1 Introduction

This is a course on surfaces. Your mental image of a surface should be something like
this:

or this

However we are also going to try and consider surfaces intrinsically, or abstractly, and
not necessarily embedded in three-dimensional Euclidean space like the two above.
In fact lots of them simply can’t be embedded, the most notable being the projective
plane. This is just the set of lines through a point in R? and is as firmly connected
with familiar Euclidean geometry as anything. It is a surface but it doesn’t sit in
Euclidean space.

If you insist on looking at it, then it maps to Euclidean space like this

— called Boy’s surface. This is not one-to-one but it does intersect itself reasonably
cleanly.

A better way to think of this space is to note that each line through 0 intersects the
unit sphere in two opposite points. So we cut the sphere in half and then just have
to identify opposite points on the equator:



. and this gives you the projective plane.

Many other surfaces appear naturally by taking something familiar and perform-
ing identifications. A doubly periodic function like f(z,y) = sin 2wz cos2my can
be thought of as a function on a surface. Since its value at (x,y) is the same as at
(x4+m,y+n) it is determined by its value on the unit square but since f(x,0) = f(x,1)
and f(0,y) = f(1,y) it is really a continuous function on the space got by identifying
opposite sides:

and this is a torus:

We shall first consider surfaces as topological spaces. The remarkable thing here is
that they are completely classified up to homeomorphism. Each surface belongs to
two classes — the orientable ones and the non-orientable ones — and within each class
there is a non-zero integer which determines the surface. The orientable ones are the
ones you see sitting in Euclidean space and the integer is the number of holes. The
non-orientable ones are the “one-sided surfaces” — those that contain a Mobius strip
— and projective space is just such a surface. If we take the hemisphere above and
flatten it to a disc, then projective space is obtained by identifying opposite points
on the boundary:



Now cut out a strip:

and the identification on the strip gives the Mobius band:

As for the integer invariant, it is given by the Euler characteristic — if we subdivide

a surface A into V vertices, E edges and F' faces then the Euler characteristic y(A)
is defined by
X(A) =V —-E+F.

For a surface in Euclidean space with g holes, x(A) = 2 — 2g. The invariant y has
the wonderful property, like counting the points in a set, that



X(AUB) = x(A) +x(B) = x(AnB)

and this means that we can calculate it by cutting up the surface into pieces, and
without having to imagine the holes.

One place where the study of surfaces appears is in complex analysis. We know that
log 2z is not a single valued function — as we continue around the origin it comes back
to its original value with 27i added on. We can think of log z as a single valued
function on a surface which covers the non-zero complex numbers:

The Euclidean picture above is in this case a reasonable one, using the third coordinate
to give the imaginary part of logz: the surface consists of the points (re®,8) €
C xR = R? and logz = logr + if is single-valued. But if you do the same to

vV 2(z — 1) you get




a surface with self-intersections, a picture which is not very helpful. The way out is
to leave R® behind and construct an abstract surface on which /z(z — 1) is single-
valued. This is an example of a Riemann surface. Riemann surfaces are always
orientable, and for \/z(z — 1) we get a sphere. For 1/2(z —1)(z —a) it is a torus,
which amongst other things is the reason that you can’t evaluate

/ Va(z —df) (z—a)

using elementary functions. In general, given a multi-valued meromorphic function,
the Euler characteristic of the Riemann surface on which it is defined can be found
by a formula called the Riemann-Hurwitz formula.

We can look at a smooth surface in Euclidean space in many ways — as a topological
space as above, or also as a Riemannian manifold. By this we mean that, using the
Euclidean metric on R?, we can measure the lengths of curves on the surface.

It our surface is not sitting in Euclidean space we can consider the same idea, which
is called a Riemannian metric. For example, if we think of the torus by identifying
the sides of a square, then the ordinary length of a curve in the plane can be used to
measure the length of a curve on the torus:




A Riemannian metric enables you to do much more than measure lengths of curves: in
particular you can define areas, curvature and geodesics. The most important notion
of curvature for us is the Gaussian curvature which measures the deviation of formulas
for triangles from the Euclidean ones. It allows us to relate the differential geometry

of the surface to its topology: we can find the Euler characteristic by integrating the
Gauss curvature over the surface. This is called the Gauss-Bonnet theorem. There
are other analytical ways of getting the Euler characteristic — one is to count the
critical points of a differentiable function.

Surfaces with constant Gaussian curvature have a special role to play. If this curvature
is zero then locally we are looking at the Euclidean plane, if positive it is the round
sphere, but the negative case is the important area of hyperbolic geometry. This has
a long history, but we shall consider the concrete model of the upper half-plane as a
surface with a Riemannian metric, and show how its geodesics and isometries provide
the axiomatic properties of non-Euclidean geometry and also link up with complex
analysis. The hyperbolic plane is a surface as concrete as one can imagine, but is an
abstract one in the sense that it is not in R?.

Four classes of surfaces

Our goal is to study and relate four classes of surfaces:
(1) Topological surfaces (topological 2-manifolds),
(2) Smooth surfaces in R? (smooth real 2-manifolds embedded in R?),
(3) Abstract smooth surfaces (smooth real 2-manifolds),
(4) Riemann surfaces (complex I-manifolds).

We will postpone the precise definition to later. For now, the rough idea is that a surface
locally looks like a 2-dimensional dise. Whether it looks like the disc continuously, smoothly
or holomorphically distinguishes the cases (1), (2)/(3), and (4) respectively. The reason for
studying (2) before (3) is that you already know what it means for functions on R® to be
smooth (infinitely differentiable), whereas in (3) the definition is a little more difficult because
you need to first define local smooth coordinates on the surface. Some surfaces are part of all
four classes (such as a torus), others only of some, but all our surfaces belong to class (1).
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