Game Theory & Learning: LECTURE 11

Information Theory and
Learning

Information Theory and Games

Basic Concepts

Definition Entropy is a measure of uncertainty of a ran-
dom variable. Let X be a discrete random variable with alphabel

X
plz) = Pr[X =z], wherex € X,
The entropy H(X) of the discrete random variable X is de-
fined as

1
p(X)

= — > pla)lgple

re X

H(X) = E,lg

Facts

1. H(X) = 0. Entropy is always nonnegative. 0 < p(z) < 1;
—lgp(x) = 0. Hence, F,lg(1/p(x)) = 0.)

b

H(X) <
Vecx “( ) —

Consider the uniform distribution u.(;r.').

H(u) = ¥,(1/|X]) 1g || =
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3. H(X) = Average number of bits required to encode the
discrete random variable X.

Joint & Conditional Entropy

(X.Y) = A pair of discrete random variables with joint distri-
bution p(z, y).
Joint Entropy =

1
H(X.Y) = Elg———
(X.Y) " p(XLY)
= — > > ple.y)lgplz,y).
reX ye YV
Conditional Entropy =
H(Y|X) E,1 !
X)) = g ——ro
plY]X)
= —> > plz.y)lgply|r)
reX yel¥
= =2 plx) Y plylz)lg ply|)
red yey
= —> pla)H()
reX
Chain Rule
p(X.Y) = p(X)pY|X) Bayes Rule
lgp(X,Y) = lgp(X) + lgp(Y|X)
lg ! = lg ! + lg 1
p(X,Y) p(X) p(Y]X)
1 1 1
B le -~y p(X,Y) = Elg—— o X) + By lg F—(}'F\A’) Linearity of Expectation
H(X,Y) = H(X)+ H(Y|X).
Corollary
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1 H(X,Y|Z)= H(X|Z)+ H(Y|X, Z).

2. H(X)+ H(Y|X) = H(Y)+ H(X|Y)
— H(X)— H(X|Y)=H(Y)— H(Y|X).

3. Note that H(X|Y) # H(Y

X).
Relative Entropy & Mutual Infor-

mation

Definition Relative Entropy —Also, Kullback-Liebler
Distance between two probability mass functions p(x) and g(x).

Dislla) = B, 15 550 = =3 plo) 1g 250

Note that D(p||p) = 0. If u(z) = ﬁ, for all x. Then D(p||u)

s
1 , )
D(pllu) = =>_ pl= 1gp(—)+zp X| = — H(X).
Definition Mutual Information

Let X and Y be two diserete random vartables with a joint prob-
ability mass function p(x,y), and with marginal probability mass
functions

= > pley) & ply) =D ple.y).

yey re X

Mutual Information,

106Y) = D (ples) | i)

_ plr.y)
= B 550550
= — T, ( y)
a x;t %p e o) plx)ply)
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= H(X)+ H(Y)— H(X,Y)

— (H(X) + H(}-")) — (H(}'") + H(XD-"))
— H(X)— H(X|Y)=H(Y)— H(Y|X) = I(Y; X).

H(X)— H(X|Y)=I1(X;Y)=H(Y)— H(Y|X) = I(Y; X).
I(X:X)=H(X)— H(X|X)=H(X).
I(X:Y)=I1(Y;X)=H(X)+ H(Y) — H(X,Y).

Chain Rules for Entropy, Relative
Entropy and Mutual Information

H(X:, X2, ..., X,.)
= H(Xy)+ H(X2|Xy) +---
+ H(—E{RLE{I L EREEE -*1:‘1‘1—1)

— Z H(}{d}{lj e -’{.:'—l)-
=1

(X, X, .. X1 Y)
— H(Xy,...,. X)) — H(X1,. .., X.|Y)

= SCH(Xi|Xi,...,X) = STH(X{|Xy,.... X, Y)
=1 =1

= SOH(Xi|Xi,....X) — H(X/|X:,.. ... X, Y)
=1

= SO I(XoYI|Xi,. .., Xiy).
=1
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D(p(mﬁy) ] q(;rjyﬁ)
= S°% pla, i)lgM

qlx,y)

— Z Zp(a:j y) lg plx) ply|x)

qlx) qlyl|x)

= TS ) 8 B 4 35 e ) 1 B
= Z;n(r)lg E +Z;nr( E )1g,p(=”|r)

qly|x)
_ D(p(;r-) I qm) +D(p(y|$; || q(ylar))-

Information Inequality

—D(pllq) = Zp(ér) lg % lg is a concave function
alx)
< ngP( o) = lg> qlx) =1gl = 0.
Theorem D(pl|lq) = 0 (with equality iff p(x) = qg(x) for
all x.)
Corollary

1x5Y) = D (plees) | ple)i) ) = 0
(with equality iff X andY are independent, i.e., p(x,y) = p(x)ply)
Jor all @ and y.)
Let u(x) =

1 12T

D(p || u) = lg|X| - H(X) = 0.
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Hence,

H(X) < lg|X

b

(with equality iff X has a uniform distribution over A’.)
I(X;Y)=H(X)— H(X|Y) = 0.
Theorem
H(X|Y) < H(X).

Conditioning reduces entropy.

H(Xy,...,X,) = > H(XiXi,...,Xi_1)
i=1

IA

> H(X)
=1
Corollary
H(Xy,...,X,) < Z H(X;),
i—1
with equalilty iff X; s are independent.

Stationary Markov Process

o Markovian
Pr[_YnLYl e ,_Yg] = PT‘[_YRLX}], 1< n.
e Slalionary

PT‘[_XrnLXrl . n )Lrg] = PT‘[_Xrn_Fl |_$Lr2, e )LrH_l].

© St Paul’s University



Game Theory & Learning: LECTURE 11

H (}fn | X1 ) > H (}fn | X, }f;) conditioning reduces entropy
= H(X,|Xz2) Markov
= H(X,_1|X;) Stationary .

2nd Law of Thermodynamics

Theorem Conditional entropy H(X,,|X|) increases with
time n for a stationary Markov process.

Relative entropy D(m,||7!) decreases with time n.

Let 7, and 7/ be two postulated probability distributions on
the state space of a Markov Process. At time n + 1, the dis-
tribution changes to m,y; and 7] _,, governed by the transition
probabilities r(x,, x,41).

T hus

p(;l’-‘n, 41 ) = p( ;I-'n) T‘(;I-'n, T | )
plan) plTngr|Tn)

similarly,

Q'(I-'n, I*.r:-,+1) — l.']( ;FH)T"(;FH, I"n+l)
gz )ql(w, 1),

Thus, we have

D(P(;Fm;rnﬂ) | g, ;Fn+1))
= D (p(;rn) I q(;rn)) + D(p(;rn_,_ﬂ;rn) | a2zt |3’n))
= (st L))

And

B(p(mn,xnm | q(mn,ml))
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= D sewsn latan) ) 4 D plealens) | drabenen)
> D ews) llatnn) )

We conclude that

(st Haten)) > Do) | atens) |

Thus the relative entropy for this system must decrease:

Dim||m) = D(m|lmy) = -
> Dimallmy) = Dimpga|lmyg) = oo — 0.
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