MTH 401 - DIFFERENTIAL EQUATIONS

LECTURE 7: BERNOULLI EQUATIONS

A differential equation that can be written in the form

h

=g’

is called Bernoulli equation.
Method of solution:

For 11= 0,1 the equation recuces to 1* order linear DE and can be solved accordingly.

n
For n# (] we divide the equation with J to write it in the form

y‘"%w( )y =l )

and then put

Differentiating wrt. X', weobtam

Therefore the equation becomes

This is a linear equation satisfied by V__._Q;}g@_“i__t__.l'ﬁ_;s_olved, you will obtain the finction
e ;

yV

If n>1, then we add the solution y= 0 tothe solutwns found the above technique.
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Summary:
1 Identify the equation

4
Ey +p(x)y = q(x)y"g

as Bernoulli equation.
Find n.If 7 # 0,1 divide by y"and substitute;

2. Through easy differentiation, find the new equation

2 1-mp(ev=(-n)a()
ax H

3. This is a linear equation. Solve the linear equation to find v.

SEEEEESERSIEIISEERRRERRIRRRRII;

o
4. Go back to the old function y through the substitution J/’ y/! n)

6.If n > 1, then include y = 0 to in the solution.
7. 1f you have an IVP, use the initial condition to find the particular solution.

dy
Example 1: Solve the equationéa =y+y

Solution:

1. The given differential can be written as
dy :
)= y
“dx

which is a Bernoulli equatlon with |
p(x)__l Q(x) 1 n—3__j

Dividing with y° we get

L Ldy L,
i3 2
Yy —=—- 1
Therefore we substitute
1-3 -2
v=y =)
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2. Differentiating w.r.t. ‘X’ we have

ad_y__l(@}
Y )

So that the equation reduces to

Wy

3. This is a linear equation. To solve this we find the integrating factor u(x)

: 2d i
U= =

The solution o thelinear equation s givenby

Iu(x)q(x)dx e J‘ez‘(—Z)dﬁ-c

u(x) LN

je“(—z)dx _—
Therefore, the solution for V 1sg1venby

: 2x :
gv:ﬂ= Ce™ _1

el_r

4. To go back to y we substitute v= y_2 Therefore the Iéélﬁéral solution of the given
DE is

Since

y = i(Cctfbr —1) 2

5. Since n>l, we include the y 0 in the solutions. Hence, all solutions are
-1

y=0 y=i(Ce_2x—l)A

1

Example 2:
H d 1 :
Solve —y+—y =xy’

Solution: In the given equation we identify P(x)= l, glx)=x and n= 2.
: X :

Thus the substitution W=y~ gives

: _Iﬁ } ;
o) =S oy
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Hence i x_lw]= —1.?
“dx ;

Integrating this latter form, we get

|

x T w=-x+c or w=—x*+ecx.

Since W= y_lé, we obtain 'y =— or
e P "

1
—x* +ox
For n>( the trivial solution y =0 is a solution of the given equation. In this example,

y:

¥ =0 is a singular solution of the given equation.

Example 3: o
Solve: dl v :'2_ (1)
e d-xl T
2
Solution: Dividing (1) by 2, the given equation becomes
. 1
E o= dy .
yr =+ $ =% 2
Taie ¥
1 1
2 1 dy d
Put y2=vor — 19 4
: 2" dx dx
Then (2) reduces to
dv ¥ X

This is linear in v.

-1

QI.F =exp[jﬁdx}exp[%m(l_m]:(l_xz);

: =] i
Multiplying (3) by 5(1 - x2)4 , we get

E(1—)(2)_71@+ id y= A
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Integrating, we have

or

or

is the required solution.
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Exercise

Solve the following differential equations

dy 2
1. ix—+y=y"In
X oty=yiinx
2. i —+y=
a7
4. —= -1
@)
——{1+ =xy“:
s x——(lxly=0"
6. xzd—y+y2 =xy
dx

Solve the initial-value problems

d
x? d—y—2w=3y4, (1)=
X

g meJr 32 7(0)=4
dx
d
9 xy(l+xy2)d—i=l, y(l):Og
d y x
10. 2—=———, 1)=1
e y(1)
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