Elliptic Curves.

SEcTION 1. THE GRrour LAw ON AN ELLIPTIC CURVE

Definition 1.1. An elliptic curve over a field K is (up to birational equivalence) a nonsin-

gular projective cubic curve, defined over K, with a K-rational point.

Definition 1.2. Let C : F(X,Y,Z) = 0 be an elliptic curve /K [the notation /K means
‘defined over K’; that is, all of the coefficients of C are in the field K]. So, C is a nonsingular
projective cubic curve, with a K-rational point, which we shall denote o. For any two
points a,b on C, let £, denote the line which meets C at a, b [if a, b are distinct then £,

is the unique line through a, b; if a = b then (,}, is the line tangent to C at a = b].

lab | | d

Let £, denote the line which meets C at a, b.

Then (,p and C have 3 points of intersection (Bézout).
Let d be the third point of intersection between C and £, y,.
Now, let /4 4 denote the line which meets C at o and d.
9 Let ¢ be the third point of intersection between C and £, 4.
Define a+ b =c.

Let £y, be the line tangent to C at o.

Let k be the third point of intersection between C and £l ¢.
Now, let £, be the line which meets C at a and k.

\ Let a be the third point of intersection between C and £, y.

) = Define —a to be a.

EOD
We shall soon show that a + b is a commutative group law on the points on C, with

identity o and the inverse of a given by —a. First we need the following technical lemma.

Lemma 1.3. Let Py,..., Py be such that no 4 points lie on a line and no 7 points lie on a
conic. Then there erists a unique point Py which s a 9th point of intersection of any two

cubics passing through Py, ..., Px.

Optional Proof See 0.137.
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Theorem 1.4. Let C be an elliptic curve /K, with K-rational point o. Then a+ b, as
in Definition 1.2, gives a commutative group law on the points on C, with identity o. The
mverse of a is qwen by the point —a, constructed in in Definition 1.2. Further, the K-
rational points C(K) form a subgroup, called the Mordell-Weil group.

Proof Tt is easy to show commutativity, the fact that o is the identity, and the fact that —a

is the inverse of a. The only difficult problem is associativity. In order to prove associativity,

consider the following diagram.

w
a | A% T
L
b C u s
d e o t
14 m n

Here, r, s,t, ¢, m,n are lines. On each line, the labelled points are the points of intersection
between C and that line. From the construction of Definition 1.2:
a+b=e,
and so:
(a+ b) + ¢ = 3rd point of intersection on /g .
Similarly:
b+c=v,
a+ (b + c¢) = 3rd point of intersection on /g .
To show (a+b) +c =a+ (b+ c), it is sufficient to show that f = w. Let F; = fmn and
F, = rst, both of which are cubic curves.
C and Fi have 8 common points: a,b,c,d,e,u,v,o.
C and F; also have these 8 common points: a,b,c,d,e,u, v, 0.
From Lemma 1.3, the 9th point of intersection of C and F; must be the same as the 9th

point of intersection of C and Fj; that is, f = w, as required.

COMPUTATIONAL NUMBER THEORY



Hence, + is a commutative group law.

It remains to show that C(K) is a subgroup. We are given that o € C(K). Let a,b € C(K).
It is sufficient to show that a+ b € C(K) and that —a € C(K).

Let a = (z1,y1) and b = (x2,y2), where x1,y1,x2,y2 € K. Then the line through a, b is
(in affine form) f,y, : y = fx +m, where { = 2222 € K and m = =2=72% € K. Substitute
y = (x + m into the cubic equation for C to get; ¢(z) = 23 + cpa? + c1z + ¢o = 0, defined
over K. Let ¢(z) = (z — z1)(x — x2)(x — x3) be the factorisation of ¢(x). Then zy, zo, 3
are the 3 roots of ¢ and so xy + x5 + 23 = —c¢9, giving: r3 = —cy — x; — 29 € K and
ys = lrg +m € K. The line /,} then meets C at a,b,d = (z3,y3) € C(K). The same
argument shows that the line /, 4 through o,d has 3rd point of intersection ¢ which is also
in C(K). But ¢ = a+ b and so we have shown that a +b € C(K). A similar argument
shows that if a € C(K) then —a € C(K'). Hence C(K) is a subgroup, as required. O

Aside: It is apparent that, in the above proof, we have dealt with the ‘typical’ case, where
none of our points are repeated (for the proof of associativity), and none are at infinity
(for the proof that C(K) is a subgroup, since the points were written in affine form). It is
stratghtforward to check these special cases; we shall not bother to do so here.

Comment 1.5. When two nonsingular cubics C;,Ce are birationally equivalent over K
(under ¢ : C; — Cs), it can be shown that a, b, c on C; are collinear iff ¢(a), ¢(b), ¢(c)

on Cy are collinear, and ¢ is an isomorphism between C;(K) and Cy(K).

Comment 1.6. By an elliptic curve, we shall always mean a projective curve, but often write
the equation in affine form. Note that, whichever way it is written, we are always referring
to the projective curve. For example, if we say ‘let C : y> = 2® + 3 be an elliptic curve’,
it should be understood that this is a shorthand notation for the corresponding projective
curve ZY? = X3 + 373,

Theorem 1.7. Let K be a field satisfying char(K) # 2,3 [recall - this means that 1+ 1 % 0
and 1 +1+1 # 0/. Then any elliptic curve over K is birationally equivalent over K to a
curve of the form y? = 23 + Az + B.

When K = Q, we can birationally transform any y*> = cubic in x to a curve of the

form y? = 2® + Az + B, with A, B € Z, using only maps of the form (z,y) — (ax + b, cy).

Comment 1.8. Let K be a field satisfying char(K) # 2,3, and let g(x) be a quartic
polynomial over K with nonzero discriminant. It can be shown that any curve D : 42 = g(x),
with a K-rational point, is an elliptic curve, and is birationally equivalent over K to a curve
of the form y? = 2* + Az + B [see p.35 of Cassels|.

COMPUTATIONAL NUMBER THEORY



Comment 1.9. We shall typically take our elliptic curves to have the form
E:y* =2+ Az + B, where A,B € K,
which should be regarded as shorthand for the projective curve ZY? = X3 + AXZ? + BZ3.

Sometimes it will be convenient to include the z? term. Since £ is nonsingular, we must
have A = 4A4% + 27B? £ 0, as was shown in Example 0.110. The notation A = 4A4% + 2782
is standard.

It is conventional to choose o = (0,1,0), the point at infinity, as the identity [we shall
always take o = (0, 1,0) unless otherwise stated]. Note that the line Z = 0 meets £ at o
three times (such a point is called an inflexion). Given a point a = (X,Y, 7Z), if we take
the line through a and o = (0, 1,0) then the third point of intersection is (X, —Y, Z), which
must then be —a. In affine form: —(z,y) = (z,—y).

This gives an easy rule for finding the inverse of a point, under the group law, namely:
the inverse of a is its reflection in the z-axis.

So, for an elliptic curve £ written in the form y? = cubic in z, the points are o (the point
at infinity) and the affine points (z,y), and the group law has a simpler description:

Let d = (23, y3) the 3rd point of intersection of £ and fap.

Then a + b = (3, —y3), the reflection of d in the z-axis.
We illustrate the group law with the following computation (see also 0.143).

Example 1.10. Let £ : y?> = 2° + 1. Let us compute a + b, where a = (z1,y;) = (—1,0)
and b = (x2,y2) = (0,1).
The line through a.b is (.3 : y = = + 1. Substituting this into £, we see that the

z-coordinate of any point of intersection satisfies: (x 4+ 1)? = 2® + 1, and so:
2 — 2 — 22 =0. ()

We are looking for (z3,y3), the 3rd point of intersection of £ and £, . We first find z3; note
that x1, x2, x3 must be the roots of (x).

2

Method A (for finding x3). Since the roots of (%) are 1, o, x3, it follows that x* — 2% — 2z =

(x — z1)(x — 23)(x — x3); equating coefficients of % gives that:
a1 + T2 + 23 = —(coefficient of 2% in (x)) = —(—1) = 1,

so that (—1) 4+ 0+ 23 = 1, giving z3 = 2.
Method B (for finding z3). Factorise (*) to give: z(x + 1)(z — 2), whose roots are: 0, —1, 2.
Two of these are the already known z1 = —1, 22 = 0, and so x3z must be the remaining root:
Ir3 = 2.

Having found z3 (by either method), we use the equation of £, , to compute y3 = z3+1 = 3.
In summary: £ and /,), intersect at: (—1,0),(0,1),(2,3), and so (—1,0)+(0,1)+(2,3) = o.
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Finally, this gives: (—1,0) + (0,1) = —(2,3) = (2, —3), using the rule that negation is

given by reflection in the r-axis.
One can also obtain an explicit general formula for the group law.

Lemma 1.11. Let £ : y?> = 2® + Az + B, where A, B € K, with (as usual) o = the point at
infinity. Let (z3,y3) = (21, 1) + (22, Y2)-
Case 1. When x, # x5 then:

r123 + 2z + Az + x2) + 2B — 210

T3 = , ys= —fxz3—m,
(21 — x2)?
Yi— Y2 T1Y2 — T2
where: { = , m= ————
Iy — T2 Iy — Tg

Case 2. When (z1,y1) = (x9,y2) then (x3,y3) = (x1,y1) + (z1,91) [which can be written
as 2(x1,vy1)], and:
:r;‘{* — 2A:r;% — 8Bz, + A? _ :r;‘{* — 2A:r§ — 8Bz, + A?
dy? ~ 4A(z}+ Az + B)
322 4+ A —a3 + Az, + 2B
2y B 21 .

I3 = y3 = —fx3 —m,

where: ( =

Optional Proof See 0.144.
The above formulas give an alternative method for computing the group law, although in
practice it often turns out to be easier to compute the group law from first principles, as in

Example 1.10.

Comment 1.12. When A = 443 + 27B? # 0, all 3 roots of z® + Az + B are distinct,
guaranteeing that y? = 2® + Az + B has no singularities and is an elliptic curve.

When A = 0, then this is no longer an elliptic curve and at least two roots of the cubic are
repeated: y2 = (z — a)?(x — B). It is still the case that the set of nonsingular points on &,
denoted &,., forms a group [see pp.39—41 of Cassels]. When /3 # « the singularity at («,0)
is a node. When (3 = « the singularity is a cusp. In either case, the curve can be written:

2 L. . .
(;La) = x — 3, and so is birationally equivalent to the conic w? =z — 3.

Definition 1.13. Let £ be an elliptic curve and let P be a point on £. For any positive
integer m, let mP denote P + ...+ P [m times|. We say that P is an m-torsion point if
mP = o. The m-torsion group of £, denoted £[m], is the set of all m-torsion points. We
also say that P has order m (or that P is a point of order m) if m is the smallest positive
integer for which mP = o. When such m exists, P is a torsion point (P has finite order).
If no such m exists, then P is a non-torsion point (P has infinite order). The group of all

K-rational torsion points on £ is denoted Eiors(K) [or sometimes E (K )iors)-
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Examples 1.14.
(a) Let £ : y> = 2° — z, and let P = (1,0) so that —P = (1,—0) = (1,0) = P, so that
2P =P+ P=P—P =o0. But 1- P = P # o, and so 2 is the smallest m > 0 such
that mP = o. P has order 2 and P € &Eios(Q).
(b) Let £ : y?> = 2*+1, and let P = (0,1). First compute P + P. Using 2yy’ = 322 at (0,1)
gives 2-1-3y = 3-0% and so the tangent line /pp to £ at P has slope 0 and equation of
form y = 0-x+m. But the line goes through (0, 1) and so m = 1 and the tangent lineis y = 1.
Substituting y = 1 into y? = 2% + 1 gives 23 = 0, with roots 0,0,0. So, £ meets {pp at (0,1)
with multiplicity 3, and (0,1) 4 (0,1)+(0,1) = o. Hence: (0,1)+(0,1) = —(0,1) = (0, —1).
In summary:

1-(0,1)=(0,1), 2-(0,1)=(0,—-1), 3-(0,1) =o0.
(0,1) has order 3 and (0,1) € Eors(Q).

When K = [F,, a finite field with p elements, there are of course only finitely many
members of E(F,).

Aside: Each of the p possible x-coordinates 0, ...,p—1 has about a 50% chance of making
34+ Ax+ B a square modulo p. When 2+ Ax+ B is not a square, there are no corresponding
y-coordinates. When x* + Ax + B is a square, there are at most two corresponding y-
coordinates. So, one might expect ‘on average’ about p affine points, that is, about p + 1
points, including the point at infinity.

The following result gives a bound within which the number of points must lie.

Theorem 1.15. (Hasse). Let € be an elliptic curve over F),. Let N, = #&(F,) where, as
usual, E(F,) should be taken to including o [so that N, is the number of affine points (x,y)
on € with x,y € Fy, plus 1, to include the point at infinity o]. Then:

N, — (p+1)] <2/p, thatis, N, € [(p+1) —2¢/p,(p+ 1) +2,/D].
Similarly, any curve y*> = Q(x), where Q(z) = fix* +. ..+ fo has nonzero discriminant, has
at least p — 1 — 2,/p affine points.
Proof See p.118 of Cassels or p.131 of Silverman. O

Example 1.16. Let &€ : y? = 2® + 42 + 1, defined over F;5. Then:
#E(F13) > 13+1—2V/13>13+1—2-4=06, so that #&E(F13) > 7.
HEF13) <13 +1+2V13 <13+ 1424 =22, so that #&E(Fy3) < 21.

Note that at most 4 of the points on £(F13) can be o and points of the form (z,0), so there
must exist at least 3 affine points (z,y) € £(F13) with y # 0.
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SECTION 2. THE p-ADIC NUMBERS Q,

For Q, let | | denote the standard absolute value [e.g. | — 5| = |5| = 5]. Consider the
sequence: r; = 1.4, 2, = 1.41, x5 = 1.414, ..., where x,, is the largest decimal to n decimal
places satisfying 2 < 2. Then |z, — Z,|s — 0 as m,n — oo, so that the sequence is Cauchy

in QQ,

no such a exists in Q. We say that Q, | |~ is incomplete (since not every Cauchy sequence

|- The sequence z,, cannot be convergent, since if z,, — « then clearly o? = 2 and

is convergent) and the real numbers R give the completion of Q,| |.. The absolute value

| | is a special case of the following.

Definition 2.1. Let K be a field. A wvaluation on K is a function | | : K — R satisfying:
(1) |z| = 0 for all z € K, with equality if and only if x = 0.
(2) |zy| = |z| - |y| for all z,y € K.
(3) |z +y| < |z| + |y| for all z,y € K [the triangle inequality.
If a valuation also satisfies the stronger property:
(3) |x + y| < max(|z|, |y|), for all z,y € K,

then we say that it is a non-Archimedean valuation; otherwise it is an Archimedean valuation.

For example, @,
[1+ 1] ¥ max(|1

different notion of size and distance.

oo (or R,| |) is a valuation. It is Archimedean since, for example,

005 | 1]oc). We shall now introduce another valuation on @, which gives a

Definition 2.2. Fix a prime p. Let x = ™ € Q. Write ™ = p"%, where p [ a,p [ b. Then
the p-adic valuation (or p-adic absolute value or p-adic size) is defined to be:

|z, = |2|, = p~" [so, x is ‘smaller’ the higher the power of p dividing xz].
We also define |0|, = 0. For any x,y € Q, the p-adic distance between = and y is defined to
be: d,(z,y) = | — y|,. (Note that d, is a metric)

Example 2.3. In Q,| |5, we have: [3]3 = [37'3|; = (37("1) =3, |9|3 = |32}z =32 =&,
and |73 = [3°T|; =370 =1.
Also, d3(—5,3) =|—5—3|3=|—8|3 =1, d3(—5,19)=|—-5—19|3=| —24|3 = 37! and
ds(3,3) = li5ls =371
For integers m,n, m # n (mod 3) <= dsz(m,n) =1, m =n (mod 3) <= ds(m,n) < 3,
1

m = n (mod 3%) <= ds(m,n) < 35, and so on. The integers m,n are 3-adically closer

when they are congruent modulo a higher power of 3.

Lemma 2.4. The function | |, of Definition 2.2 is a non-Archimedean valuation on Q.
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Proof (1),(2),(3)" are trivially true when =z or y = 0. Let x,y € Q, x,y # 0, and write

x=p"%y=p°S wherep f a,b,c.d.

@) lal, =p~ > 0.

r+s ac

(2) |~Uy|p = |pr% P8§|p = |p bdlp = P_(H—S) [Since p [ ac, bd] =p 'p = |f|p|y|p-

(3)" Wlog r < s, giving: |z +ylp = [p"§ +p°5lp = [0 (§ +p°775) |p = 07571,
= |p'”f—df|p for some k > 0 and ¢ € Z with p ) ¢ [since ad + p*~"be € 7Z)]

= p ) < 7 = [a], = max([z, [yl -

Comment 2.5. By induction, |a; + ... + a,|, < max(|ai|,,...,|a,],). It is also easy to
show that |z|, # |y|, = |z + y|, = max(|z|,, |y|,). Furthermore, if |ay|, > |a;|, for all i,

1 <1< n,i#k, then |a; + ...+ a,|, = max(|ai|p, . ... |an]p) = |ar]p.

Definition 2.6. Let K, | | be a field with valuation. For a,,, ¢ € K, we say that the sequence
a, converges to ¢ [denoted a, — ¢] in K,| | when |a, — ¢| — 0 in R,| |~ as n — oo. That
is: for any € > 0 there exists N € N such that, |a, — ¢| < € for all n > N. Given a
sequence a, € K, if there exists £ € K such that a, — ¢ in K,| | then we say that a,
converges in K| |, or that it is convergent in K, | |. 1t is Cauchy if |a,, —a,| - 0in R, | |
as m,n — oo. That is: for any € > 0 there exists N € N such that, |a,, — a,| < € for
all m,n > N.

We say that K| | is complete if every Cauchy sequence is convergent.

Examples 2.7.
(a) Let a, = 6". Then |a,, — 0|3 =|6"[3 =3" - 0asn — oc0. Soa, — 0in Q,| |,.
(b) Let a; = 1, ay = 11, a3 = 111,... so that 9a,, = 999...9 [n times| and 9a,, + 1 = 10™.
Then |9a, — (—1)|5s = |10"|5 = 57" — 0, giving 9a, — —1in Q,| |;. It follows that a,, — —3
in Q,]| |s.
(c) Let 29 = ap = 3. Then a2 = 9 =2(mod 7), and |22 — 2|; = |a2 — 2|, = [7|; = 7' < 1.
We want to find a; € {0,...,6} such that (ap + a;7)* = 2 (mod 7?).

This is satisfied <= a2 + 2a0a17 + ai7* = 2 (mod 7?)

— 67T=2—-9=—7 (mod 7?) <= 6a1 = —1 (mod 7) <= a1 =1 (mod 7),

so we can take ay = 1. Let 2y = ag + a7 =3+ 1 x 7 = 10. Then :r:f = 100 = 2 (mod 7?)
and |22 — 2|, = 772
Aside: note how the solvability of the last congruence is affected by |2ao|7 = |f'(ao)|7, where
f(z) = 2% — 2.
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When we similarly solve for a; € {0,...,6} such that (ag + a,7 + a27?)? = 2 (mod 73) we
find that ay, = 2, giving 79 = ag + 17 + a37? = 3 + 7 + 98 = 108. Check: z3 = 2 (mod 73)
and |22 — 2|; < 773,

We can inductively find z,, = ag + a,7 + . .. + a,,7" such that .Ei = 2 (mod 7"1), that is,
|22 — 2], < 77+, Hence 22 — 2in Q,| |,.

Intuitively, (3+1-7+2-7+...)2 =2 in | |,. The sequence z,, is easily seen to be Cauchy
in Q,| |,. The sequence is not convergent since if r, — a in Q,| |, then o® = 2, which is
impossible for a € Q.

(d) Again, let ay = 3, but now define a,,., = a,, — J{,((‘f;;)), for n > 0, where f(z) = 22 — 2 [the

Newton-Raphson formulal. Then:

1142«
_ _ a9 32—2 _ 11 _ 11 ()2 _ 193
ap =3, a1 =3 — 537 =, aa =7 “Ho = i3 and so on.

Check that: |ag — 2|7 = 32 — 2|, < 771, |a? — 2|7 = |[(3)? — 2|7 = |37 < 772, and that a,

satisfies the same properties as x,, of Example (c), namely: |a2 —2|; < 77"+ so that a2 — 2
in Q,

The last two examples show that Q is incomplete with respect to the valuation | |,, and

|, again forcing a,, to be Cauchy but not convergent.

indeed @ is incomplete with respect to any | |,. We now define an extension of Q which

performs the same role with respect to | |, that R performs with respect to | |-

Definition 2.8. The set of p-adic numbers Q, is the completion of Q with respect to the
valuation | |,, and is the smallest field containing @Q which is complete with respect to | |,.
For any «, 8 € Q,, we say that a = 8 (mod p") <= |a — 8|, < p™ [‘a is congruent to 3
modulo p™’]. A member of Q, (a p-adic number) x can be written in following form (the
p-adic expansion of x):
o0
T = Z a,p", where N € Z,ay # 0 and each a,, € {0,...,p— 1},
n=N

in which case |z|, = p~ N, and the a,, are the digits of x. We normally use the shorthand
notation ay ...ag,a1as ... to represent the above sum. Note that x € Q exactly when the

digits are eventually periodic.

Examples 2.9.
(@) w=4-52+1-514+4-5°4+1-5'+4-52+... € Q5 and |w|s = 52. This can be denoted
414, 14.
(b)) a=3-7T"+1-7T"+2-7+ ... € Q; from Example 2.7(c) satisfies a? = 2.
On the other hand, there is no 8 € Q7 such that 82 = 3 since any such 3 would satisfy

|82 = |8%|7 = |3|7 = 1 and so would have 7-adic expansion 3 = by+b,7+by7?+. .. and would
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satisfy (b + b17 + b7 + ...)2 = 3. This would give: b2 = 3 (mod 7), which is impossible,
since 3 is not a quadratic residue mod 7 [none of 02,1222 32 42 52 6% are = 3 (mod 7)].
() In Q5: 27=2+452=2-5940-5+1-5%2= 2,01 [the 5-adic expansion of 27].
(d) Let us find the 5-adic expansion of —1/4. We have | — 1/4|; = 1 so that the 5-adic
expansion of —1/4 must be of the form a = ag + a;5 + a35* + .. ., each a; € {0,1,2,3,4}
and ag # 0. This satisfies —1 = 4(ag + a15 + a25? + ...) which gives —1 = 4ao (mod 5)
and so ap = 1. Then —1 = 4(1 + a15 + a25® + ...) gives —5 = 4a15 (mod 5?%), giving
—1 =4a, (mod 5), and so a; = 1. Similarly, we find that a; = 1,a3 = 1, ... and we suspect
that —1/4=1,1.

Let a« = 1,1. Then a — 1 = 0,1 = 5a, so that 4a = —1, giving a = —1/4, proving that

we have the correct 5-adic expansion.

Comment 2.10. The field QQ is often referred to as a global field and its completions with
respect to valuations, namely R and Q,, for any prime p, are its local fields (or localisations).
An equation defined over Q which has points in R and every Q,, but not in Q, is said to

violate the Hasse Principle.

Definition 2.11. Let K be a field with a non-Archimedean valuation | |. We say that z € K
is an integer (with respect to the valuation) when |z| < 1, and R = {x € K : |z| < 1} is the
ring of integers (or valuation ring) of K. The set M = {z € K : |z| < 1} is the mazimal
ideal, and k = R/ M is the residue field [also called the field of digits|. The valuation group
is the set Gx = {|z| : x € K*} under multiplication. We say that the valuation is discrete if
there exists § > 0 such that 1 -6 < |z| < 140 = |[z| = 1. When the valuation is discrete,
there exists an element p € M such that M = pR; we say that such an element is a prime

element for the valuation.

The ring of integers for Q, is often denoted Z, = {z € Q, : |z|, < 1}. The valuation
group Go, ={p" :r € Z}y ={...,p %, p ", 0% p",p% ...}, so that Q, is discrete, and we can
take p as a prime element (or indeed any element with valuation p~'). The maximal ideal
is M =pZ, ={z € Q: |z|, < p~'} and the residue field Z,/pZ, is isomorphic to F,, the
finite field with p elements.

The following result show how, in some respects, analysis is simpler for non-Archimedean

valuations.

Theorem 2.12. Let K be a field, complete with respect to a non-Archimedean valuation | |,

and let x,, be a sequence in K. Then: x, — 0 in K <= > x, is convergent in K.
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Proof Let Sy = ZnN:1 Tp.
= : Assume that x, — 0 in K. Then:
ISy — Su| = |z + - -+ on| < Inax(|:rM+1|, ey |£N|) —0as M, N — oo.
Sy is Cauchy and so convergent (since K is complete), giving that > x,, is convergent.
<« : Assume that > x, is convergent, that is, Sy — ¢ for some ¢ € K. Then:
|z, — 0| = |z,| = |Sp — St = [Sn — €+ —=S,—1| < |5, — €| +[Sp—1— €] — 0 as n — oo,
so that x, — 0 in K,| |. O
For example, Y n! converges in any Q,, since |n!|, — 0 [it is unknown whether )" n! € Q].
The above result applies to Q,, (since it is non-Archimedean), but not to R (where, for

example, x,, = 71—1 is a standard counterexample).

Comment 2.13. It is easy to see that, the rules for finite sums in Comment 2.5 and apply
to infinite series, namely, when ) a,, converges, | > a,| < max|a,|. Furthermore, if there
exists aj such that |ay| > |a;| for all i # k, then | ) a,| = |ag|; in particular, it is then

impossible for > a, = 0.

Aside: Recall Example 2.7(d), where zo = 3, and x,.1 = x, — }.f,((i";)), where f(x) = 2% — 2,

defined a sequence, which is Cauchy (but not convergent) in Q,| |,, and which is convergent

in Q7 to a root of f(x). The following describes when an initial approximation ag gives a

solution to f(x).

Theorem 2.14. (Hensel’s Lemma). Let K be a field, complete with respect to a non-
Archimedean valuation | |, with valuation ring R = {x € K : |z| < 1}.

Let f(x) € R[x] and let ag € R satisfy: | f(ao)| < |f'(ao)|? (%)
Then there exists a unique a € R such that f(a) =0 and |a — ag| < |f(ao)|/|f (ao)]-

Proof Define f;(z) by:  f(z+y) = fo(z) + fi(z)y + fo(2)y® + ...,
so that fo(z) = f(z), fi(z) = f'(z). Define by = — f(ao)/f'(ao). By (%), [bo| < 1.
Define ay, = ag + by = ag — f(ag)/f'(ap). Then:
|f'(a1) = f'(ao)| = |f'(ao + bo) — f'(ao)| = |(poly in ag)be + (poly in ag)bf + ... |
< |bo| < [f'(a0)| (by (%)),
so that |f(a1)| = | f'(ao)|-
Also, |f(a1)| = | f(ao + bo)| = | fo(ao) + f1(ao)bo + fa(ao)bg + - -|
= | f2(ao)bg + ... | [since fo(ao) + fi(ag)bo = 0]
< maxss| fj(ao)|[bol” < [bo|? = 2Nz = pl f(a0)| < | f(ao)|, where p = (oot < 1.

Summarising: |f'(a1)| = |f'(ao)| and | f(a1)| < p|f(ao)| < |f(ag)|, where p = %5 < 1.
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For all n, given a, € R, define b, = —f(a,)/f'(a,) and a, 1 = a, + b, = a, — f(a,)/f'(a,).
Assume, as induction hypothesis, that:

F(@n) = ... = |f'(a)] = |f'(ao)] and |f(an)] < plf(ans)| < ... < plf(a0)l. (1)
Then, as above: |f'(an1)| = ... =|f"(a1)| = |f'(ay)|.

Then | f(ans1)| < |bnl? [justiﬁed as for the case n = 0 above]

_ If@n)? _ If(an)l?
If’(an)P = iFane by (1

If ““)I s | f(an)|  [since |f(a.n)| < |f(ao)| by (1), the induction hypothesis]
= p|f(an)| < p"f(ap)] [by (1), the induction hypothesis].
By induction, Vn, |f'(a,)| = |f'(ao)| and |f(a,)| < p"|f(ao)| which — 0 as n — oo. (2)
Now, |b,| = |f(ax)|/|f (an)| = |f(an)|/|f (ag)| — 0, so by Theorem 2.12,
a, = ag+ by + by + ...+ b, converges to a, say.

), the induction hypothesis|

By continuity of polynomials, f(a) = lim f(a,) =0 [by (2)]. Furthermore:

|f(an)] If(an)l _ |f(ao)l
17 (an)] Pl = 7@l Y (

For uniqueness, imagine a # a also satisfied f(a) = 0 and |a — ao| < |f(ao)|/|f (ap)|. Let

= max

la — ag| = | > b,| < max|b,| = max 2)], as required.

b=a—a+#0.
Then 0 = f(&) — f(a) = f(a +b) — f(a) = bfi(a) + B fa(a) + ... (3)
But 5] = [a — ao + ag — a] < max(|a — aol, |a — agl) < |/(ao)|/1F(a0)|
< |f'(ao)| [by (*)] = |fi(ao)| = |fi(a)] [by (2) and continuity of |f'(z)|].

This gives |Bffj(a)| < 07| < |02 < |bfi(a)| (since |b] # 0 & |b| < |fi(a)]) for j > 2, so that
the leading term of the sum in (3) has valuation strictly greater than the valuations of the

other terms, which is inconsistent with the sum being 0. Hence a is unique. ]

Example 2.15. Let f(z) = 2° — 7 and ay = 3. Then |f(ag)|s = |3° — 7|5 = 57! and
|f'(ao)ls = |3 -32%|5 = 1. So |f(ao)|s < |f'(ag)|? and by Hensel’s Lemma there exists a € Zs
such that f(a) =0, that is: a® = 7.

Corollary 2.16. Let a € Q, with |a|, = 1. When p # 2, « is a square in Q, iff it is a
square modulo p. When p =2, a is a square in Q, iff o =1 (mod 8).

Example 2.17. 23 € (@;)2 since |23]; = 1 and 23 = 2 = 3? (mod 7). However, 24 ¢ (@;)2
since [24|7 = 1 and 24 = 3 (mod 7), which is not a quadratic residue mod 7.

The corollary does not apply to decide the status of 14, but in fact we can see that
14 & (Q;)Q, since if 14 = 4? for some v € Q7 then |y|2 = |y?|; = |14]; = 77}, contradicting
the fact that |y|; = 7" for some r € Z.
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