ENG 302 -SOLID MECHANICS

LECTURE 7: EXAMPLES OF BOUNDARY VALUE PROBLEMS

B Overview For a given strain-energy density function, we can write a full system of equations
which can be solved for given boundary conditions. We give some simple solutions for homogeneous

and semi-inverse problems.

5.1 Homogeneous deformations

In the compressible case, of the deformation is homogeneous than F = const matrix —
‘}F constant tensor. Then

W )
S_ﬁ and T=J Fﬁ

are both constant.

= DivS8S=1, div T = (.

That is, the Cauchy equations identically satisfied.

3
Consider, as an example, the diagonal transformation
T= diag(tu . tg‘g. f:t:t) and F = diﬂg{)tl. }12. )‘L:t)
e MW 103
- H_IH'JL!- T = 1.4,

The solution is fully specified by the boundary conditions (Ericksen’s theorem).
For instance, uniaxial extension is obtained by the choice tss = N and f1; = t22 =0,

t1; = W, =10, t: ——W =10, t: ——W—'\F
= In= o)u. 1 23 N 2 33 g 3
"“u —3)-B-1n= ‘”(A +A2402-3) - “Z{Af,xg,xg-u
; A OW
“_Ta_)k!-

A
t11 = —; {111-11 —#zll)é)*g} =

&,

tyy = )‘—; (H1A2 = p2AiA2A3) =0
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p1 = p2 (so that t; = 0 when A; = 1).
A1 =23A5) =0
Aa(l=A7AD) =0, J=xa"1=2A
= NI=X=2T= M=X=x"1 X=X\

] J
A -1 N 3 1 A-1
I = e = A = — =)= 3=
Now
AN (X) . 1
N |y, = (.'}A + E) . = 4dpu.

5.2 General method for semi-inverse problems, BVP
1) Deseribe your material
o Elastic?
e Static?
e Any particular geometry (thin, long...)?
¢ [ncompressible?
* Isotropic?

e Strain - Energy (Define or keep undefined as long as needed.)
2) Describe the deformation.

* Semi-inverse method.

7 T
r=AX

Y
. r=f(X)
#=g(Y)
2= AL
-~

¢ Choose variables in By, B suitable for you problem.

e Define y, F, A
A; is a function of a few parameters, functions, (f,a).
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3) Define the boundary conditions. There are loads to choose from! T - n on dB7 Or 7
pb?

4) Write down Cauchy equation plus constant.

div T+ pb=10 (static),
T = J_IFdF pl

Incompressible is .JJ = 1, compressible p = 0.

To solve write W = W(Iy, I5, I'3), then W = W(ll Az, Ag). then 2 5F-

= T=T(f(x),x), or S=5(f(x)x).

5) Imsert into div T 4 pb = 0 or Div 8 4+ pyb = . Obtain differential equation for f(x) or
p = p{x). Solve the equation with the correct boundary conditions.

5.3 Inflation of a spherical shell.

1) Elastic, incompressible, isotropic spherical shell with strain-energy W(I;, I2, I3).

@

2) Symmetric inflation

ox o
A< R<R, F = X (see §2.5)
x = f(R)X, r=f(R)R
Ar r’

F= Ao = r/R
As r/R

Ar=1(R), Mo=r/R=2\s

ha=afA,  M=b/B. r=Vad- A+ R

where a is the single unknown parameter. Therefore

M=Xg=A=r/R, A =X

0 on r==b

T-n={_P on r=a
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ST.N=JPF TN {mapping of traction vector)

Tn=-=FPn on d8
ST. N=-PJF TN, on 98

0 on r==0

_ Tn—={_P on r=a

or

5 _ =PX7'==PX on R=4A
T o on R=R8

Note that the boundary condition depends on the deformation.

3) b=0 and div T =0,

dT 2

dr + ?_ [Trr = ’H!ilﬂ} =1,

or
ds, 2
iR + B (Srr — Spa) = 0.
Constitutive equations,
aw
S= — —pF !,
aF "
or
aw
T=F— —pl.
ar 7
Then
awW aw
Ser==—=pAY  Spg=—— —pA;"
rr aAr PAL [elv} BAE P 0
which are functions of A(R).
4) Solve the equation. Take div § = 0.
aw  aw
Srr — Spp = - —
) W
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We are going to choose A as a variable. Define R(A) = W{A‘Z, A. A), then

dSp _ oS =Sw0 _ _ M'(N)

dx T A=A T T a1
A h())
= P=£b Vo1
It

2
—(tr = 1) =100,
:"}r+r{r 0)

tr=MWr=p=A"W,=p, ta=AWa—p, ty="to.

ty —tg = A"2W, — AW,

ot,

r

=

2
+ =AW, = AW) = 0.
-

Introduce auxiliary function, h(A) = W(A=2, A, A).

WO =55 = Wy (=207%) 4 Wa.l 4 Wal = —20"1(A2W, — AW)

ot Oty O\
ar ~ ax or
r A 1 R

RO R
RP=r’-a+ 4% RR=33% R=°1

Ri:)@.

At A =g B, = =P,

A h![)‘} Ag h’{)ﬁ)
-P=—L —opd = P=/Aﬂ o5 A= f().

Note

Aa=afA, N = %{‘z‘aﬂ - A3 4+ B3 = %m,\ﬂ —1)A3 4 BS.

5| Page ST.PAUL'S UNIVERSITY, DEPARTMENT OF ENGINEERING



ENG 302 -SOLID MECHANICS

For a given P, we find a. hence the deformation and the value of ¢, at all points.
Note that W = £(A2 + A2 + A2).

nil v
h==|—=+2)|.
= "=3 (A“ + )

Note the nonlinearity in the 1/A* term.
L}

" -2 =5
—— m = —2;1()& + A }-.

Aplda)

t( ),

P>0
blowing

/ 1 =— compressive

P
P<0 /

sucking
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