PHY 5207: GEOMETRIC GROUP THEORY
LECTURE 8

GRAPHS OF GROUPS AND ACTIONS ON TREES

Let (G,Y) be a graph of groups. We will show in this section that the fundamental
group of this graph of groups acts on a tree T' so that the quotient graph of this action
is isomorphic to Y.

The construction of T' resembles the construction of the universal cover in topology.
The universal cover X of a space X is defined using the paths of X modulo an equivalence
relation (homotopy). Here we do something similar: we consider paths in the graph of
groups. The group elements on the paths account for the branching of the tree. A
trivial case which illustrates this point is the case of a Zy action on a tree with 2 edges
fixing the vertex in the middle and permuting the 2 edges. The quotient space is just a
single edge, so topologically it is the universal cover of itself. However we can recover
the original 2-edge tree using the Z, stabilizer of the middle vertex.

Let ag € Y. We consider the set of paths in (G,Y):

7lag, a] = {|¢| : ¢ path from ay to a}

We define an equivalence relation in (ag, al: |¢1| ~ [eo] if |e1] = |e2|g for some g € G,.
We define then
V(T) = U mlag, a/~
a€V(Y)
We remark that an element of 7[ag, a /~ corresponds to a unique S-reduced path of the
form: (sq, ey, ..., 8n, €n) Where t(e,) = a and o(e;) = ag. Indeed note that

|(31781,~“--1 Smen)l ~ |(31,~ela “":Sn:emgjl (q € GG)

So we may identify the vertices of T with S-reduced paths of the form (s1, ey, ...., 8., €,).
An edge of T now is given by a pair of S-reduced paths that differ by an edge of Y

{(s1,€1, ey Sny€n)y (81, €1, evvey Sy €0y Sty Ent1) }

Clearly T'is connected since (1) can be joined to any other vertex by a path. Moreover,
it follows from lemma 5.1 that if v € V(T) there is a unique S-reduced path joining
(1),v. Therefore T is a tree.

We define now the action of H = m(G,Y,ay) = mlag,a0) on T. If g € w[ay, ay)
and v € m(ag, a| then gv € 7(ag,a]. So we define g - [v] = [gv] (where we denote by
[v] the equivalence class of v in 7[ag,a|/ ~). This defines an action of H on V(T)
since (g1ga) - [v] = g1 (g2 - [v]). We note that adjacent vertices go to adjacent vertices
under this action so we have an action on 7. We remark that if vy, v, € [ag, a] then
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vy € 7[ag, ag) and (vpv]t):[vy] = [vg]. Tt follows that we can identify the vertices of the
quotient graph T/H with the vertices of Y. We show now that the edges of the quotient
graph T/H correspond to the edges of Y too. Let e; = ([v], [vsi€]), e = ([v], [vs2€]) be
two edges of T with o(e1) = o(ez) = [v], 51,82 € Gofer) I g = v(s257 )v™" we have
that g € w[ap,ap) and g-e; = €. So both edges lie in the same orbit and this orbit
corresponds to the edge e € E(Y).

We can see further that stabilizers of vertices and edges of T" are conjugates of vertex
and edge groups of (G,Y). Precisely:

Proposition 5.3. 1. If [v] € V(T) and v € 7[ay, b] then stab([v]) = vGy".
2. Ifd € E(T), 0 = [[v], [vge]] wheree = [a,b], g € G, then stab(8) = (vg)(aa(Ge)(vg)™".

Proof. 1. Clearly vGyu™ C stab([v]). Assume now that g € stab([v]). Then by the
definition of V(T) gv = vgy, g5 € Gp. So g € vGyw ™. We conclude that stab([v]) =
VG

2. stab(d) = stab([v]) N stab([vge]). So

stab(6) = vG,u™ N (vge)Gy(vge) ™ = v(G, N geGre g™ ! =

= (vg)(GaNeGre™")(vg) ™!

since g € G,. We remark that eGee 1 NG, = az(Ge.). This is because if gy € Gy, either
egse ! is a reduced word and so does not lie in G, or g, € a(Ge) and then ege™ € G,.
We conclude that

stab(8) = (vg)(ez(Ge) (vg) ™
0

e

We denote the tree T by (G, Y, ay) and we say that it is the universal covering tree
of the graph of groups (G,Y).

5.4 Quotient graphs of groups

We showed in the previous section that if m(G,Y,aq) is the fundamental group of a
graph of groups then m (G, Y, ap) acts on a tree T with quotient graph Y. The converse
is also true: If a group I' acts on a tree T with quotient Y, then there is a graph of
groups (G,Y) so that m(G,Y,ag) =T

We explain now how to associate a graph of groups (G,Y) to an action I' n T
(where T is a tree). We define Y = T/I'. We have the projection map p: T — Y. Let
X C 8 CT be subtrees of T such that p(X) is a maximal tree of Y, p(S) =Y and the
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map p restricted to S is 1-1 on the set of edges. We introduce some convenient notation:
if v, e are respectively a vertex and an edge of ¥ we write v for the vertex of X for
which p(v*) = v and € for the edge of S for which p(e’) = e. We define now a graph
of groups with Y as underlying graph. If v € V(Y) we set G, = stab(v™). If e € E(Y)
we set G, = stab(e). It remains to define monomorphisms a, : G, — Gie)- For every
x € V(S) we pick g, € T such that g,x € X. If z € X we take g, = 1. If 7 = t(e5) we
define:
a.: Ge = Gye), by aelg) = 9.99;"

In this way we define a graph of groups (G,Y). We define a homomorphism ¢ :
F(G,Y) — T as follows: ¢|g, =idfor alla € V(Y). Ife € E(Y) and y = 0(%), 2 =
t(e”) then we define p(e) = g,g;". We verify that the relations are satisfied:

pleac(g)e™) = (9,97 ") (9:992 ") (9,9:") ™" = 9,99,

and
ploclg) = 5,955

So ¢ is indeed a homomorphism. We note that if e € p(X) then ¢(e) = 1 so we have in
fact a homomorphism

@ ?Tl(GY.p(X)) = ?Tl(G,Y,U.U) =T

We have the following:

Theorem 5.2. The map ¢ := m(G,Y,ay) = T is an isomorphism. If T is the universal
covering tree of (G,Y) then there is a graph morphism ¥ : T = T such that ¥ is 1-1
and onto and ¥(gv) = (g)(v) for allv € V(T), g € m(G,Y, ap).

We omit the proof of this theorem. What this theorem essentially says is that we
can recover the group and the action on the tree by the quotient graph of groups.
We can now understand subgroups of fundamental groups of graphs of groups.

Theorem 5.3. LetT' = m(G, Y, ag) where (G,Y') 1s a graph of groups. If B is a subgroup
of T then there is a graph of groups (H,Z) such that B = m,(H, Z,by) and for every
veV(Z),ee B(Z), H, < ¢Gug™", H. <Gy for some a € V(Y), y € E(Y) and
9,7 € I.

Proof. T acts on a tree T with quotient graph of groups (G,Y). Since B < T, B acts
also on T" and the vertex and edge stabilizers of B are contained in the vertex and edge
stabilizers of I'. If Z = T/B it is clear that the quotient graph of groups (H, Z) that we
obtain from the action of B satisfy the assertions of the theorem. g
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Corollary 5.3. (Kurosh’s theorem) Let G = Gyx..xG,,. If H <G then H = ('*in)*F
1€
where F is a free group and the H;'s are subgroups of conjugates of the G 's.

Proof. G is the fundamental group of a graph of groups with underlying graph a tree
with n vertices labeled by G, ..., G, and trivial edge groups. We apply now the previous
theorem. 0

We mention two important theorems on the structure of finitely presented groups.
We say that a group G is indecomposable if it can not be written as a non-trivial free
product G = A B.

Theorem 5.4. (Grushko) Let G be a finitely generated group. There are finitely many
indecomposable groups Gy, ..., Gy, and n > 0 such that

G=Gyx..xGpxF,
Moreover if we have another decomposition of G as
G=H*..«H, +F,

where H; are indecomposable then m =k, r = n, and after reordering H; 1s conjugate
to G; for all 1.

Theorem 5.5. (Dunwoody) Let T be a finitely presented group. Then T can be written
as ['=m(G,Y, ap) where (G,Y) is a finite graph of groups such that all edge groups are
finite and all vertex groups do not split over finite groups.

Dunwoody has shown that this last theorem does not generalize to all finitely gen-
erated groups.
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