MTH 401 - DIFFERENTIAL EQUATIONS

LECTURE 4: EXACT DIFFERENTIAL EQUATIONS

Let us first rewrite the given differential equatmn

dy
e f (JC »J )
L
into the alternative form _
M(x,y):
M s+ NG )y =0 where f(5, )=~ o)
N(xy)
This equation is an exact differential equation if the following condition is satisfied
OM N
ay Bx
This condition of exactness insures the ex1stence of a function F(x y) such that
OF oF
= M(wy), 2= N(wy)
 Ox %
Method of Solution“
If the given equation is exact then the solution procedure consists of the following steps
.................. :OM ON:
§_§gp____1___ Check that the equation is exact by verifying the condition E = 6_
i
;Stepz  Write down the system —=M(x, y) = N(x, y)

equatlon then

5'}3{;;})='j'm;})dxié(y)g

The function #(y)is an arbitrary function of y , inteéfation w.rto X ; V being

ay ay([ M y)dx)w(y) N y)

9 I0)=N y)"aj e y)dx
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_________________
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' iOM ON:
Le. e
Oy o

Hence the equation is exact. The LHS of the equation must be an exact differential i.e. 3

a function f(x, y)such that

é-ai=3x2y+2=M§
:Ox

B

—x3+y=N§

Integrating 1¥ of these equations w. . t. x, have
() =Xy 2x+h),

where A(y)is the constant of integration. Differentiating the above equation w. r. t. y and

using 2nd, we obtain

§@=x3+h'(y)=x3+y=Né

oy

is independent of x.

Comparing
or.
Integrating, we have
hy)=-
2
Thus éf(x,y)=x3y+2x+y7§

Hence the general solution of the given equation is given by
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Le. Xy+2x+—=ci

Note that we could start with the 2* equation

of

:—:x]-:»y:Ng

to reach on the above solution of the given equation!

Solve the initial value problem

(2ys1n xcosx+y’ sm x)dx +(sm “x —2Jf cos x)dy =0.

........................

:M =2ysinxcosx + y sin x:

and N =sin” x—2ycosx!

% =2sinxcosx + 2ysinx,§

B inx,
i—=2sinxcosx+2ysinx,;

This implies {1 —= ==

Thus given equation is exact.

Hence there exists a function f'(x, y) such that

of

sa—=2ysinxcosx+y2 sinx:M%

iox

o

i~ =gin’ x—2ycosx = Ni

Integrating 1% of these w. . t. x, we have
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S(p) =ysin’ -y cosx+h(y),

o

Differentiating this equation w. r. t. y substituting in — =N

H(y)=0 or h(y)=c,

Hence the general solution of the given equation is
fe)ze

. S L9 2
ie. ysin” x—y“cosx =C, where C=¢, —c,.

Applying the initial condition that when x =0, y = 3, we have
-9=¢
since y*cosx—ysin’ x=9
is the required solution.
Example 3:
Solve the DE §(€2y —ycosxy)dx - (2I62y —Xcosxy+ 2y)dy = 0

Solution:

M(x,y)=e” - ycosxy
Since, :

éN(x,y)= 2xe” —xcosxy +2y

and

o, N
—=2¢” +xysinxy —Ccosxy = —

ay Bx;

M(x,y)=§—£ and N(x,y)=%

;a—x:ezy—ycosxy and %:2xezy—xcosxy+2yé

Let us start with the second equation i.e.

o

L= 2xe™ —xcosxy+2y
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Integrating both sides w.r.to y , we obtain

f(x,y) = ZxJezydy —x[cosxydy + 2[ ydy
Note that while integrating w.r.to y, x is treated as constant. Therefore

fx,y)=xe® —sinxy+ y* + h(x):

h isan arbitrary function of x . From this equation we obtain gi and equate it to M
X

0 ,

ai =e™ —ycosxy+h'(x)=e” - ycos xy:
So that H(x)=0=>h(x)=C
Hence a one-parameter famlly of solution is given by

—sinxy+y’ +c= 0

Example 4
Solve 2xy de+(x* ~1)dy = 0
Solution:

Therefore — =%y=_"

The equation is exact and 3 a function f(x,y) such that

g
Ox

=2xy and g=)cz—l§

We integrate first of these equations to obtain.

f(e,y)=x"y+g(y)

Here g(y) is an arbitrary function y . We find % and equate it to N(x, )
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gy)=-1= gy)=-y

Constant of integration need not to be included as the solution is given by

Solve the initial value problem

é(cosxsinx—:cy2 x+y(1—x2)dy =0, y(O) =2

;{M(x,y) = c0s x.sin x —x y’

Since
oM E
and a_ = _2)6; = a :

Gy

Therefore the equation is exact and 3 a function f(x, ) such that

of . , of .
—= .Sin x— d —=y(-x):
™ cosx.sinx—xy° an y(l-x )

Now integrating 2" of these equations w.r.t. * ¥ keeping X ’constant, we obtain

: 2 ;
Sley)=0-2) i)
Differentiate w.r.t, “ X’ @d equate the resul to M(x,y)-

of

L=y 41 (x)= cosxsinx - xy*.
 Ox

The last equation implies that.
1(x)=cosxsinx:
Integrating w.r.to X , we obtain

h(x) B _I (cos x)—sin x)dx = _%coglx
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Thus a one parameter family solutions of the given differential equation is

or

where 2¢, has been replaced by C. The initial condition y =2 when x =0 demand, that
4(1)— cos’ (0) =cso that c =3. Thus the solution of the initial value problem is

iy"’(l—xz)—cos2 x=3
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Exercise

Determine whether the given equations is exact. If so, please solve.

. (siny—ysinx)dx+(cosx+xcosy)dy = 0

(]

. §[1+1nx+l]dx=(1—1nx)dy§
X

(%]

5(}) Iny—e™ )dx - (1 - 1ny]dy = 0.E
: y :

...................................................................................................

H x dx x :

(1 1 Cx
5 i —+—- dx+| ye’ + dy=0:
1x ¥ x2+y2J [y x2+y2]y

Solve the given differential equations subject to indicated initial conditions.

B FrTaN Tesy T

(a2 2 i
7. {3”’ a deir )} y()=1

yS dx 2y4

8. ( : 2+cosx2x)thi}):y(y+sinx], y(0)=1:
\1+y dx

9. Find the value of &, so that the given differential equation is exact.

(20"~ ysinxy+ky* )dr—(20x" + xsin xy ) dy = 0

10. (6xy3 + cosy}{x _ (lcr2y2 _ xsiny}!y —o
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