Game Theory & Learning: LECTURE 2

Strategic Form (Games

Games

Games can be categorized in to following two forms as below.
We will start here with the first category and postpone the dis-
cussion of the second category for later.

1. Strategic Form Games (also called Normal Form Games)

N

Extensive Form Games

Strategic Form Games

l. Let Z={1,...,1} be a finite set of players, where I € N
is the number of players.

b

Let Si(i € I) be the (finite) set of pure strategies available
to player i € T,

S =5 x5 x-- x5

(Cartesian product of the pure strategies) = Set of pure
strategy profiles.
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Conventions

We write, s; € 5; for a pure strategy of plaver i:. We also
write, s = (s1,52,...,587) € 5 for a pure strategy profile.

“—17 denotes the plaver i’s “opponents”™ and refers to all
playvers other than some given playver . T'hus, we can write,
S_i = Xjez,j#id]

Just as before, s_; € S_; denotes a pure strategy profile for
the opponents of . Hence,

s = (si,5_4) €85,

is a pure strategy profile.

u; : S — R = Pay-off function (real-valued function on 5)
for playver :.

ui(s) = won Neumann-Morgenstern utility of player i for
each profile s = (s;,5;,...,57) of pure strategies.
Definition A strategic form game is a tuple

(Z,451,852, ..., 8 duy,ugy ... ur})

consisting of a a set of players, pure strategy spaces and pay-off
functions.

Definition A two-player zero-sum game is a stralegic
Jorm game with T = {1,2} such thal

2

Vees > ui(s)=0.
t=1
Definition A mired strategy setl for player i, ¥, is the

sel of probabilily distributions over the pure strategy sel S;

. = {O'z'i S [U,l]|zgf(sf) = 1}.

The space of mixed strategy profile = X = x,;e7X,.
As before, we write: o; € X;, and o = {o,,0,,...,07} € X.

© St Paul’s University



Game Theory & Learning: LECTURE 2

T he support of a mixed strategy o; = The set of pure strate-
gies to which o; assigns positive probability.
Player ¢’s pay-off to profile o is

u f(o-) = E, '“'z'(' ) O'—z')
wilo) = wilo,o_;) = > ols)uls,o_;)
S5iES;
wilsiom) = 3 o_ils_ui(siso)
5_iES_;
= = (Tt Justsisn
S_i€S_; \j#i

Hence,

we) = 3 % e (Mo )ulensn

sES; s_;e5_; FE=1]
— (Tt )uito)
sES Kl

Domination & Nash Equilibrium

Definition A pure strategy s; is strictly dominated for
player 1 if

dotex; Ve_ies_uilol, s_i) > wi(si, s_:).

A pure strategy s; is weakly dominated for player @ if

e, (vs_,-es_,-uf(a:,s_f) > wi(si, 1)

AN s es_uilol,s_i) > ui(s;, S_E')).

Definition Best Response: The sel of best responses
for player 1 to a pure strategy profile s € S is

BR(s) = {s’: € Si|Vses wilsr,s_;) = u;(s;, s_z-)}.

Let the joint best response set be BR(s) = x;BR;(s).
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Definition Nash Equilibrium: A pure strategy profile
s* is a Nash equilibrium if for all players u,

Vsies; “‘i(STa SH—E) = U—e‘(SJ, SH—E)-

Thus a Nash equilibrium is a strategy profile s such that s™ &
BR(s").

A Nash equilibrium s* is strict if each player has a unigue
best response lo his rivals’ stralegies: BR(s™) = {s*}.

\vrs’.’fs? 'U-((ST ? SH—E) = 'U-E(Sf'a SH_;) .

A mired stratlegy profile o™ is a Nash equilibrium if for all play-
ers t,
Vsies, uilor, o) = ui(si, 0" ;).

Remark: Since expected utilities are “linear in the probabili-
ties,” if a player nuses a non-degenerate mixed strategy in a Nash
equilibrium (non-singleton support), he must be indifferent be-
tween all pure strategies to which he assigns positive probability.
(It suffices to check that no player has a profitable pure-strategy
deviation).

Example

LIM|R
U [43]51]62

bl

M[21]84(36

D [3,0]9,628

For column-player, M is dominated by R. Column-player can

eliminate M from his strategy space. T'he pay-off matrix reduces
to
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New Pay-offs

L |R
U [43]62
M[2.1]36

b

D [30]28

For row-player, M and D are dominated by U. Row-plaver
can eliminate M and D. The new pay-off matrix is

New Pay-offs

L|R
Ul23(6.2

Next, column-player eliminates R as it i1s dominated by U
and reduces the pay-off matrix to

New Pay-offs

L
Ul43

Note that
BR(U, Ly=U, & BR(U,Ly=L, & BR(U,L)=(U,L).

(U7, L) is a strict Nash equilibrium.
Remark: Mirved Strategy (Not a Nash equilibrium.)
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