SMA 302 -NON LINEAR EQUATIONS

LECTURE 10:
BIFURCATIONS IN 1-D MAPS

Recall: In 1-D maps, bifurcations occur when A = 1, } = =1, or A = ¢¥. Here we
focuson A=1and A=-1.
When A = +1, we have a Fold hifurcation, which can be either a Saddle-Node, Tran-

scritical or Pitchfork bifurcation. (In contrast to similar bifurcations in ODES, which
ocour when A = (),

When A= -1, we have a Flip or Period-Doubling bifurcation.

We illustrate the procedure, via examples.

2.1 I Saddle-Node

Consider

T4l :ﬂﬂn"mi:f(mmﬂ)
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(i) Fixed points satisfy z,41 =z, Vn, so that:
z=f(z,4) = z=p+z-1°

Therefore p = z*
For

<0 ie. there are no fixed points,
p=0 there are 2 fixed points, z = 0 (twice),

g >0 there are 2 distinct fixed points, z4 = £./p.

We therefore have a saddle-node bifurcation.

(ii) The multiplier is:
A= fl(ze) =1—224=y,, sothat A =1F2/p.
NB. At p =0, AL =1 so we have a fold bifurcation.
(iii) Stability: For
Ty =/p: Ay =1-2,/up<1= stable for small y

T_=—y/p:A-=14+2,/p>1= unstable.

(iv) Range of stability: NB. z; = ,/ii is stable when the multiplier falls within the

unit circle, i.e. for
-1<A;«1
-1<1-2/p<1
—2<-2/p <0

1> /p>0.

Therefore =, undergoes a fold (specifically a saddle-node) bifurcation at g = 0

and a period-doubling bifurcation at g = 1.

(v) Bifurcation Diagram
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Figure 2: Saddle-node bifurcation diagram

2.2 II: Pitchfork Bifurcation

Consider
Zop1 = Ta(l +p) — 25 = f(2n, ).
Fixed points satisfy:
In=Tpp=2: z=2x(1+p)-2°

so that z =0 or 2* = p.

Forp<0: 3 1FP: z=0
p=0: 3 3FP: z=0 (3 times)

p>0: 3 3distinet FP: =0, zy==4/p
Multiplier:
A= fl(z) =14 p 3%
We consider each fixed point in turn.

z=0: Ao=1+p (=0for 4 =0 = we have a fold bifurcation). For

p>0= Xdp>1=2z=0Is unstable

p<0= Xy<1=2=0Iisstable for small
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More specifically, the region of stability is given by :
—1l<l4+p=M<l ie —2<pu<0.

Therefore £ = 0 undergoes a period-doubling bifurcation at 4 = —2 and a fold bifur-
cation at g = 0.

zy =+, /i Here Ay =1 — 2p ie. both nontrivial fixed points have the same stability.

p2>0, Ar<1=  stable

p <0, z3 doesn’t exist

p=0, Ar=1 ie. fold bifurcation.
x4 are stable in

—-1<1-2p<1, ie 1>p>0.

So we have a fold (pitchfork) bifurcation at p = 0 and a period-doubling bifurcation
at p=1.

The bifurcation picture so far:
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There are 3 period-doubling bifurcations since A — —1 for each FP.
We now investigate the p.d. bifurcation off £ = 0. There are two methods.
Method 1: The p.d. bifurcation creates a P2-cycle, which is a fixed point of the second

iterate of the map:

Tni2 = fz(xna !—") = Tn.
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Tny2 = (1 4+ p)Zps1 — x?xﬂ
= (1L+ @)1+ p)za — 23] = [(L+ p)an — 23]
=1z,.

This gives a polynomial of degree 9 in z,,, 3 of whose roots are the fixed points of f ie.
r =0,z = £,/p. It is hard to factor the remaining 6th degree polynomial for the rest.
Method 2: Find expressions for x; + x5 and z,x5.

Let z; and 5 be the two points of the P2 cycle. Then z;, # x5 satisfy:

(1 +p)z1 — =3, (2.1a)
(14 p)zy — 3. (2.1b)

I3

I

(10.1)a -(10.1)b =
2 — 11 = (14 p)(w1 — 22) — (2] — 73),
and since x; # 3,
—1=(1+4p) — (27 + 3172 + 7).
Therefore

T4 11T9 + 25 = 2 + . (2.2)
Also from (10.1)a x (10.1)b =
1= (1+p)* = (14 p)(z2 + 23) + z3z2. (2.3)
Substitute (10.2) into (10.3) gives:

23z — (L+ )2+ p) — azg] + (1 +p) = 1.

305 + (14 p) 7122 — (B +2) =0, (2.4)

so that ) |
mimy = =5 (1 ) £ S [(+ o) o+ 4+ 22

Hence

1 1
nzy=—g(l+p) £ 5(n+3)

=—%(1+F“F(#+3));
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1 (pd. off +\/p), (2.5a)
—(p+2) (pd. off z=0). (2.5b)
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Substituting (10.5) into (10.4) as (z; + z2) — 7173 = 2+ p gives

(@) (2za)y (2142, =3+p
(0) (@1z2)- (T1+2)'=0 =z =-05

(a) : z;+z; = /3 + p, T2, = 1. Choosing the + sign, by the property of quadratics
we have that
2’ —3+pr+1=0,

so that ) )
T12 = 5\,’3"‘#:{: 5[{1— ].]1/2.

Therefore, when p =1, 2, = 25 = % 3+1 =1 and we have a P2-cycle (associ-

ated with £,/p).

iz +xo=0,then 2122 = (£ +2) = 27 =2+ p. ererore
b) : If 0, th p+2) = 22 = 2 4 . Theref

1 =124 p = Fza.

At p= -2, 71 = 9 = 0 ie. P2-cycle (associated with z = 0). Note that 2+ > 0

for real values of z; and .

Stability of P2 cycles. From the previous lecture we have that

Apz = f'(z1)f'(wa)

where f' =1+ p — 322
Therefore for (a):

Apy = (14 p—323) (1 + p — 323)
= (14 1) = 3(1+ p) (et + 7)) + 92
=(1+p)?—3(L+p?*+9

=9-2(1+p)%
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We therefore have stability for
—1<9-2(1+p)?<1
5> (1+p)° >4
ie. VE-1>p>1 since (1+p>0).

it = /5 — 1 corresponds to the onset of a P4-cycle, while y = 1 corresponds to a fold

bifurcation for P2.
For (b) ;= —zy =2+ p
Apz = (14 )" = 6(14 )2+ ) +9(2 + pr)*
= [(1+ ) = 32+ )

= (5+2u)%

Since 2+ p > 0, 5+ 4y > 1 and so this P2-cycle is unstable, and coexists with the

stable z = () state. This is a subcritical period-doubling bifurcation.

7|Page @ST. PAUL’S UNIVERSITY —DEPARTMENT OF
MATHEMATICS & APPLIED STATISTICS





