Nash Equilibrium: LECTURE 4
Nash Equilibrium

Fixed Point Theorems

Definition A poinl x € K is afixed point of an injective
function f: K — K, if
r= f(x).

Definition A point x € K is a fixed point of a mapping
U K — 28 if
€T ‘I’(I‘)

Theorem Brouwer’s Fixed Point Theorem: If [ :
K — K is a continuous function from a nonempty, compact,
convex subsel K of a finite dimensional TVS (topological vector
space) into itself, then f has a fized point, i.e.,

ElrEIf L= f('-f‘)

Theorem Kakutani’s Fixed Point Theorem: If ¥ :
K — 2" is a conver-valued, uhe (upper hemi-continuous) map
from a nonemply, compact, convex subsel K of a finile dimen-
stonal TVS to the nonempty subsels of K, then U has a fired
point, 1.e.,

erj{ T & '*I"(;I.').

© St Paul’s University



Nash Equilibrium: LECTURE 4

Definition Topological Vector Space: [ = wvector space
with a Ty ltopology

(Vozyer da, = open sel T < Go Ny & Ga)
which admils continuous vecltor space operalions.

Example: R” with standard Euclidean topology. (Only instance
of a finite dimensional TVS.)

Theorem Existence of a Mixed Strategy Equilib-
rium (Nash (950). Fvery finite strategic-form game has a mired
strategy equilibriwm.

Proof: Playver ¢’s reaction correspondence, W;, maps each
strategy profile o to the set of mixed strategies that maximize
plaver i’s payv-offs when his rivals play o_;:

W, (o) = {o': | Vsies: wilol,o_;) = ui(s;,o_; }

T hus,

b

W, M 2
Define
WY 2% o xWi(o).

Thus this correspondence map 1s the Cartesian product of W,;’s.
A fixed point of W (if exists) is a o” such that

ot € U(oT).
Note that
Voes, wilof, o)) = wilsi o)),

by definition. T hus a fixed point of W provides a mixed strategy
equilibrium o*.

C'laims:
1. ¥ = Nonempty, compact and convex subset of a T'VS.
¥ = Ajs; -1 = |5 — 1 dimensional simplex, since
2 = {{C"i,la- - 1‘7=’=|5='|:' | i = 0, E :":"i,j — 1}-
J
Rest follows since ¥ = = 3.
2
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w; = Linear Function.

Vocrear iAol + (1 — Nl o_;)
Aol o )+ (1 — XNu (ol ;).

2

i

Hence u; 1s a continuous function in his own mixed strat-

cgy. Since ¥ is compact, u; attains maxima in 3.

Voex Wio) # 0.

Veex ¥(o) = convex.

Let 0!, o/ € W(o). By definition,
'u'i:'{Si'a D-—i:'})

V sie s (“‘i(f‘r:‘lao’—z‘ =
= 'u'i:'{Sz'a D-—i:'))-

A (ol o)

Hence
VD-::}.-::’_l VS:‘ES:‘ UE(AJ: + (1 — A)g:ra Cr—f) E 'u'i:'('si:'a a_i).

and
Vocacr Aol + (1 — Ao € Wi (o).

4. W = uhc. Consider a sequence
{{J“,&'n} | ™ & lI'{o'n}} :
Te

We wish to show that

(0", 6") = (o,5) then & & W(o).

If I1m

Tr— O

Suppose Not! Then

Vv, o e ¥(o™),

but
o Z V(o) = o, & V(o).
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Thus,
! -
Jes0 EIUIEEi uiloy, 0-i) > uil6y,0-;) + 3¢,

Since u; = contimmous, there is a sufficiently large N such
that

u.z-(af,cri-) > ui-(cr:,cr_i-) — €
> w(oy,0_;) + 2¢

~N N
> wo,0l) +e
Thus, & € U(c"), a contradiction.

Thus we conclude that ¥ : ¥ — 2% is a convex valued,
uhc map from a nonempty, compact, convex subset ¥ of finite
dimensional TVS to nonempty subsets of ¥. Thus by Kakutani’s
fixed point theorem

dpvex 0" € U(07),

and o” i1s a mixed strategy Nash equilibrium.
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