Game Theory & Learning: LECTURE12

Information Theory and Learning (CONT’D)
Gambling and Entropy

Horse Race

# horses =m, {H,,H,,...,H;,}.

p; = Pr|H; wins |

u; = pay-off if H; wins .
If b; = bet on the ith horse then the payoff =

biu;, 1if H; wins with probability p;;
0, if H; loses with probability (1 — p;).

Assume that the gambler has 1 dollar. Let b; = fraction of
his wealth invested i H;. Thus

0<b; <1 ) bi=1
i=1
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Note that the gambler’s pay-off is bju; if H; wins (with prob-
ability p;.)

S(X) =b(X)u(X)

= factor by which the gambler increases his wealth if X' wins.
Repeated game with reinvestment.

So = 1,
S, = S._15(X,.), if X, wins in the nth game.
T hus
S, = f[ S(X;) = 92> lg S(Xi)
i=1
Let

E,[lg S(X)] = > pelg(bruy) = W(b, p) = Doubling Rate,

where b = the betting strategy. T hen

1
—lg S, — E,[lg S(X)] in probability,
n

by “Law of Large Number.” Hence

‘Srn _} 2‘]’111-(5,1‘3)-

Definition Doubling Rate

Wi(b,p) = > prle(brur).

E=1

Theorem ' Let the race outecomes X, ..., X, be t.i.d.~
plx). Then the weallh of the gambler using belling strategy b
grows exponentially at rate W(b, p), i.e.

iqr 2‘1‘1‘.11_(5,3}) .

T
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Wib.p) = > prlg(beus)
by 1

Zpk lgi —lg — + lgug
Pr Pk

= Zpk lgu, — H(p) — D(p||b)
< Zpklguk — H(p),

with equality iff p = b.
The optimal doubling rate

W(p) = mbaxlﬂl (b,p) = Wip,p th lgu, — H(p).

Theorem Proportional gambling is log-optimal.
The optimum doubling rate is given by

W= (p) =W (b",p) = > _ prlgur — H(p),
and is achieved by the proportional gambling scheme, b* = p.

Define r; = Pl Bookie's estimate of the win “probabili-

ties.” Thus
Y-y

UL

Odds are fair and there is no track take.

) by
Wi(b,p) = D> plg—
'k
by T
= > ™ llgi —lg —‘"]
Pk

= D(pllr) = D(pll6).
Doubling Rate = Difference between the distance of the bookie’s

estimate from the true distribution and the distance of the gam-
bler’s estimate from the true distribution.
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Special Case: Odds are m-for-1 on each horse:

1
Vi re= —.
m

T hus,
W=(p) = D(pllu) — D(p|[t") = lgm — H(p).
Theorem Conservation Theorem
W=(p) + H(p) =lgm
Jor uniform odds.

Low-Entropy Races are Most Profitable.
Case of a nol fully invested gambler.

by = wealth held out as cash

b; = proportional bet on H;.

bg = 0, b; =0, be = 1.
=0
Thus
S(X) = bg+ b(X)u(X).

e Fair Odds: z,j—:_ = 1.
If there is a non-fully-invested strategy with by, by, ..., b,,,
then there 1s also a full investment as follows

b, = 0
b
b = bi+—, 1<i<m
u;
TIL , T T 1
S = S bi+bd —=1.
1= i—1 i=1 u;
Thus
b
S(X) = V(X)u(X) = - (_2:) w(X) + b(X)u(X)

= by + b( X)u(X).

Thus in this case there is a risk-neutral investment.
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e Super-Fair Odds: > 1 < 1.
“Dutch Book”™ betting strategy.

1 1 )
-50:1—2;, bg:;ﬂ_,lﬂtﬂ?n.
Thus
() = (1= =)+ —u(N) =2 -3~ =1
e i — - _— Tl — 4 — _
u; u( X) u;

with no risk!

This, however, implies a strong arbitrage opportunity.

e Sub-Fair Odds: > - > 1.
In this case, proportional gambling i1s no longer log-optimal
and this case represents a risky undertaking for the gam-
bler.

Side Information

Some external information about the performance of the horses
may be available—for instance, previous games.

XN =1{1,2,...,m}, represent the horses.

Y = Some other arbitrary discrete random variable

(Side Information).

plx,y) = joint probability mass function for (X,Y) .

b(x|y) = conditional betting strategy depending on Y
= proportion of wealth bet on horse x given that y € Y is
observed.

b(x) = unconditional betting strategy.

b(x) = 0, So.blx)=1.
blx|y) = 0, S blxly) = 1.
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WHX) = 1%}5:?%: pla)lg(b(x)u(x))

= > plz)lgu(x) — H(X).

WH(X|Y) = max> plx)lg(blz|y)u(x))

blxly) 2

= > plz)lgu(x) — H(X|Y).

AW = WH(X[Y)— W=(X)
= > ple)lgu(z) — H(X]Y) = > ple)lgu(z) + H(X)
— H(X)— H(X|Y) = I(X:Y) > 0.

Increase in Doubling Rate =
Mutual information between the horse race and side information.

Learning

{ X} = Sequence of horse race outcomes from a stochastic pro-
cess.

W (X Xty Npeay o X))
= E max Ellg S(Xp) | Ne—1, X2, .., Xy
b('l'r'k—l.:"':'rl]
= lgm — H(Xg|Ng_ 1, Xp_2,...,X1),
and 1s maximized for

b (wp|xp—1,.. . x1) = plag|epr_1, ..., x1).

Note that since

Sn= 1] S(Xi),
=1
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we have

1 | o
—ElgS, = —SEleS(X,
g HZ g S(X7)

n

1 . . .
- = Z ( ]-g: m — H(_}{E }1rl EICEEICRE -}(t'—l ]I )
1
Hl{:}{l IR };ﬂ:]

T

= lgm — H(X).

= lgm —

H(X) is simply the entropy rate.

© St Paul’s University





