ENG 302 -SOLID MECHANICS

LECTURE 9: LINEAR ELASTICITY...CONTINUED

6.5 Incompressible linear elasticity

Recall: Incompressibility:
detF =1, = det(14+H)=1+tr H+O(H?*) =1

Therefore tr H =0 = Div u. and

[Divu=0]| « [tr E=0]

Also

oW
-1
T=-pl4+J Fﬁ‘ og==pl + Cr'jkff'-'lrf

For isotropic material,

o = 2uE + At=—FJ1 — p1

but
E E
p= m =3
Therefore
pi=b - Grad p+ pAu
and

H=

sl b

N.B. Boundary conditions

u=u"(t), ondB displacements
m=t"(t), on &B traction

6.5.1 General principles

1) Linear superposition

2) Stresses, strains and displacements are proportional to the loads (or displacements)
applied to the solid.

3) If 3B = () then there exists one unique solution, only displacements.

4) If only traction and tractions are in equilibrium, then stresses and strains are unique.
For initial conditions, there exists one unique u(t).

Some nomenclature about loading

1) Plain strain

u=(u(X,Y),v(X,Y).0) = eig=esg=ega =0, miz=m3=73 =732 =0.
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no displacement

no stretehing

bt stresses

e
e

2) Plane stress

Tiz = T2z = 733 = 0,

3) Auntiplane strain

ast ast (

ast ast 0
0 0 0

T =

u=(0,0,w(X.Y))

4) Pure torsion

u=(-0YZOXZ Q(X,Y))

(see problem sheet 6)

6.6 Plane/Strain/Stress Solutions
6.6.1 Plane solutions

(stress or strains)
In cartesian coordinates,

1
eij = E{ﬂd:j +uji =

ar;
O

Assume that b derives from a potential,

av

b= 2
1 BX,!',

Plane stresses or strain T3 = 723 = (.

6.6.2 Idea
Let
_dp 9
Tll—a_}(z_l’-. T:z:z—a—Xl—I’-.

1+ I
—5 T~ Em:ﬁ-ij

Lyb;=0

f: 1__2, bﬂ:”-
P
‘rl:z——m-. Taz = (11 + m2),

=0 is plane stress and 3 =1 is plane strain.
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6.6.3 Equations

O Omy .y o Omz, Om

X1 09X X1 0Xs +o2 =0

Therefore

a (&% a & o ) 3
a—m(a—xg V)*ﬁ( aXox;) A0
8 826 a (0%

ﬁ('amm)‘*‘ﬁ(@'y) =0

and the equations of motion are satisfied. But we do not have an equation for ¢. We have

equations for 7;; or e;;, that is, 6 fields but v; is 3 components.

6.6.4 Compatibility conditions
BRecall: conditions for F: Curl F = 0. For

1 ou; Oy
w3 (5 2)
Compatibility conditions:
Curl Curl E =0,

62{-3,“,1 =0

— E{pmfjmm =

e oy | Oar | P Fep
0X,0X, T 0X0X;  9X;0%,  0XX,

These are 6 relations (but only 3 are independent). For planar problems: e;3 = es3 = 0,
3&,’3' ,:' 6'.X 3= 01

e 32222_ e —0 (ast)
ax: = 8X? 8Xi0X»

Now for plane stress we have 733 = () and from plane strain we have 33 = (111 + 2),
= 153 = Pu(m + ™),

which implies

14+» v

en=—¢ TII—E(1+!5V)(711+T22}
14+» v

en=—% Tﬂ—E(1+ﬁV)[Tll+T22}
14w

en=—pTn
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2

Insert these into (ast) and nse 13 = 3‘7,‘% -
|

3‘¢+2 de de  1-8 (a?v . v
dx} Bx'i}ﬁg 81:3 T 1-v-2812 H:c% H;r%

v,

=

1= 52

1, ATr _ et
= |Vio=C,AV| Cy =y =257

Here V4 is the biharmonic operator and ¢ is the Airy potential. If 3 = 0, we have plane
stress and § =1 is plane strain.

6.6.5 Application
6.7 Elasto-dynamics

pAu+ (A4 p)Grad Div u = pii (ast)

6.7.1 Planar waves

u(x.t) = asin(k - x = ct)

Here a is the amplitude, k is the direction and ¢ is the velocity. We normalize such that
k| = 1.
2 interesting cases:

a| k longitudinal - primary, pressure, P-waves.

al k transverse — shear, secondary, 5-waves.

P
o

— —

—_—

direction of wave

P-waves S—waves
Let p(x,t) =k -x—ct.

Note that Divu=a-kcosy

Curlu=-a x keosy

Div u =0 is transverse, Curl u = 0 is longitudinal.
Substitute u = asin g in (ast). Then

Au=-asinyp
Grad Div u = Grad(a - kcosg) = (a- k)k(=sinyp)

Therefore i1 = —c?asin ¢ and

pa+ (A +p)(a-k)k = pc'a
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This is a linear operator on a. Define A the acoustic tensor,

A= % (g1 4+ (A+ pke k) [A];'j = ;l) {pdsj + (A + p.)kikj}

so that we have the eigenvalue problem

lya=ak

Aa=ca

1
adik; = E(m + (A + p)kjkik;) = ak;

— ﬂ=cz,

p

2) alk, aiki=0.

1

o = A42u
i

1
A,‘j&j = ; {.Hﬂi + (J\ +#)kikjﬂj} = cza,-

i.e. slower than ef.
Note also

R S

P

ey B2
P P

B E(1-v)
LN T -0

where 1 — 2v = ( for an incompressible material. Therefore cf — 0o as v — 1/2.

Also note

& =plp
A a
2122,
> +2

cz

= crp

pe, — 2pct

=

=

— ||'_'1 = o%ulu-‘r- (c% - c‘%)Gra.d Div u‘

(astast)

6.8 Rayleigh waves

Be~% exp(ik(zx — ct))

[ Ae~% exp(ik(x — cf)) ]
u=%x

0

ABeC,beR].
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