MTH 401 - DIFFERENTIAL EQUATIONS

LECTURE 8: EXAMPLES AND WORKED OUT SOLUTIONS

2_|_ 2
Example 1: y'=X J
Xy
2_|_ 2
Solution: dy _ X *y
dx Xy
put y=wx then d—y=w+xdl
dx dx
dw  x’+w’x’  l+w’
WtX —= =
dx XXW W
WTX dw - TW
dx w
wdw= 3%
X
Integrating
2
Y clnx+lne
2
2
y
=In|xc
3 [xc|

y’ =2x"In|xc|
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MTH 401 - DIFFERENTIAL EQUATIONS

Example 2:

dy _ (2Jxyy)
X

X
2./xv-
Solution: dy :( \/E )
dx X
put y=wx
T dw _ (2 XWX -XW)
dx X
w+x d_w 22\/; -W
X ——2\/_ 2w
d _dx

2(w-w) X
_[ dw _ I dx
2(Vw-w) 7 x

I dw _Idx
Ww(lw) * x
put \/_zt

dx

We get I—dt— —
X

-In|1-t|=In|x[+In|c|
-In|1-t|=In|xc|
(1-t) "' =xc

(1-v'w)'=xc
(1-y/y/x) " =xc
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MTH 401 - DIFFERENTIAL EQUATIONS

Example 3: (2y’x-3)dx+(2yx*+4)dy=0
Solution:(2y°x-3)dx+(2yx*+4)dy=0

Here M=(2y’x-3) and N=(2yx"+4)
m:;‘.xy: ﬁ

Ty x

£=(2y2x-3) and £=(2yx2+4)

Tx Ty

L

Integrate w.r.t.
f(x,y)=x’y*-3x+h(y)
D ifferentiate w.r.t.'y'

X

%=2xzy+h'(y)=2x2y+4=N
y

h'(y)=4

Integrate w.r.t. 'y’
h(y)=4y+c
x*y?-3x+4y=C,

d 2xyet™’
2 2
yz _|_y2 e{m’y} + 2X2 f;(’b’)’]

2 2
. dx _yty?e™ 42x7e™

Solution: —=

dy 2xye

put x/y=w

Aftersubsitution
dw  1+e™
d_y B 2we™

dy 2we"’

dw

2

y 1+e"
Integrating

In|y|=In|1+e* | +Hnc
Injy{=Injc(1+e" )|

y=c(1+e™"")
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MTH 401 - DIFFERENTIAL EQUATIONS

2

le 5: dy+ y
dx xlnx Inx

dy+ y 3
dx xlnx Inx
dy, | y:.?oi2
dx xInx™ Inx

| 'e
I d e
(X xlnx and q(x) Inx

I.F=exp(fﬁdx)=]nx

Multiply both side by Inx

Inngrl},r:?):a{2

dx x

Examp

Solution:

dx
[ntegrate

X’
ylnx=T+c
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MTH 401 - DIFFERENTIAL EQUATIONS

Example 6: (y’e*+2xy)dx-x*dy=0
Solution:Here M=y’e*+2xy N=-x’
M IN

—=2ye" +2x, —=-2x
Ty Ix
Clearly ™,

Ty Ix

The given equation 1s not exact

divide the equation by y* to make it exact

2
[e"+2—X] dx+[-"—2] dy=0
y y

M 2 N
Now ! =- }2{=ﬂ

Iy vy I
Equation is exact

it
Tx y v | ¥

Integrate w.r.t. x'
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MTH 401 - DIFFERENTIAL EQUATIONS

Example 7:

d .
XCOSX = +y(xs1nx+cosx)=1

ax

Solution: xcosx d—y+y(xsin'x+cosx)=1

dx

dy [ xsinx+cosx | 1
dx XCOSX

XCOSX

: 1
—+ty tanx+l/x]=
dx ~ - XCOSX

LF = exp(j(tanx+1/x)dx)=xsecx

XSECX d—y+yxsecx [tanx+1/x |=
dx XCOSX

d
xsecx d—y+y[xsecxtanx+secx]=seczx
X

XS€CX

d
dx
xysecx=tanx+c

[ xysecx |=sec”x
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MTH 401 - DIFFERENTIAL EQUATIONS

Example 8: xe” dy y- Inx
dx X
Solution: xe® dy ln_x
dx X
put e”=u
9o dy _du
dx dx
x du Inx
2 dx X
X X X
Inx

Here p(x)=2/x And Q(X)—_

LF =exp(_[ ~dx)=x"
X

X @--I-qu =21Inx

dx
4 (x*u)=2Inx
dx
Integrate

xu=2[xInx-x]+c

x’e” =2[xlnx-x]+c
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MTH 401 - DIFFERENTIAL EQUATIONS

Example 9: gy +ylny=ye”
. dy )
Solution: —+ylny=ye
X
1dy ——+Iny=e”
y dx
putlny=u
dx
I.F.=eI Yo
d
—(e*u)=¢’
dx( )=
Integrate
2x
¥ u= " +¢
) e2x
e Iny=—+c¢

2
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MTH 401 - DIFFERENTIAL EQUATIONS

Example 10: 2xcsc2y dy =2X-Intany

dx

Solution:2xcsc2y d—y=2x-1ntany

dx
put Intany=u

d_y =sINyCcoSy d—u
dx dx

s
xsinycosy du v

2sinycosy dx
du

X —=2X-U
dx

d—u+lu=2
dx x

LF =exp( I 1/xdx)=x
du

X —tu=2x
dx

d
—(xu)=2x
dx
Xu=x"’+c
u=:a;+tc:a('1

Intany=x+cx "’
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MTH 401 - DIFFERENTIAL EQUATIONS

Example 11 :j—y+x+y+1=(x+y)263K
X

Solution: g—y+x+y+l=(x+y)ze3‘

X
Putx+y=u

du
+u:u263x
dx
du i
d—+u=uze3" (Bernouli's)
X

2x

2x

= +ce
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MTH 401 - DIFFERENTIAL EQUATIONS

dy

Example 12: =(4x+y+1)°

Solution: S =(4xty+1)?
dx

putdx+y+Il=u

we get
d_u_4 u’
dx
du =u’+4
dx

1

5 du=dx
u- +4
Integrate

| 4 u
—tan —=Xx+cC
2

u
tan”' E=2x+c1

u=2tan(2x+c,)
4x+y+1=2tan(2x+c,)
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MTH 401 - DIFFERENTIAL EQUATIONS

Examplel3ix+y)zi—:ﬂ
dx
) , dy 2
Solution:(x+ty)" ——=a
dx
putxty=u
du
ul(—-1)=a’
(dx )
" d—u-u2=32
dx
uZ
mdu=dx
Integrate
cu’+at-a’
| du=jdx

u2_|_aQ
u-atan' —=x+c
a
4 Xt
(x+y)-atan” Y —x+o
a
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Example 14: 2y d—y+x2 +y’ +x=0

dx
Solution: 2}!j—y+1~;2 +y” +x=0
X

putx2+y2=u

du
—2x+ut+x=0)

ax
du
—TU=X
ax

LF=Exp(| dx)=¢"

du
e’ —+ue’ =xe’
dx

d X — X
d_x(e u)=xe

Integrating

e*u=xe"-e" +¢
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MTH 401 - DIFFERENTIAL EQUATIONS

Example 15:y +1=¢"sinx

Solution: y +1=¢™"sinx

put xt+y=u
du .
—=C S1NX
dx

l

e-u

=sinxdx

e du=sinxdx
Integrate

e" =-CoSXtc
u=In|-cosx+c|

x+y=In|-cosx+c|
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Example 16: x 'y y+x’y’ =2x"-3

Solution: x*y y+x 'y’ =2x"-3

putx’y’ =u
dy du
3x'y 3x 7yt =
! ) dx dx
dy du
Ix 3y = 00 342y
v dx dx v
dy x du
4y _ v’
" Ux 3dx
id—u:2x3-3
3 dx
d—u=6x2-9/x
dx
Integrate

u=2x"-9Inx+c

X'y =2x-9lnx+c
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MTH 401 - DIFFERENTIAL EQUATIONS

Example 17:cos(x+y)dy=dx
Solution:cos(x+y)dy=dx
dy _dv

dx dx

putx+y=v or [+ , We get

dv
cosv[ —-1]=1
[dx ]

]
dx= —2" dv=[1- ]dv
[ +cosy [+cosy

dx=[l-lsec2 I]dv
22

Integrate

V
X+tC¢=v-tan —
2

Xty
X+C¢=V-tan 7
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