MTH 212 - PRACTICAL NUMERICAL ANALYSIS

LECTURE 7: QUADRATURE

Introduction

Given an integrand f and an interval [a, b], approximate

f lLI Zwkka

j=0
u(x) is a non-negative, integrable weight function (take u(x) = 1 for now).
n is the degree of the quadrature (i.e., number of evaluations).
X; are the nodes and w; are the weights.

Most integrals do not have closed form solutions. For example

1
f exp(—-x2)dx = ---?
-1

(Liouville’'s theorem of differential algebra)
Idea: Approximate the complicated integrand by a proxy.

Examples: A
Trapezium rule:
Integrate a pIEGEWISE.‘ linear interpolant.
blf) = (b-2)5.
Simpson’s rule:

Integrate a quadratic interpolant.

’2(]:) _ bﬁa [3)+4f(2 )‘H’(b) il

Newton-Cotes: : j i
Interpolate f at xj=a +jh,j=0,...,n,where h | o m b
Integrate this interpolant exactly. (It's just a polynomial, atter all).

h(f) = 1gn) = Il f0x) [} 1)k

This is almost always a bad idea if nis large!

1|Page St. Paul’s University, Department of Mathematics



MTH 212 - PRACTICAL NUMERICAL ANALYSIS
Integration error

Recall the interpolation error formula:

(n+1) n
f(n - 1(‘;) [[x=x): €< (ab)

k=0

e(x) = gn(x) = f(x) =
Integrating gives a error formula for this type of quadrature:

b b f(n—H} b _n
f o) ‘f f(x)dx‘ g MaXze(ab) | 3] f H(x ~ x)dx
a a a o

(n+1)!
Points are good/bad for interpolation = good/bad for quadrature.

Two approaches

Newton-Cotes is unstable for large degrees.

Use smaller degrees on sub-intervals = composite rules.

Use better interpolants / nodes = Gauss quadrature / Clenshaw-Curtis.
In both cases, can use adaptive methods to further increase efficiency.

COMPOSITE RULES

Composite trapezium rule:
Local linear interpolants (xx = a + kh)

, A
() = 5 Y (k1) + 10%0)
k=0

Approximation error: (quadratic in h) M

hz(b - a) " a b
|fn(f) - "(ﬂ' < g’g‘('g)g) EETEE f (5)'

Convergence for periodic analytic functions is geometric
Can be applied on a non-equispaced grid (without geometric convergence)
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Composite Simpson’s rule:
Local quadratic interpolants

h n/2-1 n/2

h(f) = 3 |f(a) +2 Y ) +4 ) 1) + (b))
j=1 j=1

—

Composite Simpson’s rule:
Local quadratic interpolants

h n/2-1 n/2

() = 3 |f(a) +2 Y Hx) +4 ) f(xi) + F(b) .
j=1 j=1

Approximation error becomes (for sufficiently smooth f)

h4
[In() = ()| < max 725(b - &) [f()].

CLENSHAW CURTIS QUADRATURE

Chebyshev points and Chebyshev polynomials were great interpolants.
Why don’t we use them for quadrature? (We do!)

Clenshaw-Curtis quadrature integrates Chebyshev interpolants.
Inherits accuracy of interpolant, so that |/(f) — I(f)] ~ O(p™) as n — co.

Can do this is either of the convenient representations of the interpolants:
Coefficient space
Value space
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Clenshaw-Curtis: Coefficient space

Interpolate f by g, at Chebyshev points.
Compute the Chebyshev coefficients {f(x;)} < Zf:[, a; Tj(x).

Observe that n ;
()~ gn) = ¥ g f T
S
Now 1 1 n
f Ti(x)dx :f cos(jcos™'(x))dx = f cos(jO) sin(6)d6
-1 -1 0
B { 0 :jodd
- % . j even.
Therefore n on
_ ]
j=0

j even

Clenshaw-Curtis: Value-space

Task: Find {wy}_, such that I(gr) = Yy_o Wif(Xk)-
We can do this by ensuring we integrate each Ty exactly:

1
To(Xo)Wo + To(X1)Wq + ...+ To(Xp )W,y = f To(X)dx =2
-1

1
Ti(xo)wo + T1(Xt)ws + ...+ Ta(Xn)Wp = f Ti(x)dx =0
1

1
2
Ta(Xo)Wo + To(X¢)Ws + ...+ To(Xa)Wn = f To(x)dx = -2
-1 -

le., VTw = b, where by = f 11 Tk(x)dx. (Vis the Vandermonde matrix!)
(V=T can actually be applied in O(nlog n) operations via an FFT/DCT)
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Aside: Scaling to different domains

When deriving quadrature routines, it's convenient to work on [-1, 1].
We can easily map this to a different domain by a linear change of variables:

b(y+1)+a(1-y)

[:[-1,1]=[ab] : I(y)= 5

If we do this, then

b 1
f ()dx = f () (y)dy

1

_ ﬂf(b(yﬂ)zaﬁ—y))b;ady

= f 1 F(y)dy
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