Game Theory & Learning: LECTURE 13

Universal Portfolio

Universal Portfolio

1. Sequential Portfolio Selection Procedure. An adapted pro-
cess.

b

No statistical assumption about the behavior of the market.

3. Robust procedure with respect to arbitrary market se-
quences occurring in the real world.

We shall consider growth of wealth for arbitrary market se-
quences. For example, our goal may be to outperform the best
buy-and-hold strategy—i.e., we wish to be competitive against
a competing investor who can predict n future days. A differ-
ent goal may be to outperform all constant rebalanced portfolio
strategies.

m = # stocks traded in a market
x; = price relative for the :th stock
_ stock price at close  Pi(c)
~ stock price at open  Pi(0)
- 1+ 25
P;

© St Paul’s University



Game Theory & Learning: LECTURE 13

X
Io
r = ) = stock market vector .
Ty
Portfolio
by
b >
b= 52 = portfolio , { ;é_bt.[]: .
by

Portfolio i1s simply the proportion of the current wealth in-
vested in each of the stocks.

S=b-x= E)T;I-' = Z b.:'mt'a

= Factor by which the wealth increases in one period.
x(1l),z(2),...,z(n)
= stock market vectors for n consecutive days.

b = Fixed (constant) portfolio

We shall follow a constant rebalanced portfolio strategy.

- . Sp(b) = 1
S (b) =TT b%x(1), o ,
(5) E (4) { Sa(b) = S._1(b) bT;Ir(n).
S: = max Sn(b) = Sa(b).

This is the maximum wealth achievable on the given stock se-
quence maximized over all constant rebalanced portfolios.
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Universal Portfolio Strategy

b(k)

depends only the past price relatives: x(1), x(2), ..., z(k — 1).

It performs as well as the best constant rebalanced portfo-
lio based on a clairvoyant knowledge of the sequence of price
relatives.

Questions

Since we wish to compete against a clairvoyant in-
vestor (who knows the future) and universal portfo-
lios only depend on the past (past has no causal or
correlated relation with the future), how is it possible
that universal portfolio can be competitive?

I\-'Ialicic:-us/ adversarial nature i1s free to structure the
future so as to help the competing investor.

1/?11
. 1/m
b(1) = /.

1/??1

k
Sp(b) = [[67(i), B = {b ERT | b = 0,3 b = 1}.
i=1

. I bSk(b)db
blk+1) = [ Sk(b)db

Note that

T bTx(k + 1)Se(b)db [z Sky1(b)db

b+ Dz (k+1) =
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The “learned” portfolio is the performance weighted average of
all portfolios b € B.
Thus

~

e r o feSalb)db
.Sn—gb(k)r.r(A) - —BIB = = (m 1).]35,1(5)4.5.

We will show that

. (m — 1)I(y/2m/n)™t

Sp~= S
T NI

where .J,, = a positive semidefinite (m — 1) x (m — 1) sensitivity

matrix.

Properties & Analysis

Let F' be some arbitrary probability distribution for price rela-
tives over RY. Let F,, be the empirical distribution associated
with z(1), x(2), ..., z(n). Pr[X = z(i)] = 1/n. Pr[X #
x(1),¥:] = 0.

lim F,, — F.

n—rinfty

Doubling Ratio

W, F) = [lgbe)dr()
“ 1 _
W) = 3 1 e()
=1
I17H(F) = l'l'l.gtx 11?(63 F)
WA(F) = maxIV(b, 7
Sn = max Sn(b) = 111;1}:;';'1: bT;r(?‘.) — onW"(Fn)
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Let e; be the vector

(7))
0

€; = 1 1 in jyth position only.

0

K;U

Sale;) = Jlef=z(k) =T «i(k)
k=1 k=1
=  Wealth due to buy-and-hold strategy

assoclated wit the jth stock.
Since S is a maximization of S,(b) over the entire simplex,
YV, S5 = Sale;).
Corollary
I. Target Exceeds Best Stock.

Sh= max Snle;).

S

Target Exceeds Value Line.

1/m
Sr> (H .qn(e_,))

3. Target Exceeds Arithmetic Mean.

Sr = Z&J-,Srn(cj)j o = []jZQ,J_. — 1.
J ;

e

CSE(x(1), ®(2), ..., x(n)) is invariant under permutations
x

)
of the sequence x(1), x(2), ..., x(n).
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Lemma

. oL [5 Sn(b)db

G = T b(k) (k) = 2822200

E g db
where .
Su(b) = [T & (i)
i=1

S, = Wealth from universal portfolio is the average of S,.(b)

over the simplex.
Proof:
Recall that

f ._q,{;+1 (E)) db

b+ )Te(k+1) =

J Sk(b)db
Telescoping the products
Sn = H
f n(b)db fq ( b)db
== O
J Sn-1(b)db - [db
_ [ Sx(b)db
— [db
[Tl bl z(i)db

Igdb
— Eb.gn(b) — Eﬁ?n”-(b,Fn)

Corollary Sa(z(1), (2), ..., x(n)) is invariant under
permutations of the sequence x(1), x(2), ..., x(n).

Claim
E, W ( > Z W

rm

EW(b F,) = E f lg(bTz) dF,(z)
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= ]Ebflgzubj(cfn;r) dlF,.(x)
> E, > b / lg( c?n;rjl dF, (x)
= melgc x)dF, ()
= —ZH (e, F

T

By Jensen’s inequality

Eﬁgnﬁ-'—(b,}_},] > gnEbI‘i-’(b,Fn]
> ElfmZnH-’{ej,Fn)
> (]:[ znn--'(ej,Fn))lfm _
T hus
‘érn — ]E;; Lqrn (E):] — I& 21‘111"_(5,1‘_'”]
. 1/m
e (fine)
=1
Corollary Universal portfolio exceeds Value Line index.
. 1/m
(i)
i=1
Competitiveness
F.(x) = Empirical probability mass function. Mass on each
x(i) € RY is .
Su(b) = f[ bT;tr(i) — oW (b Fn) — V(b Fn)
b*(I,.) = b = argmaxS,(b) = argmaxV'(b, I,) € RY.

S* = max S,(b) = V"),
T beB n(D)
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Definition All stocks are active al time n, if
Ty, (v0)ess Vicpom) (7(F)), > 0.
All stocks are strictly active al time n, if
Vir.s, my=sx Viep.m) (07(Fn)); > 0.

If
Lin (x(1),x(2),...,x(n)) =R™,

then we say that the price relatives x(1), x(2), ..., x(n) are of

full rank.
J(b) = (m — 1) < (m — 1) matrix .

J(b) = Sensitivity Matrix Function of a market with respect to
distribution F'(x), r € R

f(x() —x(m))(x(g) — xz(m)) |
1) = [ ooy dF ().

J* = J(b") = Sensitivity Matrix.

Vb, L =R b))

* ai—1 00

Db; Ob;

*® —_—
Jy =

= Positive Semidefinite Matrix.
It 1s positive definite if all stocks are strictly active.

Let
(' = {{cl,::g,...,cm_l) | i = D,ZC{ < 1}.
Define .
bic) = (cl,...,cm_l,l—mz_: ci-).
i=1
T hus

Vale) = %g} In (b(c)T;r(i)) = fln(bT;r) dF,(x) = Ep, In(b"z).
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Using Taylor series expansion:

Vile) = Vile®) + (e — c)TVV,(e)
_ %(C — )T e — &)
25— e - e — )
g, () = 2m)) (2(5) — 2(m)) () — ()
i, S3(e)
where
&= AT+ (1=Ae, A=0,

S(&) = Eb(&)f-_h’(i).

Assume that all stocks are strictly active:

JT = — oV = positive definite
o de;de; — PY o ;

Hence its determinant is strictly positive:
|7 > 0.

let uw = ..fn(c — c"). Then since the second term i1s 0 in the
Taylor series formulation, we have

1 .
nVile) = nV(F,) — SEE-TJ;“
1

+ Gﬁz U UL
(x(i) — x(m))(x(g) — x(m))(x(k) — ;I-'[(???-):].

53(9)

> Epﬂ

Next assume that 0 < a < ;Ir(?'.) < ¢ < oo.

S(¢) =a, x(i)—x(m) < 2c.
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Thus the last term in the preceding expression can be bounded

2
HuH3m3ﬁ( o :

NG e

by

Hence, we have

o 1 T 7= Am 2
nVo(e) = nV*(F,) — Fu Ju — W

],

We thus conclude that
Sn(c) — 27111-'},[::] > C(n‘i’:]—[uTJ:u,."i)—[-lmal'rzca||u||3f3\ﬁa3)
_ ;E:rr,: C—(uTJ:u,-"Z]—(-lmafzca||u||3,-’3ﬁa3].
Since S, = [ S,(b)db/ [ db, and since [db= 1/(m — 1)!, we
have

m—1
&> S*(m—1)! f c(uTJ::ufz:l(-lm”?callullafw’ﬁaa)( 1 ) du.

NG

uel’
T hus,
& g (m — l)!(?gr/n)(m—l)fz
e TREE .

In other words,

1. S: 1 S|
—lg=—=—lg | (m—1)/2
S n = (m—1)!(27/n)

T

— 0, asn-— oc.

Summarizing, we have

1 I -

- ].g ‘5’; ! - ].g ‘an

[ T
Vi~ Vi

10
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