MTH 401 - DIFFERENTIAL EQUATIONS

LECTURE 13: SOLUTIONS OF HIGHER ORDER LINEAR EQUATIONS
Preliminary Theory

0 In order to solve an nth order non-homogeneous linear differential equation

(0L w0, (2L 4 (0 1, 0= o)

we first solve the associated homogeneous differential equation

n n-1
()L ()L ) v oy =0

0 Therefore, we first concentrate upon the preliminary theory and the methods of
solving the homogeneous linear differential equation.

a0 We recall that a function y= f(x) that satisfies the associated homogeneous
equation

duy dn—ly dy
an('x) 7" +a"_l(x)dx"'1 +---+a,(x)a+ao(x)y=0

is called solution of the differential equation.

Superposition Principle

Suppose that ¥,,,,...,), are solutions on an interval / of the homogeneous linear
differential equation

dn dn—l d
an(x) dxﬂ; +a"_,(x)d ,,_J; +---+a,(x)d—£+a0(x)y=0

Then

y=ay (o)t eopy (v e, x)
€1,Cy,...,C, being arbitrary constants is also a solution of the differential equation.
Note that

0 A constant multiple y=c¢,y, (x) of a solution y, (x) of the homogeneous linear
differential equation is also a solution of the equation.

0 The homogeneous linear differential equations always possess the trivial solution
y=0.
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a The superposition principle is a property of linear differential equations and it
does not hold in case of non-linear differential equations.

Example 1

The functions
y, =€,y = ¢, and Vs =e"
all satisfy the homogeneous differential equation

dy dy .
— 66— +11—-6y=0
dx’ dx’ Y

on (~o0,). Thus y,,y, and y, are all solutions of the differential equation

Now suppose that

y=ce +ce el
Then

d X X X

Y- ce + 20262' + 3c3'e3 .

d?.

dx_g) =cie” +4c,e™ +9c,e™.

d3

I{ =cie" +8cye™ +27c,e™.
Therefore

3 2
d—f LS

dx dx X

= (ex —6e" +11e* - 6ex)+ &) (Se2Jr ~ 4™ 2267 - 6ezx)
+¢3(27¢% —546% 13367 — 66>

= ¢ (12-12)e" +¢,(30-30)e** +¢5(60-60)e>

=0

Thus
_ X + Zx+ 3x
y=ce c,€ c;e .

is also a solution of the differential equation.
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Example 2

The function
y=x
is a solution of the homogeneous linear equation

Xy =3 +4y=0

on (0,00).
Now consider
y=cr
Then y'=2cx and y'=2c
So that Xy =3xy +4y =2ex” - bex” +4ox’ =0

Hence the function
2
y=«

is also a solution of the given differential equation.

The Wronskian

Suppose that yy,y, are 2 solutions, on an interval/, of the second order homogeneous
linear differential equation

2
azd—f+al@+a0y=0
dx dx
Then either W(y.p,)=0, Yxel
or W(y,,y2)¢0, Vxel
To verify this we write the equation as
d’y Pdy
—+—+0y=0
' dx Q}’
Y1 N ' '
Now Winp)=l, =05 -0,
Y1 N0
Differentiating w.r.tox, we have
aw B
— =WV
dx

Since y,and y, are solutions of the differential equation
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d’y Pdy
—+—+0y=0
dx* o

Therefore
NPy +0y =0
yy+Byy+ 0y, =0
Multiplying 1" equation by y,and 2" by y, the have
By + 00y, =0
it Pyyy+0ny, =0
Subtracting the two equations we have:

(25 = yy)+ POngs = yiys) = 0

or a +PW =0
dx
This is a linear 1% order differential equation in /¥, whose solution is
W o [ Pdx

Therefore
a Ifc#0 then W(y,,yz)r-{), Vyel
0 Ife=0 then W(y,y,)=0, Yxel
Hence Wronskian of y, and y, is either identically zero or is never zero on /.

In general

If y,,y5,...,y,are n solutions, on an interval /, of the homogeneous nth order linear
differential equation with constants coefficients

n n-1
an;—f+an_1 an_f+---+al%+a0y=0
Then
Either W (1, 7e0y,)=0, Vxel
or W(yl,yz,...,yu]#[], Vxel
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Linear Independence of Solutions:

Suppose that
YisJoseeos J

are n solutions, on an interval /, of the homogeneous linear nth-order differential
equation

n n=l
0 ) 0, ) ) o=t

Then the set of solutions is linearly independent on /if and only if

W(Vl,yz:---,yn)?ﬁo

In other words
The solutions

ylvyza"'ayn
are linearly dependent if and only if

W(yl,yb"-)y,,):o, Vxel
Fundamental Set of Solutions

A set

1 Vyseesd, |

of n linearly independent solutions, on interval I, of the homogeneous linear nth-order
differential equation

driy dn—]y dy
alx)—+a |\x)J—=+-+alx)=+a/lx)y=0
n( )dx" rr—l( )dxn_l I( )dx 0( )y
is said to be a fundamental set of solutions on the interval /.
Existence of a Fundamental Set

There always exists a fundamental set of solutions for a linear nth-order homogeneous
differential equation

[ n-1
PSP LA B b L A M

dx" de"! dx

on an interval [
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General Solution-Homogeneous Equations

Suppose that
i yaes

is a fundamental set of solutions, on an interval /, of the homogeneous linear nth-order
differential equation

dn dn—] d
B CU PR L KL SR

Then the general solution of the equation on the interval / is defined to be

y=aon (x)+02y2(x)+”'+cnyn (‘x)
Here ¢,,c,,...,c, are arbitrary constants.
Example 1

The functions

3x

y,=e and y, —¢ 3%

are solutions of the differential equation

y"'=9y=0
3x —3x
Since W[e3x,e_3x]= e O |m6%0, xel
3e7%  —3¢ Y

Therefore y, and y, from a fundamental set of solutions on (— 00,00). Hence general

solution of the differential equation on the (~o0,0) is

3x —3x

Example 2

Consider the function y = 4sinh3x —5¢ 3x

Then ' =12cosh3x +15¢ 3%, " = 36sinh 3x —45¢ %
= y’=9[4sinh3x—56_3x] or  y'=9y,

Therefore y'=9y=0

Hence y = 4sinh3x—5e >~

is a particular solution of differential equation.

y'=9y=0
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The general solution of the differential equation is

y= cle3x +ce 3

Choosing ¢ =2,c,=-1
We obtain y= 263 7073
y=ze3x _28_3x _56—3)(
Ix _ -3x
e —e -3x
=4 ———|-5
y=4sinh3x—56_3x

Hence, the particular solution has been obtained from the general solution.

Example 3
Consider the differential equation
3 2
L ST
dx e dx
and suppose that y=e, y, =¥ and ¥y = e
d d’y, d’
Then il W J? = —};'
dx dx” dx
Sy dy L dy X_ X XX
Therefore — = —6——+11——-6y, =" —6e” +1le” —be
o wt
3 2
d d d
or EA 6C N D gy =126% —126% =0
S R

Thus the function y, is a solution of the differential equation. Similarly, we can verify
that the other two functions i.e. y, and y, also satisty the differential equation.

Now forall xe R
x  2x e3x

W[ex,ezx,e?’x): e" 262x 393Jr =2e bx 20 Vxel
e d4e?E 9%
Therefore y,,y, and y; form a fundamental solution of the differential equation

on(~o0,0). We conclude that

y=cet+ czezx + c3e3x
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is the general solution of the differential equation on the interval (— 00,00).

Non-Homogeneous Equations
A function y , that satisfies the non-homogeneous differential equation

d"y "1y dy _
an&};;;+ﬂn_ﬂx%ﬁn_l+""+ﬂiﬂ3;+aJXb“-g&)

and is free of parameters is called the particular solution of the differential equation

Example 1
Suppose that
y,=
Then ¥, =0
So that
yh+9y,=0+903)
=27
Therefore
=3
is a particular solution of the differential equation
Yy +9y,=21
Example 2
Suppose that
y,= o —x
Then y, = 3x% -1, y, =6x
Therefore xzy;, +2xy;, -8y, = 32 (6x)+ 2x(3x2 - 1) - 8(3:3 - x)
=437 +6x
Therefore
y = x3 -X

is a particular solution of the differential equation

X2y +2xy -8y =4x’ +6x
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Complementary Function

The general solution
Ve ZaN Hery vty

of the homogeneous linear differential equation

dli dn—l d
an (I) dx"]‘} +an—1(x) dxn_.)]) +“.+a1(X)d_Jx}+a0 (x)y =0

is known as the complementary function for the non-homogeneous linear differential
equation.

a

n n—1
)42 4, ()42

dy _
o i +---+al(X)E+au(x)y =g(x)

n

General Solution of Non-Homogeneous Equations

Suppose that

a The particular solution of the non-homogeneous equation
n—l1

0, ()73 0y () () (el = )
is Vp-

a The complementary function of the non-homogeneous differential equation

a (x)ﬁ—ka l(x)ﬂ+---+al(x)d—y+a0(x)y=0
" R dx
is
Ye =16y, + 40y,

a Then general solution of the non-homogeneous equation on the interval I is
given by
y=y.ty,
or
y=c»n (x)+ c2y2(x)+ et C‘n_}’n(x)-i‘ yp (I) =V, (I)-i‘ yp(x)
Hence
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General Solution = Complementary solution + any particular solution.

Example
Suppose that
__1t
yP 12 2
’ l L L
Then Vp="75 yp=0=yp
d’ d’ d
o 600 1 @e g, —o-0- U M55,
dx d dx ! 2 2
Hence
LN
yP 12 2
is a particular solution of the non-homogeneous equation
3 2
Y 64V ¥ 6y
e dr? dx

Now consider

yC = Clé’x +62€2x +C’3€’3x

Then
y
—£ = clex + 26282;( + 3(3‘363)(
dx
d2
26 = clex +462€2x +96‘3€3x
de
d’y
36 = clex +86262x + 270393}‘
dx
Since,

3 2
d d d

);6—6 J;"+11 yc—syc
dx dx dx

=ce + 8(3262)“ + 270363" - Ei(cle'r + 462821 + 90363")

+1 l(clex - 2(?26*?"‘f ks 3(:36'3"f )— 6(616" s czeh + 0363")
=12¢e* —12¢ce” +30c,e™ —30c,e™ +60c,e’ - 60c,e™

=0
Thus y. is general solution of associated homogeneous differential equation
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3 2
Y 6@ _g,-0

d’ dx
Hence general solution of the non-homogeneous equation is

2 3x 111
J’=J’C+J’p=f31€x+¢’z€ Y ice x———ix

Superposition Principle for Non-homogeneous Equations

Suppose that
ypl ,yp2 ,--w}’pk

denote the particular solutions of the  differential equation

(W (' -t o) aylely= g (5)
i=12,...k,onaninterval / . Then

yp=vp Wy, (hty, ()

is a particular solution of

an(x)y(MJ ta (x)y(n_lJ +---+a1(x)y'+a0(x)y =g1(XJ+g2 (x)+---+gk(x)

1

Example
Consider the differential equation
V' =3y +4y =-16x" +24x -8 +262 420 — ¢
Suppose that
2 2; ]
yP1=_4x’ yPQ:e Y’ ypsszY
" ' _ 2
Then ¥y, =3y, +4y, =-8+24x-16x
Therefore y_ = e

is a particular solution of the non-homogenous differential equation
V' =3y +4y =-16x" +24x -8
Similarly, it can be verified that

y =e** and y =xe’
P) F3

are particular solutions of the equations:

y"=3y'+ 4y =2e*"
and y'-3y' +4y=2xe" - ¢
respectively.
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2, 2x x
Hence = + + =—4x" +e”" +xe
yP yPl ypz yP3
1s a particular solution of the differential equation
V' =3y +4y =-16x" +24x —8+2¢%¥ 4+ 2xe* —&*

Exercise

Verify that the given functions form a fundamental set of solutions of the differential
equation on the indicated interval. Form the general solution.

L Y=y -12y=0; e, e, (~o,)

2. Y2y +5y=0; e*cos2x,esin2x, (—o0,0)
3. xzy"+xy'+y=0; cos(lnx),sin(lnx), (0,00)
4. 4y"-4y'+y=0; e’ xe"?, (~o0,2)

5. X7y —6xp"+12y=0; x°, x* (0,)

6. y"—4y=0; cosh2x, sinh2x, (—o0,)

Verify that the given two-parameter family of functions is the general solution of the non-
homogeneous differential equation on the indicated interval.

7. y'+y=secx, y=cjcosx+cysinx+xsinx+(cosx)in(cosx), (-z/2,7/2).

2

8. y"—4y'+4y=2€2x+4x—12, y=clezx+(:2xezx+x2ex+x—2

9. Y7y +10y =24e", y=clezx+czesx+6ex, (700,00)

1, 1 2

”2+czx_ +Ex —éx, (0,0)

10. )czy"+5)cy'+y=J\:2 -Xx, y=c1x_
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