MTH 401 - DIFFERENTIAL EQUATIONS
LECTURE 12: HIGHER ORDER LINEAR DIFFERENTIAL EQUATIONS

Preliminary theory
0 A differential equation of the form

d" n—1
> +aﬂ—l(x)d >
dx" "]

or  a,(x)y™ +a, ()" 4t a (0)y +ap(x)y = g(x)

where ag(x),a;(x),...,a,(x), g(x) are functions of x and a,(x)#0, is

d
a, (%) +---+a1(x)d—i+ag(x)y=g(x)

called a linear differential equation with variable coefficients.
0 However, we shall first study the differential equations with constant coefficients
i.e. equations of the type
n n-1
d"y ta d" 'y
dxﬂ' n-1 dxﬂ' -1

where dg,dy,...,q, are real constants. This equation is non-homogeneous

ay

+---+a1j—y+a0y=g(x]
x

differential equation and
a If g(x) =0 then the differential equation becomes
dﬂ drl—l
i} Tlp-1 n—;lV
dx dx
which is known as the associated homogeneous differential equation.
Initial -Value Problem
For a linear nth-order differential equation, the problem:
n n-1
Solve: a, (x)—y +a,_1(x) Y
dx" dx"!

a

0 +---+a1—y+a0y=0
dx

d
+---+a1(x)d—i+ﬂﬂ(x)y=g(x)

n-1

Subject to: (X)) = Yoo J’f(xo) = }’év---y"_l (%) =¥

Yoo ygf yorny yg_l being arbitrary constants, is called an initial-value problem (IVP).

The specified values y(x,) =, ¥ (X,) = Vorern " (%,) =y, are called initial-

conditions.
For n =2 the initial-value problem reduces to
d* d
Solve: a(x) a7, a (x)—y +ag(x)y = g(x)
di? dx
Subjecrto: y(xi}):yov"'v yi(xo)zylj;
Solution of IVP

A function satisfying the differential equation on / whose graph passes through (x,,y,)

such that the slope of the curve at the point is the number y, is called solution of the
initial value problem.
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Theorem: Existence and Uniqueness of Solutions

Let a,(x),a,_1(x),..,a;(x),ap(x) and g(x) be continuous on an interval / and
leta,(x)#0, Vxel.If x=xyel, then a solution y(x)of the initial-value problem
exist on / and is unique.

Example 1

Consider the function y= 3™ + 7% ~3x
This is a solution to the following initial value problem

Y —4y=12x, y(0)=4,y'(0)=1
dy

Since 02 =126 + 47

and Zzy 4y =12" +4e7> ~12¢* —4e™> +12x = 12x
Further y?0)=3+l—0=4 and ' (0)=6-2-3=1
Hence y= 3eM 4o _3x

is a solution of the initial value problem.
We observe that

a The equation is linear differential equation.

a The coefficients being constant are continuous.

a The function g(x)=12x being polynomial is continuous.
Q

The leading coefficient a,(x)=1# 0 for all values of x.

Hence the function y =3¢ + 72" - 3x is the unique solution.

Example 2
Consider the initial-value problem
i

3y +5y” —y’r+7y=0,

(=0, Y')=0, y' (=0
Clearly the problem possesses the trivial solution y = 0.

Since
a The equation is homogeneous linear differential equation.
a The coefficients of the equation are constants.
0 Being constant the coefficient are continuous.
a The leading coefficienta, =3 #0.

Hence y =0 is the only solution of the initial value problem.
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Note: If a,, =0?

If @, (x) =0 in the differential equation

dny dﬂ—ly dy
ay (1) @y (¥) =+ (x)——+ag ()y = g¥)
dx" di" dx

for some x e/ then

o Solution of initial-value problem may not be unique.
0 Solution of initial-value problem may not even exist.

Example 4

Consider the function
y= o’ +x+3

and the initial-value problem
xzy” ~2xy’ +2y=6
y0)=3 Y (0)=I

Then y'=2cx+1 and y'=2c

Therefore  x"y” —2xy" +2y =x*(2c) - 2x(2cx +1) + 2(cx” +x+3)

= 2cx2 —4cx2 —2x+20x2 +2x+6

=6.
Also W0)=3 = c(0)+0+3=3
and ¥ (0)=1 = 2(0)+1=1

So that for any choice of ¢, the function'y' satisfies the differential equation and the
initial conditions. Hence the solution of the initial value problem is not unique.

Note that

O

The equation is linear differential equation.
The coefficients being polynomials are continuous everywhere.
The function g(x)being constant is constant everywhere.

[m

O

The leading coefficient a,(x) = x* =0 at x=0e(~0,0).

Hence a,(x)=0 brought non-uniqueness in the solution
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Boundary-value problem (BVP)

For a 2" order linear differential equation, the problem
d’y dy
Solve: a, (x)? +ay(x) ~ +ay(x)y = g(x)
Subjectto:  yla)=y,, yb)=n
is called a boundary-value problem. The specified values y(a) = y,, and y(b) =y, are
called boundary conditions.

Solution of BYP

A solution of the boundary value problem is a function satisfying the differential equation
on some interval [, containing a and b, whose graph passes through two points (a,y,)

and (b, y,).

Example 5
Consider the function
y= 3x? —6x+3
We can prove that this function is a solution of the boundary-value problem
x’y" —2xy' +2y =6,
y)=0, ¥2)=3
2
Since b _6x6, 92 g
dx di?

j—y+2y=6x2 —12x% +12x+6x% ~12x +6=6
X
Also 1)=3-6+3=0, y2)=12-12+3=3

Therefore, the function'y' satisfies both the differential equation and the boundary
conditions. Hence y is a solution of the boundary value problem.

2
Therefore x2 d_y -2x
a2

Possible Boundary Conditions
For a 2" order linear non-homogeneous differential equation

Y e® _
a,(x) e +a1(x)dx+au(x)y—g(x)

all the possible pairs of boundary conditions are

@)= o, ¥b) =y,
Y@=y, y(b) =y,
(@)= yy, Y )=y,
¥ @)=y, y' ()=l

where y,,;,y, and y| denote the arbitrary constants.
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In General
All the four pairs of conditions mentioned above are just special cases of the general
boundary conditions
ay@)+fy' (@ =n
ay®)+ 2y ()= 72
where a1, P, B € {0,1}
Note that

A boundary value problem may have

o Several solutions.
0 A unique solution, or
a No solution at all.

Example 1
Consider the function
y=cjcosdx+cysindx
and the boundary value problem
Y +16y=0, 30)=0, y(z/2)=0
Then
y' =—4c, sindx +4c, cosdx
y" =-16(c, cos4x +c, sin4x)
y,',' =16y
vy +16y=0
Therefore, the function
y=c cosdx+c,sindx
satisfies the differential equation
y" +16y =0.
Now apply the boundary conditions
Applying y(0)=0
We obtain
0=cycos0+cysin0
=¢ =0
So that
y=c,sindx.
But when we apply the 2™ condition y(/2) = 0, we have
0=c,sin2x
Sincesin 27 =0, the condition is satisfied for any choice of ¢, solution of the problem is
the one-parameter family of functions
y=c,sindx
Hence, there are an infinite number of solutions of the boundary value problem.
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Example 2

Solve the boundary value problem
¥ +16y =0

M=0 EJ:
(0)=0, J{g 0,

Solution:

As verified in the previous example that the function
y=c;cosdx+c, sindx

satisfies the differential equation
¥ +16y =0

We now apply the boundary conditions
y(0)=0=>0=¢;+0

and Yz/8)=0=0=0+c,
So that =0=¢
Hence

y=0

is the only solution of the boundary-value problem.

Example 3

Solve the differential equation
y” +16y=0
subject to the boundary conditions
¥(0)=0, y(z/2)=1
Solution:

As verified in an earlier example that the function
y=c;cosdx+c,sindx

satisfies the differential equation
yﬁ +16y=0

We now apply the boundary conditions
y(0)=0=>0=¢;+0

Therefore  ¢; =0

So that y=c;sindx
However  y(7/2)=1=c¢,sin2z =1
or l=¢,.0=1=0

This is a clear contradiction. Therefore, the boundary value problem has no solution.
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Definition: Linear Dependence

A set of functions

{fl(x)sz (x)s-"sfn (x)}

is said to be linearly dependent on an interval [ if 3 constants ¢},C5,...,C, not all zero,
such that

cfix)+eafo(x)+4c, f,(x)=0, Vxel

Definition: Linear Independence

A set of functions

{fl(x),f2(x)v“’fn(x)}

is said to be linearly independent on an interval / if
clfi®+eafr()++e, f,(x)=0, Vxel,
only when
¢, =¢,==¢,=0,

Case of two functions:

If n =2 then the set of functions becomes

aeN )

If we suppose that
e filx)+erf2(x)=0

Also that the functions are linearly dependent on an interval I then either ¢; #0 or
c, 0.

Let us assume that ¢, # 0, then
) .
L) == £,(x);
G

Hence f,(x) is the constant multiple of f,(x) .
Conversely, if we suppose

hx)=¢; fr(x)
Then =D fi(x)+c,f,(x)=0, Vxel

So that the functions are linearly dependent becausec, =-1.
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Hence, we conclude that:

0 Any two functions f,(x)and f;(x)are linearly dependent on an interval 7 if and
only if one is the constant multiple of the other.

0 Any two functions are linearly independent when neither is a constant multiple of
the other on an interval .

0 In general a set of n functions { f1(x), f2 ()0 £, (x)} is linearly dependent if at
least one of them can be expressed as a linear combination of the remaining.

Example 1
The functions

fi(x) =sin2x, Vx € (—0, )

fr(x)=sinxcosx, Vxe (o0, »)

1
If we choose ¢, = 7 and ¢, =1 then

: : 1, . .
¢y $in2x +cy sinxcosx = E(Zsm x¢0s x) - sin xcos x =0

Hence, the two functions fj(x) and f,(x) are linearly dependent.

Example 3

Consider the functions
f(x)=cos’x, fo(x)=sin’x, Vxe (-7/2,7/2),
A =sec’x, fy(x)=tan’x, Vxe (-/2,7/2)
If we choose ¢; =¢; =1,¢53 =-1,¢4 =1, then

e fi(x) +ea fr(x)+ 3 f3(x) +ea f4(x)

=cicos? x+cpsin x+cysec’ x+c tan’ x

=cos? x+sin” x+-1-tan x+ tan® x
=1-1+0=0
Therefore, the given functions are linearly dependent.
Note that

The function f3(x) can be written as a linear combination of other three functions

2

fi(x), fz(x) and £, (x) becausesec’ x = cos® x+sin’ x + tan” x.
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Example 3

Consider the functions
filx)=l+x, Vxe (—n,0)
fr(x)=x, Vxe (—o0,0)

f3(x)= xz, Y xe (—o0,)

Then
e filx)+ e fy(x) +e3f3(x) =0
means that
61(1+x)+62x+c3x2 =0
or ¢ +(ete )x+c3x2 =0
Equating coefficients of x and x? constant terms we obtain
= 0= Cy
Cl + CZ =0

Therefore ¢, =cy=c3=0

Hence, the three functions f(x), f,(x) and f3(x) are linearly independent.

Definition: Wronskian

Suppose that the function f,(x), f,(x),..., f, (x) possesses at least n—1 derivatives then
the determinant

V. o
is called Wronskian of the functions f,(x), f,(x),..., f,(x) and is denoted by
WG, A fi():

Theorem: Criterion for Linearly Independent Functions

Suppose the functions f,(x), f,(x),..., f,(x) possess at least n-/ derivatives on an
interval [ . If

W(f(x), ,(x),... f,(x)) # 0

for at least one point in /, then functions f,(x), f,(x),..., f,(x) are linearly independent
on the interval /.

Note that

This is only a sufficient condition for linear independence of a set of functions.
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In other words

If fi(x),f5(x)s..., f,(x) possesses at least n—1 derivatives on an interval and are
linearly dependent on 7, then

W(fi(x), [(x)sunns [, (X)) =0, Vxel

However, the converse is not true. i.e. a Vanishing Wronskian does not guarantee linear
dependence of functions.

Example 1

The functions
f (x) =sin? x
fox)=1-cos2x
are linearly dependent because

sin? x = %(l—cos 2x)

We observe that for all x € (—o0,00)

sin2 X 1-cos2x

W (fi(x) S (x))=

2sinxcosx 2sin2x

=2sin” xsin 2x — 2sin xcos x
+28in xcosxcos2x

= sin 2x[2sin? x -1+ cos 2x]
= s.in2x[23in2 x—1+cos” x—sin’ x]
= sin 2x[sin® x +cos? x—1]
=0
Example 2

Consider the functions

hix)= emlxs fx)= e, my # my
The functions are linearly independent because
e fi(x)+eyfr(x)=0

ifandonlyif ¢, =0=¢, as m #m,
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Now forall xe R

nr m emlx emzx
We™ e |=
mx m,x
e Hye
m+m, )x
=(m2—m1)€( )
#0

Thus f, and f,are linearly independent of any interval on x-axis.

Example 3

If and f are real numbers, § # 0, then the functions

y, =€" cos firand y, = e sin fix

ar¢ linearly independent on any interval of the x-axis because

W(e"“ cos fix,e™ sin ﬁx)

e™ cos fir e™ sin fi

- fe™ sin f+ae™ cos fir - fe™ cos fix+ae™ sin fi

= ﬁez‘”"(cos2 fic+sin’ ﬁx): P 20,
Example 4

The functions
fl(x) =¢, f;(x) =xe', and j;(x) =x’e'

are linearly independent on any interval of the x-axis because for all x € R, we have

X X 2 x

e xe xe
2 2
W(er,xex,x ex)= e xe'te  xe +2xe

e xe +2e" xe +dxet +2e

=2¢" 20
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Exercise

1. Given that
y=ce +ce "
is a two-parameter family of solutions of the differential equation
y'-y=0
on (—o0,), find a member of the family satisfying the boundary conditions
»0)=0, y()=1.
2. Given that
V=c]+CyC08X+c38inx
is a three-parameter family of solutions of the differential equation
y'+y'=0
on the interval (—~o,0), find a member of the family satisfying the initial
conditions y(7)=0, y'(7)=2,y"(r)=-1.
3. Given that
y=cx+cyxlnx
is a two-parameter family of solutions of the differential equation
x2y"—xy'+y=00n (—o0,00). Find a member of the family satisfying the initial
conditions
y1)=3, y()=-1.
Determine whether the functions in problems 4-7 are linearly independent or
dependent on (— 0, 00)_

4. ) X

5. 1ix)=0, fr(x)=x f3(x)=e"

6. fi(x)=cos2x, fi(x)=1, fi(x)=cos’x

7. filx)=e*, fr(x)=e™", f3(x)=sinhx

Show by computing the Wronskian that the given functions are linearly independent

on the indicated interval.
8. tanux, cotux; (— oo,oo)

x _-x _4x
9. e ,e e, (—oo,oo)

10. x,xlnx,xz In x; (0,00)
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