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MTH 401 - DIFFERENTIAL EQUATIONS

LECTURE 6: FIRST ORDER LINEAR EQUATIONS

The differential equation of the form B

<>jy+b<> o)

is a linear differential equation of first order. The equation can be rewritten in the
following famous form.

d
j—w( )y =g)

where p(x) and ¢(x) are continuous functions.

Method of solution:
The general solution of the first order linear differential equatlon is given by

_ [ulx)g(x)dr+C

L)
Where u exp(j p dx)

The function () is called the integrating factor. Ifit is an IVP then use it to find the
constant C.

Summary:

1. Identify that the equation is 1" order linear equation. Rewrite it in the form

.j—y+p( =4t ):

if the equation is not already in this form.
2. Find the integrating factor

p(x)dx

u(x) = ej

3. Write down the general solution _
| jumﬁnw+c§
T

4. 1f you are given an IVP, use the initial condition to find the constant C.

5. Plug in the calculated value to write the particular solution of the problem.
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Example 1:

Solve the initial value problem
' +tan(x)y=cos’(x),  y(0)=2

Solution:

1.The equation is already in the sltlggg_i_ggq form

d =
f_y+P( )y q( )
[ p(x)=tanx
g9 =cos’x

[tanxdx=~Incosx =Insecx.

;u(x) = e tanxdx = secx

3. Further, because
Isecxcos xdx Icosxdx =sinx.
So that the general SOlut]on 1S gwen by ' s

sinx+C . ;
= - (sm X+ C)cos X

4. We use the initial condition }’(0) 2 to ﬁnd the value of the constant C

()C2

5. Therefore the solution of the initial value problem is
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&y U 2
Example 2: Solve the IVP e

L 0)=04
2w we Y

Solution:
1.The given equation is a 1% order linear and is already in the requisite form

L pey=gto)

Fdx
| PO =]
with 1’5*‘
q(t)=
™

(2
2. Since J[— szr =-In|l+¢*|
1+

.................

Therefore, the integrating factor is given by

.......

u(t)=e ¥ =(1+£)"

3. Hence, the general solution is given by

 Jutoqar+c T
J’— R I u(t)q(t)dt_,[(lﬂz)l dt

(2 L+ -7 L)
Now J(1+:) dt"zj (1+0) ‘ft 2H1+t (1+t)]dr§

The first integral is clearly taIl 't . For the 2" we will use integration by parts

with { as first fanetion and (1 +1 )2 as 2" function.

tz —dt =1 -— +J ~df=- tz+tan_'(t)§
) (1+87) 1+1 1+t 1+1

2 ¥ ! 1 ¥ t
; dt=2tan" (t)+ ——tan" (f) =tan" () + —
J(mz)2 Y 1+£ “ @ L+

A
The general solution is:: Y = (1”2)(“‘“ "0+ 117 )

4. The condition y(0) = 0.4 gives C =04
. Therefore, solution to the initial value problem can be written as:

y=t++)tan™ () +04(1+£)
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Example 3:

Find the solution to the problem

cos’ tsint.y' =—cos’ 1. y+1, y(%}=0§

Solution:

G =at)

Therefore we rewrite the equatlonas B

-, Cost 1 i
VA V=
sin ¢ cos fsinf

2. Hence, the integrating factor is given by

: [cost _
éu(t):e sinf :eln| sint | :sinré

3. Therefore, the general solution is given by

: . |
: JSlntTdHC@
. cos  fsint s
V= . :
S sm¢
Since _
. 1 1
| sint———dt = —df=tant
Jo o costtsinf o Jcostt
Therefore

tant+C 1 C
=— = +——=sect+Cecsct:
s cost smfo o

(1) The initial condition y(fr_{ 4) :01mplles

which gives C=-1.

y=sect—csct
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Example 4
Sol (x+2y ) ==y
olve E(x+ y )dx y
Solution:
We have _

d_

dx x+2y3§

This equation is not linear in . Let us regard x as dependent variable and y as
independent variable. The equation may be written as

[FESTRAE F— .

d_x+ly
dy oy

or —-—x=1y

Which is liglear inx

s

Multiplying with the IF = l, we get

Integrating, we have

X
;—=y2+c

i

is the required solution.
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Example 5

Solve

é(x—l)3ix—y+4(x—1)2y:x+lé

Solution:

The equation can be rewritten as

Here P(x) =

Therefore, an integrating factor of the given equation is

IF = epr Lﬁl} = eXp[ln(x _ 1)4]: (o Uf

Multiplying the given equation by the IF, we get

E(x—l){‘ld—y+4()c—l)?’y=)c2 —1E
: dx :

or j%[y(x—l)ﬂz xz—lj

Integrating both sides, we obtain

which is the required solution.
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Exercise

Solve the following differential equations

6. £+ rsect = cosﬁé

do

7' éﬂ_l_y: lx_e H
idx e te

5. de= (e’ —2x)iy

Solve the initial value problems

0. gd—y=2y+x(eh—ezx y(0)=2

;dx

10. x(2 +x)%+2(1+x)y =1+3x%,  y(-1)= 1
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