Lecture 4: Schwarz-Christoffel

A (rare) constructive method for finding conformal maps (as opposed to cataloguing them) is the Schwarz-
Christoffel formula. This lets us map a half-plane to a polygon (and there is an extension to circular polygons),
and hence the inverse maps a polygon to a half-plane.

Our target domain is a polygon with interior angles a7, asw, ..., a,m, at the vertices ( = (3, C2, ... , Ca-
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Define

Bjm = m — aym,

so that ;7 is the exterior angle (/3; < 0 for reentrant corners). Then

"
D Bi=2  —2<p;<2
j=1
Now we map y > 0 onto D with the real axis mapping to dD and x1, x2, ..., £, mapping to the vertices (1, (2,

.o+, Cn by ¢ = f(2). The tangent to dD has direction argf/(z)

f(2) + f(2)d=
f(z)

(as dz = dx is real on dD) and this is constant on each side of dD. At x;, the preimage of vertex j, we have

’ '-"";_
[argf'(2)] 2 = By
1
If we can find a function f;(z) such that
0 T > x4,

argf}(z) = {

—,BJ’;‘T x < :Ej,
with fj(z] # 0 for z # x;, then we can try

mn

fzy=CcI]f.

Jj=1

because then
argf(z) = argC + Y argfl(2)
7
has exactly the right properties. Just such a function is

fi(z) = (z —x;)™",
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and so a map from the upper-half plane (UHP) to D is { = f(z) where
]f n
= I I — )8
s Cj l(z 13) 7.

Hence

= n
¢ = A+C‘/ [I¢t—a)"%at, (2)
j=1
where A and C fix the location and rotation/scaling of the polygon.

Notes
1 Can show (2) is a one-to-one map from {Ifmz > 0} to D.
2 We are allowed by Riemann to fix the pre-images of 3 boundary points—that is, 3 of the x;. Any more
have to be found as part of the solution (by solving f(x;) = ¢;). The best choice depends on the problem
(e.g. using symmetry). Sometimes we take x, = oo and then

zn—1

f(z) :A+C/ 11—z at
j=1

3 The definition of a polygon is elastic—it includes those with vertices at co and those with interior angles

of 2.
3 3
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(a)n=1a0,=-1, 5, =2 (b) n = 2, @=a2=0(¢)j n = 3,
B =f2=1 oy =z = 1/2, a3 =0,
Br=p82=1/2 3=1
3 3
1
- 3
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(d) n = 4, (e) n = 3,
(a5} = —1, (.12:(14:1/2. (‘1'3:2 (112113:—1/‘2, 112:2,
f1=2, B2=p1=1/2, B3 =—1 B =pB3=3/2, B2 =—

Most tractable examples are degenerate (e.g. they have a vertex at oco) and use symmetry to simplify the
integration.

Example: Map a half-plane to a strip with the vertices corresponding to z = 0 and z = co.
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Solution Here (; and (; are both at oo, with 5 = 3 = 1. Thus
= dt
(,':A-I-Cf ?:A-I-C-'logz.

If we want to map z = x; and z = x5 to the ends of the strip we have

Example: Map a half-plane to a half-strip.

: ¢
g=1/2
=1
_.1 ? g=1/2
Solution Here n =3, #; =y =1/2, f3 = 1. It is convenient to take z; = —1, 29 = 1, 23 = 00, to give

= dt
C:A-l-C/ =A+Ccosh™ 2.
Vit =1

Example: Map UHP to the slit domain shown.

=00 G=G=0 §G=o0
Solution Here take r1 = =1, 29 =0, 23 = 1, 4 = co. We have ) = 1/2, o = —1, 3 =1/2, 34 = 2. Thus

c:A+C/ \/%dt:A-I-C\/z?—l.

(=3G=0 = (=0whenz=+1 = A=0.

(=1 = (=iwhenz=0 = C=L1

(=+vz22-1

Although this example has 4 vertices, symmetry gives an exact solution. In general, if the image is a quadrilateral
we can only fix 3 vertices.

Thus
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