Continued fractions: basic definitions

Let 8 be any real number. Put ay = [ (the largest integer not greater than
#). If ap # 6, then we can write § = ag + %: where 6; > 1, and we put
a; = |01]. If a; # 0, then we can write 0; = a; + %t where 05 > 1, and we
put ay = |#2]. This process can be continued indefinitely, unless a,, = 6,, for
some n. Note that ay,as, ... are all positive integers, although ay might be
negative or zero. This process is the continued fraction process, and the
a; are known as the partial quotients of #.

If the process terminates, then we have

We then write
0 = [ag,ay, ..., a,).

We also use this notation when the a; are not necessarily integers.

If the continued fraction process does not terminate, then we write
0 = [a'[): (y,dg, .. ]

and for any n we then have

f = [nf.l{)T a,az,...,0y, B-n-l—l]:
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where ay, ..., a, are integers, but #,,., is not.

If we set
Pn

in
where ged(p,.q,) = 1, then we call ;Ln the nth convergent to . We shall
see that

= [U-Da . '1'[1-1'1]3

P
% s 0 as n — 00.

Gn

Continued fractions: a recurrence relation for the
convergents

Let ag,aq, a9, ... be a sequence of integers, with a; > 0 when ¢ > (). Define
Pn: o by
Po=ag, g =1, pr =apa1 +1, ¢ = ay,

Dn = UnPn—1 + Pn=2y (n = QnQn-1 + Qn-2, for n > 2.

Then:

(&) Pnn+1 — Pn+1Gn = (_1)n+1;

(b) ged(pn, gn) = 1;

(C) !zf = [aﬂ:«'-*tan];

(d) If the a; are produced by applying the continued fraction process to 6,
then 2= is the nth convergent to 6, and

T

_ p-n9n+1 +pn—l
q-ngn-{—l + Qn—l .

7
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Proof

(a) We use induction on n. We have poqi — p1go = apa1 — apa; — 1 = —1, so
the result holds for n = 0. Suppose that the result holds for n = m — 1, and
consider the case n = m. We have, using the recurrence relation,

PmGm+1 = Pmt19m = Pul@mi1Gm + Gm-1) = (@m1Pm + Pm—1)dm
= Pmlm—1 — Pm—10m
= —(-)"
= (1",

so the result holds for n = m.

(b) This is immediate from (a).

The remark in (d) that p,/q, is the nth convergent to # follows immediately
from (c¢). We use induction on n to prove the rest of (d) along with (c),
remembering that (c¢) does not require a priori that the a; are produced by
the continued fraction process. First note that

1
T-i =aqp+ — = [aﬂaal]*
01 ay
Also
pb+po  (agar +1)0y +ag
@102 + qo afly +1
P
= a
0 (1-192 +1
ap + !
=
aq + é
—_
8

so the result holds for n = 1. Suppose that the result holds for n = m — 1,
and consider the case n = m. We have
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[ag,...,an] = Pm—10m + pm_g, using (d), withn=m — 1
Gm—-10m + qm—2

and 0 = [ag, . .., ap)

= Eﬂ, which is (c¢), with n = m.

m

To establish (d) with n = m, note that

0 = [aﬂa"-:am:gm—i—l]
1

9m+1

]

= |ag,...,Qm_1,0n +

p-nl—l(a'm —I_ 1 ) + p-m—il
= O t1 , using (d), withn=m —1
qm—l(a'm + ] +1) + Gm—2

1

m

] -1

P+ 5™
m+1 o .

= — = using the recurrence relations

q _I_ gm—1 7
m

0m—|—1
im0, -
= PmOmi1 ¥ P *, which is (d), with n = m.
qmgmﬂi—l + Gm—1

Continued fractions: some properties of the con-
vergents

For parts (a) to (d), we suppose that the continued fraction process does not
terminate.

(a) 0 lies between £ and fooi

Gn41
_ _ 1 1 1
Proof 0 = [ag,...,an,0p41] = [ag,...,an + m]: where 0 < 77— < =,
so @ lies between [ay, ..., a,] and [ay. ... a, + - 1+1] = [ag, ..., Qn, Api1].
™

(b) |60 — 22| < ——.
o et Pn Pn Prn+1 1 : |
Proof From (a), |0 — qn| < |qﬁ — Qn+1| = oo using 1.5(a).

(¢) gn+2 > 2¢n,Pn+2 > 2pa (0> 1)
Proof Immediate from the recurrence relations.

(d) 2’—“—)9&53’:—)0@.
Proof Immediate from (b) and (c).
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(e) The continued fraction process terminates if and only if # is rational.
Proof The ’only if” part is clear. Conversely, suppose that § = ¥ is rational,
and that the process does not terminate. Then taking n such that ¢,.; > b

gives |6 — -2—"‘| > ﬁ > = ql - contradicting (b).

Note that 1.5(a) could be used to compute inverses mod n. To compute
the inverse of @ mod n, we compute convergents to =. By (e), we eventually
reach p, = a.q, = n, provided that ged(a,n) = 1. By 1.5(a), we then have
pr—1n — agr—1 = (—1)""', so that ¢,_1 is, up to choice of sign, the desired
inverse. This method is equivalent to (a variant of ) Euclid’s algorithm. From
(c¢), we have r = O(logn).

The continued fraction process gives us a sequence of rational approxima-
tions to any irrational number #. These approximations are rather good,

indeed they are the "best possible’ in a sense made precise below.

Examples

(a)

g—ﬁ=[1,1,3,2]

(Compare with Euclid’s algorithm.)

Po _ 1
q0 1

B=1+1=3
me=ltmp=l+i=i
Beltmmsiray=ii=g

(Check the properties of the convergents proved above. Remark that we
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have computed the inverse of 16 mod 9, and of 9 mod 16.)

(b) 6 =+v19=[4,2,1,3,1,2,8,2,1,3,1,2,8, .. ]
(For irrational numbers, the partial quotients are often mysterious. Two ex-
ceptions are quadratic irrationals, and certain functions of e.)

() e=1[2,1,2,1,1,4,1,1,6,1,1,8,.. ]
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