Game Theory & Learning: LECTURE 8

Adaptive and Sophisticated
Learning(CONT’D)

Definition A strategy x,, € S, is e-dominated by another
strategy =, € A(S,,) if

‘vrz_nES_n Trn(mn-, :—n) + e < ?Tn[t;?n., Z_nj] .

If V. x, is e-dominated by T,, then x, is dominated by T,
(in the classical sense).

Let 7" € S. Define T, = T'|s, = projection of 17" onto 5,,.
i —— ><_;;7+_n'T_;;.

Definition (Gfiven T C 5. Let
'['Twi(T) = {xn € Sy : ‘?‘ryne&(sn) JeneT .,
?Tn(:rn-, :—n) + e = ﬂ-n(yna 3—71)}
UNT) = xnuenUn(T).
Un(T) = Pure strategies in S,, that are not c-dominated when

n s rivals are limited to T_ .

Fact 1
The operator I7° is monotonic. Let /£ and 7' be sets of strategy
profiles.
RCT = U(R)CU(T).
Fact 2

3 UNT) ¢ T.

In general, starting with some arbitrary set of strategy profile 7'
one may not be able to create a monotonically descending chain
of sets of strategy profiles:

T2UNT) 22U (T) 2 ---2UKT) 22U (1) > --.

Fact 3
However, S 2 UU°(5). Since S is the whole nothing new can get
introduced.

By the monotonicity of /7, we see that if

[re,k (T:l 2 E.TE,k-'—l (T:l ;
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then

U(UH(T)) 2 U T)

and

Erﬁ,k-'—l (T) 2 [rﬁ,k+2(.]n) -

Putting it all together, we do have
S D [TE(E;) ) [.TEJ(E;) DD Uﬁ,k(g) D ekt (q) b IR

We then define

[

U=(S) = (Y UR(S).

k=0

Hence, U%(S) = lim._.o UU“*(S) = Serially undominated strat-
egy set. We say x is serially undominated, if @ € [79(5).

Definition A sequence of strategies {x (1)} is consistent
with adaptive learning by player n if

Vﬁ;—.o 1\?'; 15 szf;rn(f.) = ['T,,i ({;I-'(S) : E < 5 < f})

A sequence of strategy profiles {x(t)} is consistent with adap-
tive learning if each {x (1)} has this property.

Looking Forward

VE>=1:

Fek(in =Us (Fﬁ*—l(f, U {z(s): i <s< .{}).
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Lemma
FoO>it) C PO i) € - C FON(E ) € Fo"T () < - -
Proof
By the monotonicity of {77,
FeO(i,t) € Fo'(1,1).
Assume by inductive hypothesis,
FeR=Y (i 1) € Fo8(1,1).

Then

By the monotonicity of /¢,
e (Ff’k_l(f, £y U {x(s): 1< s <t}

c U’ (Fﬁ’k(f,{.) U {x(s): 1< s < {})

T hus
FoR (1) € Fo"TY (i, 1.

Definition A sequence of strategies {x,(t)} is consistent
with sophisticated learning by player n if

Veso0 1?"; 15 Vf;_:,; ;I.'n(i'.) = E-TE(FE'I'(E._, f))

A sequence of strategy profiles {x(t)} is consistent with so-
phisticaled learning if each {x,(t)} has this property.

Veso V; 7 sz; ;I-'(f-) e Fﬁ'x'(f, i'-).
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