Lecture 13: Use of multifunctions in Fourier transforms
Use of multifunctions in Fourier transforms

Example: A technical difficulty can arise in the theory of wave propagation. Looking for time-harmonic solutions

of the wave equation
2, 1d*%

Y= 2ae

in the form 1(x,y,t) = ¢(x,y)e ' leads to Helmholtz equation

Vi + ¢ =0.

Suppose that this holds in y > 0 with ¢ = f(z) on y = 0 and ¢ — 0 as y — oo, where f(z) is piecewise smooth
and decays sufficiently rapidly as @ — +oo that f(k) exists and is holomorphic in the strip [Im(k)| < « for some
v > 0 . Taking the Fourier transform gives
P o -
aﬁ—k®+®:0
Thus .
&= A(k)e "Dy,

where we require that R(k? — 1)1/ 2 > 0 on the inversion contour, so that ¢ — 0 as y — oo. The boundary

condition gives A = f, so that, applying the inversion theorem.

]. — (212, i
- k (k*=1)Y 2 y—ikx dk.
6= 5, | Ty .
where we require that (k% — 1)” 2> 0 on the inversion contour T'y.
Now (k2 — 1)'/2 has branch points at k = +1. Suppose we take the + branch

(K2 = 1)Y2 = (k= )2 (k + 1)V2 = )2l Or402)/2,
where 71 2 and 6, o are defined in figure (a) below, with
0<6; <2m, - < by <,

so that the branch cut is along the real axis from —oo to —1 and from 1 to co. Then, to ensure positivity of the
real part of (k* —1)'/2, we require
- < b+ 602 <.

This means that, with our choice of the + branch, the first and third quadrants are allowed, so a suitable inversion
contour is I'1 in figure (b) below.
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(a) Definition of r; 5 and #; o (b) Possible inversion contours
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Lecture 13: Use of multifunctions in Fourier transforms

On the other hand, if we use the — branch,

(k2 —1)1/2 = —7'}/21'323"(01*92)”,

with the same branch cut and domains of #; and 6 as above, then another independent solution is

0= 5 / Flk)em W=D ke g,
w I's

where we require that R(k2 — 1)1/ 2 > 0 on the inversion contour I's. In this case we require 7 < 6, + 65 < 27,
so that the second and fourth quadrants are allowed and a suitable inversion contour is I's in figure (b) above.
The problem as posed does not have a unique solution. To ensure uniqueness we need to impose an extra

condition, e.g. there are no incoming waves as r — oo only if

d i 1 .
—qﬁ—%:o(f) asr2:;r:2+y2—>oo,
dr T T

which is known as the Sommerfeld radiation condition. This distinguishes I'; from T's.

Integral solutions of differential equations

Consider the differential equation
dy

dz Y

Suppose we represent the solution as an integral
v(@) = [ a©)eac
around some contour T'. Then
Y=oy o [ O = [ageac

de
= /rd% (Q(C)ewc) —¢'(¢)e™ dn

= [90e=] = [[g©)er< an.
r r
Thus we will have a solution to the differential equation only if
9 =—Cyg

and the change in ge® around I is zero. This gives g = Ce <*/2 and

y(x) = C‘/e'“rc_‘:z/2 d¢.
r

(22)

(23)
(24)

(25)

Now g — 0 as |(| — oo providing R(¢2) > 0, i.e. —7/4 < arg(¢) < w/4 or 37/4 < arg(¢) < 5n/4. Thus the
contour T' must start and end in one of these “valleys”. If T'" starts and ends in the same valley the integral
evaluates to zero (the contour can be deformed to infinity). This gives only one independent solution: a contour

which starts in one valley and ends in the other.
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Lecture 13: Use of multifunctions in Fourier transforms

Of course, for this simple example we can sinply take I' along the real axis to obtain
> xE—C2/2 x2/2 > —(z—€)%/2 x2/2
y(:r:):C‘/ 3 d¢ =Ce / e T2 4e = C0ar et 12,
—00 —00

as expected. This method also works for certain higher order ODEs such as
y' +xy=0 (Airy’s eqn), a2y’ +y' +xy=0 (Bessel's eqn)

which lead to first-order ODEs for g((). To solve the Airy equation, for example, we write the solutions for y(z)
as in (22). Similar to before we find

[g(C)e""‘]F + /r (C*9(0) = g'(Q)) e dn =0
Hence, the ODE is satisfied only if (?¢(¢) = ¢'(¢) and [g((:)e'rc]r. Thus, g(¢) = Ces’l3 (CeC)and
yl)=C / e
r

For fixed 2 we have ¢*T¢/3 — 0 iff ¢ — 0o with R(¢?) < 0, i.e. 7/6 < arg( < 7/2, 57/6 < arg( < Tr/6, or
—71/2 < arg( < —7/6. Therefore, I' should start and end in one of these sectors. For the integral in (22) to be
non-zero, I' should begin and end in a different sector which gives us three possibilities for I' leading to three
different solutions:

Al

<
?<\\ Is

However, we can write one of these solutions as the sum of the other two by deforming the contours of integration
which means that we only have two independent solutions (which is what we would expect since we are solving
a second-order linear ODE).

This method is equivalent to formally taking a Fourier transform of the equation, and then choosing an
inversion contour so that the resulting solution exists. Note that if the coefficients in the equation were 22 rather
than x then the equation for g would be second-order rather than first-order (and may therefore be as hard to
solve for g as the original equation is for y).
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