SMA 302 -NON LINEAR EQUATIONS

LECTURE 8:
SYNCHRONISATION OF COUPLED OSCILLATORS

Consider 2-D phase space on a torus: §' x §' for systems of the form

91 = f1(91,92), (413)
92 = f2(91192)7 (41b)

where f; are periodic in 8.
Such systems are called ‘phase oscillators', where f; are phase variables. For example

consider the coupled phase oscillator system:

91 = W + kl Sill(f?g - 91)’ (42&)
gg = Wy + kg Sill(91 = 92) (421))

Here w; > 0 are the linear natural frequencies and k; > 0 are coupling constants. We

consider two cases.

1. k; =10, Here (8.2) decouples and trajectories are solutions o

92 B W dﬂg B Wy

6}1 W d_gl_wl’
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If S—lg = g is rational, we have a ‘frequency locked periodic state’ on a two-torus:

a periodic limit cycle.

A

However if L is irrational, orbits fill the whole torus, and we have a ‘quasi-

periodic’ solution.
2. k; #0: Let ¢ =0, — 6. Then it follows from (8.2) that

¢'(= 9'1 et 92) = (wl - &Jg) - (kl + kg) sin ¢
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When gf)z 0, we have
Sill ¢x = (4'4)

from which follows that there are two equilibrium states for |w; — wy| < ky + k3

and zero equilibria for |w, — wy| > &y + k.

b,
OV,L

b,

NB: A saddle-node bifurcation of limit cycles occurs when sin ¢, = 1.

The equilibrium state given by (8.4) corresponds to a phase-locked solution.
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When phase-locked, both oscillators run at the same frequency:

o a (wy —wa) krwy + kows
91 92 wy + k‘? Sin (,35 = w9y + kl T k2 k?z kl T k2 (45)
Example 1: N-Dimensional damped Josephson Junctions.
Consider
. 1
¢i(t) =Q + asin¢; + I ;qubj.
When ¢; = ¢ = --- = ¢ = ¢*(t), we have an in-phase solution; and it follows that

¢* = Q+asing* +sin ¢’

As above, there exist periodic solutions <= || < |a + 1|
To study stability, we perturb ¢; = ¢* + n; to get

N
n; = (acos ¢*)n; + cos(¢ Z
Introducing & = ;1 — m;, it follows that

éa’ = i1 — T = (acos ¢*) (i1 — M) = (acos §*)&;.

Therefore

(acos ¢*)dg*
QO+ (a+1)sin ¢*

5—: = (acos¢*)dt

and hence

@2/2" (@ cos ¢*)dg*
& o Q-+ (a+1)sing*’
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so that

&(T) __a A L
ln(&(o)) = 1+aln [QJr(aJr 1)sin¢ ]0 =0.
Thus &(T) = &(0)Vi, and we have neutral stability.

Example 2: Consider N phase oscillators with nearest neighbour coupling:

6, = w +asin(6, —6,), (4.6a)
9'2' = Wy + GJ[SiH(GH_l —_ 91') + Sill(gi_l —_ 9,')], (Z = 2, oo N — 1) (46}3)
by = wy+ asin(fny—1 — On). (4.6¢)

Let ¢; = 60; — 0i41,i=1,...,N — 1. Then we get

6=+ A48,
where
¢ =d1,...,on-1]",
Q= [wl — W2 ..., WN-1 —WN]T7
S =[singy,...,sinén_1]7,
and A is the tri-diagonal matrix:
-—2 1 0 0 -
1 -2 1 0
A=alo 1 -2 1 0
0 0o 1 -2

Since A;; = Aj;, A7 exists and is symmetric.

N.B.:
(a) The equilibria are all phase-locked orbits with ¢; = 0, Vi.

(b) Q =0= S5 =—A"'Q provided each component of A71Q is < 1.

(c) A7' =180 (i > j).

(d) fw) =w, wy =w— A, w3 =w — 2A, etc, then it follows that Q = A[1,---, 1]T.
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(e) At equilibrium: sin¢; = A#(N —1)/2a, fori=1,..., N — 1. Therefore

2

Ai(N — i)
(N —1)

20

A
|sings| <1 :>| <1, ie ‘—‘g
(84

For example, when N = 6, we have

AM=——1369563

Therefore

sin ¢;
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sin ¢

Synchronisation

Phase locking is an example of synchronisation. Kuramoto showed that any system
of weakly coupled, nearly identical limit cycle oscillators had long time dynamics,

governed by equations of the form

N
é,j=wi+zrij(9j_9i)a 1=1, ,N.

=1

NB: Here the functions T';; are determined from integrals. The simplest case has
k.
l—‘z‘j(gj - 92) = F Slll(gj —_ 9,)

for k > 0.

6|Page @ST. PAUL’'S UNIVERSITY —DEPARTMENT OF
MATHEMATICS & APPLIED STATISTICS





