To see how well the data support the models, we examine the result of cross-
sectional regression of assets’ returns on the hypothesized parameters in each of
the subperiods. The independent variables will be the FL for the APT and the

% This is the GUB programming within the elastic programming in the XS mathematical program-
ming system developed by Glenn Graves, UCLA.
¢ Based on the analysis and the plot of eigenvalues, for each period five factors also look sufficient.
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betas for the CAPM (both computed on the odd days):
=X+ Mba 4+ - + Mbx+ 6, (APT) (3)
r= N+ MBi + . (CAPM) (4)

The returns are computed on the even days of each subperiod. The betas are
computed with market proxies: (1) the S&P 500 index, (2) the value weighted
stock index, and (3) the equally weighted stock index. The returns on the indices
are taken from the CRSP tape index file. The result of the regression is given in
Table II, Parts A and B.

The adjusted R* comes from the cross-sectional regression of assets’ average
(even day) returns over the entire period on the independent variables. The
estimated coefficients and their ¢ statistics come from the time series of cross-
sectional regression coefficients as in the studies of Black, Jensen, and Scholes
(BJS) [3] and Fama and Macbeth (FM) [17]. In our case, we first compute the
average of every five (even) day returns and perform a cross-sectional regression
on each of them, thus generating a time series for each estimated coefficient.
The mean and the ¢ statistic are then derived from the time series.” Almost all
the serial correlation coefficients are insignificant; therefore, the time series
sample may be treated as essentially independent. A nonparametric test is also
performed on the time series of each coefficient to hedge against nonnormality
of the population. Here the “sign test” is used to test whether the median is zero.
Since the power of the nonparametric test is in general lower than parametric
tests, both significance at the 0.1 level and at the 0.05 level are reported next to
the estimated coefficient. The Hotelling T (see Morrison [28]) in Table II is
computed from the time series of A;, ---, As. The T? statistics are reported
alongside the F’s because it is easier to add up T? (which asymptotically
approaches x?). The interpretation of these statistics follows.

In looking at the results in Table II, Part A, recall the rotation indeterminancy
associated with factor analysis (Section 1. C above). Thus, comparison of \; across
time periods is not meaningful. The only exceptions are the Ao’s, which are the
estimated expected return of a zero-FL asset. It also happens that the first FL of
each asset is highly correlated with the 8 of CAPM. The simple correlation
between the b;; and the 8; (for each market proxy) is in the neighborhood of 0.95.
Almost all the b;’s are negative; therefore, one would expect the risk premium
(i.e., the estimated \;) to be negative. Indeed, all the estimated \,’s are negative
(even for the period 1967-70 when the estimated market premium is negative;
see Table II, Part B); however, only the first and the fourth periods’ estimated
A\’s are significantly different from zero. This is consistent with the result in
Table II, Part B, where the CAPM 8 is priced only in those two periods. As for
the other estimated )\’s, there is no a priori information on their signs; therefore,
one can judge only by their significance level whether that factor is priced. From

7The error matrix of the estimated premia is (X’X)™'X’ ¥ X(X'X)™, where ¥ is the cross-
sectional covariance matrix of the idiosyncratic terms under the null hypothesis A\; = Ao = -+ As =
0. If the b; are estimated with error, the error matrix for the risk premia remains the same under the
null hypothesis in some special cases. See Gibbons [21] or Shanken [38].
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Table II, Part A, it is interesting to note that there is at least one significant
factor beside A, for every period.

To see whether APT has any explanatory power in cross-section we test the
null hypothesis that A, = Ay = A3 = Ay = X\s = 0. This is equivalent to the
hypothesis that the expected return of all assets are the same and equal to \,.
The Hotelling T? is a multivariate test (see Morrison [28]) appropriate for this
purpose. However, it is tricky to apply the test to the APT because, as mentioned
previously, the APT only requires at least one of the factors to be priced. If we
then choose only the first few most significant factors to be included in the
Hotelling T2, obviously the Type I error is underestimated and there is a bias
against the null hypothesis. If we always take all five, the test will be weak and
the Type II error will be large.® Despite the relative low power of the test when
all five are included, the F statistic is still significant at least at the 0.1 level for
every period (see Table II, Part A), so the overall significance level would be very
high. If we assume independence across the four test periods, we can sum up the
T%(Y T? = 60.96) which asymptotically approaches x 2 with 20 degrees of freedom
and with a critical value of 45.3 for the 0.001 level.®’ Therefore, with the FL, we
can confidently reject the null hypothesis of constant expected return across
assets.

B. A Comparison between the APT and the CAPM"®

The next question that comes up naturally is: which of the two competing
models, CAPM or APT, do the data favor? To answer this, one is tempted to do
aregression with both CAPM beta and the FL as independent variables. However,
this is not done because: (i) this specification is not justified on theoretical
grounds and the two models are nonnested (see also footnote 3), and (ii) the
betas and the FL are intended to measure the same thing—risk. Thus, to put
them together in a regression would mean including the same variable twice on
the right-hand side. The high degree of multicollinearity (intertwined with
measurement error) tends to produce regression coefficients that make no sense.

One possible way to discriminate among nonnested alternative models was
suggested in Davidson and Mackinnon [14]. Let Fapr and Fcapm be the expected
return generated by the APT and the CAPM, i.e., they are obtained from the
cross-sectional regression of (3) and (4) (on even days) without the error terms;
then if we estimate o in

r= af,-‘ApT + (1 - Ol)fi,CAPM + e; (5)

(cf. [14], Equation (4)), we would expect « to be close to 1 if the APT is the
correct model relative to the CAPM. We analyze (5) rather than many of its

8 Gibbons [20] showed that a much more efficient estimate of the risk premium is possible by
pooling cross-sectional time series data in a seemingly unrelated regression. The standard error in
his study was roughly one third of the BJS-FM standard error. Unfortunately, there are over a
thousand securities in our cross-sectional sample. Thus the SUR, which requires inversion of the
sample covariance matrix, is not feasible. Furthermore, the probability limit of the Hotelling 7
statistic is biased downward in the presence of nonsystematic measurement error.

? An approximate F statistic reconstructed from the overall T statistic is 2.46 with (20, 78) d.f.

19T am indebted to Stephen Brown for a discussion on this topic.
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Table IIT

Estimated Weights of the Expected
Return from the APT and CAPM*

ri= (1 — a)fcapm + afapr + €

4

Value Equally
Weighted  Weighted

S&P Stock Stock

Period 500 Index Index

1963-66 0.968 0.970 0.992
(0.014) (0.014) (0.010)

1967-70 1.006 0.994 0.952
(0.014) (0.011) (0.010)

1971-74 0.938 0.945 0.951
(0.021) (0.019) (0.025)

1975-78 0.953 0.970 0.994

(0.014) (0.010) (0.020)

2 Standard errors in parentheses.

close alternatives (see [14]) because of the symmetric treatment of Fapr and
fcapm. The penalty for regressing (5) is that the asymptotic standard error of a
is underestimated. A multiplicative adjustment is necessary. However, since there
are so much data in the stock returns, the mean and standard error of a can be
estimated directly from its time series, which is obtained by performing (5) in
subintervals within each period. Each subinterval contains five (even) days. The
point estimate of «, which is contained in Table III, is persuasive of the APT,
even though in many cases the estimated « is significantly different from 1.

A better criterion, based on theoretically sound foundations, is suggested by
the Bayesians. Had the residuals of (3) and (4) satisfied the i.i.d. multivariate
normal assumption, posterior odds ratios can be computed to provide a selection
rule.!* With diffuse prior and some assumptions,'? the formula for posterior odds
in favor of model 1 over model 0 is given by

R = [ESS/ESS,] V2N ka=ku)/2 ©

(cf. Leamer [25, p. 114]), where ESS is the error sum of squares, N is the number
of observations, and k is the dimension of the respective models.

The posterior odds thus computed are, with one exception, overwhelmingly in
favor of the APT over the CAPM as implemented by the three market indices.
The odds ratios in favor of the APT are never less than 3.64E + 3 for all four
periods and all three market indices and are as high as 5.17E + 19, except for
the equally weighted stock index in the period 1975-78 (R = 2.94E — 4).

Unfortunately, while we try to extract all the cross-sectional covariance
through factor analysis in the case of APT, the same cannot be said about CAPM.
In fact, it is well known that the residuals across firms tend to be positively

! For a survey of posterior odds methods, see Zellner [41].

12 See Zellner [40], Chapter 10, pp. 306-312 for details. The side assumptions are those that reduce
the posterior odds ratio to goodness of fit. See related issues in Gaver and Geisel [18] and Leamer
[25]. I thank Edward Leamer and Arnold Zellner for a discussion on this topic.
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correlated in CAPM, and the residual variances are underestimated.'® Therefore,
readers should keep this caveat in mind as they interpret the odds ratios.

Further comparison of the two models requires additional information; tests
incorporating this information are examined in the following sections. The results
of this section, together with additional evidence we gather later, will enable a
more definitive comparison.

C. Performance Measurement and the APT

The residuals from the CAPM are of some interest. They are sometimes used
for performance measurement. If the CAPM is not misspecified, the expected
return of asset { would be captured by 8;, and the residual »; in Equation (4)
would behave like noise and have a zero mean (across time). However, if the
CAPM is misspecified and the 8; does not capture all the information about
expected return, the remaining part will be contained in the residual #;. In this
case, the »; will no longer behave like noise across time, and, if there is another
model that can price the remaining part of the expected return, the »; will be
priced by that model. Therefore, the logical tactic is to run a BJS-FM type
regression with the 7, as the dependent variable and the set of FL as the
independent variables. The results are reported in Table IV, Part A. The statistics
are obtained in the same manner as in Table II, Part A. For completeness, we
also regress the residual from APT (Equation (3)) on the CAPM betas and the
results are reported in Table IV, Part B.

The following two points (which will be made more precisely later) should be
kept in mind in interpretation of the results of Table IV. (i) The prior information
contained in Table II can be used to determine which significant statistic is
merely a statistical artifact; specifically, any factor that is not priced in Table II
should not be priced in Table IV. A case in point is the estimated X\, in the 1967-
70 period in Table IV, Part A, which carries significant ¢ statistics with the right
sign for each market proxy. However the estimated A, in Table II, Part A, is not
significant. Thus the ¢ statistics of A\, in Table IV, Part A, should be regarded
with suspicion, and the reason for this is related to the next point. (u) The left-
hand side variable i in the regress1on ism=r— No — A ﬁ, and B, and b, are hlghly
correlated (while §; and b,,, j # 1 are not). In the regression of %; on the b/s, the
estimated A, may be spuriously induced by §;. Note that, if 3; and b, are perfectly
correlated, this will not happen. But when they are only highly correlated, the
effect would produce some (often not too large) spurious change in the estimated
coefficient but rather nonsensical ¢ statistics.

More precisely, we first posit that expectations in the market are rational, and
we write the realized return r; as

r, = E,‘ + v, (7)

where E; is the market rational expected return (before the realization) and »; i§
the noise term.! Let 5; be the residual of a cross-sectional regression of r; on §;

13 The error terms may also be heteroscedastic.
4 Bach realization of 5; may not be zero and may be correlated cross-sectionally. Thus the vector
of 7; cross-sectionally may be correlated with estimated factor loadings. However, since the time
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(i.e., Equation (4)), then 7, can be written as
#: = [E; — E:(CAPM)] + v;, (8)

where E;(CAPM) is the estimated expected return from the CAPM with the
market proxies. If the CAPM is correct with the market proxies, that is, E;, =
E;(CAPM), then E; — E;(CAPM) and, consequently, #; should not be priced by
any other models. However, if the CAPM is misspecified and E; contains priced
information that is not captured by E,(CAPM), then 7; should still contain such
information, and, consequently it should be priced by any model that captures
this information. When 1, is priced by, say, a factor from the APT, it must not
be spuriously induced by E;(CAPM). The prior information in Table II, Part A,
enables determination of this. If a factor is priced in Table IV but not II, it is
probably spurious. If a factor is priced in Table II, Part A (i.e., (7) on the FL),
and again in Table IV, Part A (i.e., (8) on the FL), with the same sign and
roughly the same magnitude, this pricing is not spuriously induced by E;(CAPM).
The t and the Hotelling T2 statistics then indicate individually and collectively
the probability that the pricing is due to chance. Therefore, it is important to
remember Parts A and B of Table IV should never be considered in isolation;
rather, each should be examined with its counterpart in Table II.

With this in mind, the results in Table IV, Part A, can be examined. For the
CAPM to be true, the beta must be able to capture all the priced information
and render all the priced factors in Table II, Part A, insignificant in Table IV,
Part A. Indeed, this seems to be the case with market proxy III (the equally
weighted stock index) in the 1975-78 period. There are two priced factors in
Table II, Part A, but none in Table IV, Part A (last row). However, this is the
only case where the beta of the CAPM did so well. With the other proxies in the
same period and with all proxies in other periods, except for factor one, the
priced factors in Table II, Part A, remain priced with the same sign and roughly
the same magnitude.

The Hotelling T? statistics are once again computed to provide summary
measures. They are listed under the heading F. Because of the irregularities in
estimated A;, the Hotelling T? test using only the last four risk premium time
series is also reported under the heading F,;. Based on the prior information in
Table II, Part A, we know F, will be weak because known insignificant factors
have been carried along. Despite the apparent lack of power, all the Fy's are
significant, except for the last period. Therefore, it can be concluded that, in
most cases, the CAPM is misspecified and the missing priced information is
being picked up by the APT. This also serves as a warning to all those perform-
ance measurements based on the residuals from the CAPM.

Table IV, Part B, contains the regression results of the residual from the APT
on the betas of the CAPM. All the ¢ statistics are insignificant except those for
the 1971-74 period. Table II, Part B, indicates that the remaining significant ¢

series expectation of each 7, is zero, the time series of regression coefficient of n; on the factor loadings
should have a mean that is statistically indistinguishable from zero. That is, if the residuals of (3) or
(4) contain only noise terms, they will not be priced.
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statistics are spurious (note the point estimates). Therefore, if the APT is
misspecified, whatever it misses is not being picked up by the CAPM betas.

IV. Test of the APT against the “Own Variance” Effect

In this section we test the APT against the specific alternative that own variance
has explanatory power after accounting for the FL. This alternative hypothesis
is chosen because of the well-documented correlation between average returns
and own variance in Douglas [15], subsequently studied by Miller and Scholes
[29], Fama and Macbeth [17], and Roll and Ross [34].

Again, we do not simply enter a measure of own variance as an additional
explanatory variable to Equation (3) for the same reason we did not do so with
8 in the previous section. Although own variance (or standard deviation) may
not be as collinear with the FL, as beta is, we have no way of knowing in which
direction the bias will occur when multicollinearity is intertwined with measure-
ment error in a multiple regression. In the methodology proposed below, linear
programming is used to minimize the errors-in-variables problem in the FL. If it
is unsuccessful, the bias is always against the null hypothesis (i.e., more likely to
reject APT when it is true).'

To test for the own variance effect, we first compute the own variance of each
asset within each subperiod using data from all even days divisible by six. All
securities are separated into two groups, one consisting only of securities whose
own variance is above the median variance and the other below. Then a program-
ming technique is used to form two portfolios from the two groups so that: (1)
each security in the portfolio has nonnegative weight, and the weight should not
be too far away from 1/n, where n is the number of securities in the portfolio;
and (2) the resultant two portfolios have the same estimated FL. Ordinary linear
programming was not used because it is prohibitively expensive. The elastic
programming developed by Graves offers a rather inexpensive alternative (see
footnote 5). A piecewise linear penalty is imposed whenever the weight of a
security deviates from the target 1/n, then the total penalty is minimized (subject
to the constraints). In this way, the weights are computed and the two portfolios
are formed with the same FL, but one consists only of assets with high variance
and the other, low. The null hypothesis that APT is correct means that the

portfolios should have insignificantly different returns. The alternative hypoth-
esis, formulated by

E; =X+ Moy + -+ + Ny + f(o])
or
E; =g(a?)

15 See Brown and Warner [6] for some discussions on testing hypotheses with control portfolios.
Here we use a large scale linear programming technique to compute the weights of each security so
that they are nonnegative and close to 1/n (n = the number of securities in the portfolio). This
prevents the weight of any single security becoming so large that the idiosyncratic disturbance of
that security reduces the power of our statistical tests.
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where f and g are monotonic functions, would mean there should be a statistically
significant difference in returns between the two portfolios. The returns of the
two portfolios are computed using even days in the subperiods that are not
divisible by six. The difference in returns is then computed for each of those
days,’® and the paired ¢ statistics are computed.

The result is presented in Table V, Part A. The ¢ statistic for each subperiod
is insignificant (third column).}” Since all the securities have a return on every
trading day and there is at least one trading day separating the returns used in
the portfolios, the autocorrelation of the returns of the portfolios should not be
significant. T'o examine possible correlation between the samplings, we autore-
gress the difference on the first ten lags and the F statistics appear in the column
headed F in Table V, Part A. If there is correlation between samplings, an
adjusted ¢ statistic can be approximated by (9) (see Roll [33]) if it is assumed
that (i) the variance of the returns of the portfolio for the entire period is a good
approximation to the true variance, (ii) lags beyond ten are insignificant, and
(iii) the difference between the continuous and discrete compounding rate is
small for one day:

adjusted ¢t = t(1 + 2p; + --- + 2p10) V2 9)

This adjusted ¢ statistic is presented in the last column of Table V, Part A, and
can serve as an approximate reference to the effect of spurious autocorrelation
in the sampling. Judging from the results in Table V, Part A, we cannot reject
the null hypothesis that the APT is correct, and the own variance has no
explanatory power net of FL.

While the results in Table V, Part A, are sufficient for the purpose of testing
the APT against the specific alternative of the own variance effect, it is interesting
to determine which of the insignificant ¢ statistics can be directly ascribed to the
risk adjustment by the FL. Thus we form two equally weighted (rather than FL
adjusted) portfolios, one from the high variance group and the other from the
low variance group. Then we examine the time series of difference in returns and
compute the paired ¢ statistics. If the ¢ statistic is significant for difference in the
equally weighted portfolios but not in the FL adjusted portfolios, then difference
in returns is accounted for by the FL.

The result of difference in return for the two equally weighted portfolios are
presented in Table V, Part B. Of course, the APT would be most strongly
supported if all the t statistics in Table V, Part B, were significant while all the
t statistics in Table V, Part A, were insignificant. This is not the case. Only two
out of four periods show significant paired ¢ statistics for the equally weighted
portfolio difference. However, for every ¢ statistic that is significant in Table V,
Part B, the corresponding ¢ statistic in Part A is insignificant after adjusting for
the FL.

' When return distributions are skewed, it is well known (see Miller and Scholes [29]) that
spurious dependence might occur if we use the same data to compute sample mean and sample
variance. This effect is avoided here by separating the data to estimate the returns and to estimate
sample variance.

7 The histogram of the sample looks symmetric and has a bell shape. The sums of ¢ are 2.54 and
1.88 for the unadjusted and adjusted ¢, respectively.
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Table VI
Firm Size Statistics for the Portfolios®
Large Firm Small Firm

Period Max Median Min Max  Median Min

1963-66 34078.51 303.59 85.37  85.02 32.09 084
1967-70 35183.47 335.06 102.22 101.64 37.70  0.84
1971-74 24581.48 409.03 115.40 114.86 38.27 3.23
1975-78 28856.84 341.49 85,57 85.38 2521  1.75

First Decile Last Decile

Period Max Median Min Max  Median Min

1963-66 3407851 1297.17 750.16  12.12 711 0.84
1967-70 35183.47 1394.60 839.47  15.20 9.57 0.84
1971-74 24581.48 1605.44 938.54 16.45 1081 3.23
1975-78 28856.84 1654.13 886.96 12.11 739 175

® Firm size in millions.

The same test is repeated for the two portfolios consisting of firms from the
top and bottom decile ranked according to own variance. The results are essen-
tially the same and therefore not reported here.'® Overall, the tests performed in
this section have provided some evidence for the usefulness of the factor loadings.

V. Test of the APT against the “Firm Size” Effect

The “small firm” effect has recently attracted wide attention in the academic
literature. Empirical studies by Banz [1] and Reinganum [31] showed that small
firms seem to have higher average returns than large firms after adjusting for
“risk.”

In this section, we determine whether the FL are sufficient to account for this
effect for our sample firms. In each of the subperiods, the data in the first year
were used to obtain the market value of the equity; then the even days return
during the next three years was used to test for the firm size effect.

The market value data are provided by Mark Reinganum.' Consequently, the
firms included are the intersection between his samples and mine. The number
of firms for the four subperiods is 928, 1,270, 1,312, and 1,378, respectively. The
number of firms in our original sample is 1,064, 1,522, 1,580, and 1,378, and in
Reinganum’s data set, 1,457, 1,638, 1,767, and 2,582, respectively. Some of the
firm size statistics are reported in Table VI.

The firms are separated into large and small firms, and mathematical program-
ming is used to form two portfolios with the same FL. Essentially, the procedure

18 The results are available from the author upon request. Interested readers may also write directly
to CRSP, Graduate School of Business, University of Chicago, Chicago, Illinois 60637 for Chen [9],
October 1982 revision.

91 am indebted to Marc Reinganum for generously allowing use of his data set, which starts with
firm size data at the end of 1963.
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is similar to that in the preceding section. Paired ¢ statistics are then computed
using the even days during the last three years in each subperiod (even days refer
to the even days of the entire subperiod). The result is presented in Table VII,
Part A. In only one out of four subperiods is the difference significant at the 0.05
level, and that particular ¢ statistic drops to 1.498 after correcting for autocorre-
lation. Hence, we cannot reject the null hypothesis that the firm size has no
explanatory power after adjusting for risk by the FL.%°

Again, we are curious about the behavior of equally weighted portfolios (of
small firms and large firms). The results, analogous to Table V, Part B, are
presented in Table VII, Part B. Perhaps not surprisingly, the t statistics are
significant in only the first and the fourth period and are insignificant, as in
Table V, Part B, in the middle two periods.

The same test for the top and bottom decile firms ranked according to equity
value has essentially the same result and therefore is omitted here (see footnote
18). In this case, the paired ¢ statistics (both unadjusted and adjusted for
autocorrelation), which measure the return difference between the top and bottom
decile firms after correcting for the FL, are all insignificant. Therefore, our
conclusion is that firm size does not have additional explanatory power after risk
is adjusted by the FL.

VI. Conclusion

Based on the empirical evidence gathered so far, the APT cannot be rejected in
favor of any alternative hypothesis, and the APT performs very well against the
CAPM as implemented by the S&P 500, value weighted, and equally weighted
indices. Therefore, the APT is a reasonable model for explaining cross-sectional
variation in asset returns.

In perspective, this study can be regarded as a moderate step toward solving
the problem of what determines the expected return of assets. There are two,
somewhat equivalent, ways to solve that problem: we can make assumptions and
produce a theory that specifies which variables should enter the pricing equation
and then test it; or, we can examine assets’ realized return and determine
empirically to which macro variables (suggested by theories) they correspond.
The APT is more in the spirit of the second approach. The computation of the
FL in this paper would enable construction of a portfolio corresponding to each
of the common factors. Of course, some idiosyncratic term may still remain, but
by constructing these large portfolios, each consisting of over a thousand secu-
rities, we can obtain time series (with noise) of the behavior of the common
factors and can match these against time series behavior of global economic
variables such as industrial production, interest rates, and so on. This is probably
the most important direction for future research—an economic interpretation of
the common factors.?!

2 The sums of t? are 6.45 and 3.85 for the unadjusted and adjusted ¢, respectively, in Table VII,
Part A.

2! Preliminary results have been obtained; see Chen et al. [11] and Chan et al. [7].
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Appendix
A. Extension of the Factor Structure from a Subset to the Entire Sample

Theorem: Let #,i=1, ---, k + 1 be the returns of k + 1 linearly independent
assets (portfolios) such that b;;, the loadings corresponding to a set of factors
(fj,j =1, ..., k, are known. Define ¢? = Var(cfj),j =1, ---, k. Let r, be the
return of the p™asset,p * i,i=1, --., k+ 1 with Cov(¢,, &) = 0.

(i) If Cov(Fp, 7;) is known for i = 1, --- , k, then by, -- -, by can be uniquely
determined.

(ii) If, further, E; is known fori =1, ..., k + 1, then the equilibrium E, can
be determined.

Proof:
(i) Cov(sy, F) = bplbilVar(&) + ... bpkbihVar(Sk)
= bubuoi + -+ + bubiai,
=1, .-,k

The above k linear equations can be written as

bua% b12‘7% blko'l2z bpl COV(pr )
b21 0'% ° bp2 * (Al)
bkla% kaU% bkkU}zz bpk COV(i‘p, Fi)
Since the coefficient matrix is nonsingular, (b,, ---, bx) can be uniquely
determined.
(ii) See Chen [8, 9]. Q.E.D.

B. Estimation of the Factor Loadings

Initially, the first 180 stocks in the sample (alphabetically) were selected and
their sample covariance matrix was computed. Factor loadings of the 180 stocks
were computed with the Joreskog’s method, an asymptotic maximum likelihood
method, in the computer software package EFAP II, which was also written by
Joreskog. The first ten factor loadings for each stock were obtained. Based on
the computed factor loadings, five portfolios were formed. The time series of the
five portfolios will contain linear combinations of the first five factor scores.

The portfolio formation was done using the mathematical programming GUB
developed by Graves (see footnote 5). The goal of the programming is to form
portfolios so that their associated factors loadings possess some desirable prop-
erties which would enable solution of Equation (A1) with numerical stability.??
In this study, the first portfolio was formed using all 180 stocks with the
constraints that b, = ... = b,y = 0 for the resultant portfolio.? As for the j*™

% See Chen [8, 9] for a discussion of the numerical stability problem.
2 The extra constraints bg = - - - = b, were included to ensure the unbiasedness of the estimated
FL in case there exists more than five factors (up to ten).
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portfolio, j = 2, , 5, we first rank the J* j th factor loadmgs of the 180 stocks then
select the 100 stocks with the largest j*" factor loadings* and then form the j*
portfolio using those 100 stocks, with the constraints b, =0, k # 1, and k& # j
for the resultant portfolio.”® The objective function of the programming is the
sum of piecewise linear penalty functions that impose a positive penalty whenever
the absolute deviation of an asset’s weight (in the portfolio) from 1/n exceeds a
certain bound (where n is the number of securities in the portfolio). By minimiz-
ing the objective function, the weight of each security would be nonnegative and
close to 1/n.2 The penalty function p(x;), where x; is the weight of the i*" asset,
is defined by

00 x<0
_}J08/n—-x 0=x<08/n
p(x) = 0 0.8/n <x=<12/n

x—12/n 12/n<x
for portfolio one, with n = 180; and by

© x<0
(x) = 0.75/n —x 0=<x=0.75/n
p 0 0.75/n < x < 1.25/n

x—125/n 1.25/n<x

for portfolio j,j = 2, - .-, 5, with n = 100.
After the five portfolios are formed, (A1) can be used to solve for consistent
estimates of factor loadings of each security.”’

24 Almost all factor loadings for the first factor are negative. For the second to the tenth, they are
roughly half positive and half negative.

% Here we ranked and computed the b;;, i = 1, - - -, 180 with the same data. This would aggravate
the error-in-variable problem in the diagonal entries of the result coefficient matrix except the (1, 1)
element. The consequence of such would be similar to the error in ¢7 and therefore unimportant. The
resultant matrix has all zero entries except the main diagonal and the first column.

26 The estimation errors for the factor loadings are not independent. The most efficient aggregation
of coefficients would require inversion of a large matrix. Owing to the cost and precision of such an
algorithm, we selected the simpler alternative of weighting the securities approximately equally to
diversify the estimation error.

27 It can be demonstrated that running OLS on portfolios constructed from the initial 180 securities
to obtain factor loadings for all assets is similar to a special case of our algorithm. Interested readers
may consult Chen (9].
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