The hyperbolic plane

Isometries

We just saw that a metric of constant negative curvature is modelled on the upper
half space H with metric
dz? + dy?

Y2
which is called the hyperbolic plane. This is an abstract surface in the sense that we
are not considering a first fundamental form coming from an embedding in R?, and
yet it is concrete enough to be able to write down and see everything explicitly. First
we consider the isometries from H to itself.

If a,b,c,d € R and ad — be > 0 then the Mobius transformation

(11)

restricts to a smooth bijection from H to H with smooth inverse

dw —b
Wz = ———.
—cw +a
If we substitute
az +b a c(az +b) (ad — bc)
= d dw = — dz = —~
czrd e (cz—l—d (cz+d)2) ‘ (cz + d)? ©
into
du® + dv*  4|dw]?
v? |lw — w|?
we get
4(ad — be)?|dz|? _ A(ad = be)*ldz? Aldz]* da® +dy?
((az +b)(cZ+d) — (aZ +b)(cz+d)|?  |(ad—bc)(z —2)|>  |z—2z]2 o2

Thus this Mobius transformation is an isometry from H to H. So is the transformation
z +— —Z, and hence the composition

b—az
z—

d—cz (12)

is also an isometry from H to H. In fact (11) and (12) give all the isometries of H,
as we shall see later.



we saw that the unit disc D with the metric
du? + dv?
(1 —u2 — v2)2

is isometric to H, so any statements about H transfer also to D. Sometimes the
picture is easier in one model or the other. The isometries f : D — D of the unit
disc model of the hyperbolic plane are also Mobius transformations, if they preserve
orientations, or compositions of Mobius transformations with z +— Z if they reverse
orientations. The Mdobius transformations which map D to itself are those of the form

2w =e? -4
1 —az

where a € D and 6 € R. They are isometries because substituting for w and

in 4(1 — |w|?)72|dw|? gives 4(1 — |z|*)72|dz|>.
Notice that the group Isom(H) of isometries of H acts transitively on H because if
a + b € H then b > 0 so the transformation

z=bz+a

is an isometry of H which takes ¢ to a+ib. Similarly the group Isom(D) of isometries
of D acts transitively on D since if a € D then the isometry

Z—a

Z -
1—az

maps a to 0. Notice also that the subgroup of Isom(D) consisting of those isometries
which fix 0 contains all the rotations

2 ez

about 0 as well as z — Z.

(GGeodesics

The hyperbolic plane is a case where the geodesic equations can be easily solved:
since £ = G = 1/y? and F' = 0, and these are independent of x, the first geodesic
equation

d 1
—(Bu + FV') = ﬁ(Euu’Q + 2F, v + Guv')

ds
becomes
d '
E(E) =0
and so
' = ey (13)

We also know that parametrization is by arc length in these equations so

/2 12
e (14)
y



If ¢ = 0 we get © = const., which is a vertical line. Suppose ¢ # 0, then from (13)
and (14) we have

dy _ [y? -y

dr 2yt

or g
Y dr

1 — c2y?
which integrates directly to

—cW1l-cP2=2—a

or
(z—a) +12 =1/

which is a semicircle centred on the real axis.

The isometry from H to D given by

w—1

Wz = ,
w+1

takes geodesics to geodesics (since it is an isometry) and it is the restriction to H of
a Mébius transformation CU{oc} — CU{oo} which takes circles and lines to circles
and lines, preserves angles and maps the real axis to the unit circle in C. It therefore
follows that the geodesics in D are the circles and lines in D which meet the unit
circle at right angles.



Using geodesics we can now show that any isometry is a Mdbius transformation as
above. So suppose that F': D — D is an isometry. Take a Mobius isometry G taking
F(0) to 0, then we need to prove that GF' is Mdbius. This is an isometry fixing 0, so it
takes geodesics through 0 to geodesics through 0. It preserves angles, so acts on those
geodesics by a rotation or reflection. It also preserves distance so it takes a point on a
geodesic a distance 7 from the origin to another point at the same distance. However,
as we noted above, each rotation R : z + €’z is a M&bius isometry, so composing
with this we see that RGF =1 and F = (RG)™! is a M6bius isometry.

Angles and distances

Hyperbolic angles in H and in D are the same as Euclidean angles, since their first
fundamental forms satisty E = G and F' = 0. Distances between points are given
by the lengths of geodesics joining the points. Since the interval (—1,1) is a geodesic
in the unit disc D, the distance from 0 to any z € (0,1) is given by the hyperbolic
length of the line segment [0, z], which is

t?

/ VEu? + 2Fu' + Gu'*dt = / 1 = 2tanh™ 'z
0 0

where u(t) =t and v(t) = 0 and £ = G = (1 — v? —v?)72 and F = 0. Given any
a,b € D we can choose 6 € R such that
o b—a b—a
e =
1—ab 1—ab

is real and positive, so its distance from 0 is

b—a
2 tanh™* — .
1—ab
Since the isometry
1.—az

preserves distances and takes a to 0 and b to €(b — a)/(1 — @b), it follows that the
hyperbolic distance from a to b in D is

b—a
1—ab

dp(a,b) = 2tanh™"

We can work out hyperbolic distances in H in a similar way by first calculating the

distance from i to Ai for A € [1,00) as the length of the geodesic from ¢ to Ai given
by the imaginary axis, which is

A
dt
— =log A,
1t

and then given a,b € H finding an isometry of H which takes a to 7 and b to Ai for
some A € [1,00). Alternatively, since we have an isometry from H to D given by



w—1

W z = -,
w41

the hyperbolic distance between points a,b € H is equal to the hyperbolic distance
between the corresponding points (a —)/(a +4) and (b —14)/(b+4) in D, which is

_ otapp-t | L= D+ = (@—i)(b+1i)
) = 2t T ) = (e =)= 1)

a—1 b—1

—_— = 2tanh™' |— —
a+i b+i

dH(ﬂ',, b) = dD(

HyYPERBOLIC GEOMETRY: AN INTRODUCTION

Refresher about Mobius maps

Mobius maps for hyperbolic geometry are as important as rotations and translations are
in Euclidean geometry. Indeed, for the hyperbolic plane H = {z € C : Imz > 0} and the
hyperbolic disc D = {z € C: |z| < 1}, a subgroup of the M&bius maps will turn out to be the

group of all isometries. [
D—H, 2z 7(2) = e H— D, 207 1(2) = =
—z+1 zZ+1
]
Corollary The biholomorphisms ¢ : CP! — CP! are precisely the Mabius maps
az+b
wlz)=

for a,b,e,d € C with ad — be # 0 (we often rescale numerator and denominator so that
ad — be = 1). In particular, o(oc) = a/c, ¢(—d/c) = co. These form a group isomorphic to

PSL(2,C)={(2Y) :a,b,c,d € C,ad — bc = 1}/ = Identity.
We recall some useful properties about Mobius maps:

Lemma

(1) Mébius maps preserve angles

(2) Mdbius maps are generated by translations p(z) = z + b, dilations p(2) = az (for
a # 0), and inversions ¢(z) = 1/z (which corresponds to inversion in the unit circle
followed by reflection in the real axis).

(3) Mdbius maps send circles to circles (where we allow straight lines, thought of as circles
of infinite radius).

(4) Given any three distinct points zg,z1,22 € CP!, there is a Mobius map ¢ such that
p(z0) =0, p(z1) =1, p(z2) = 0.

(5) A Mobius map is uniquely determined by where it sends three points, for example it
is determined by the values ¢(0), (1), (o).

ISecond refresher on hyperbolic functions: tanht = % and secht = ﬁ have derivatives tanh’(t) =

sech 2(t) and sech’(t) = —%‘;—t = —tanht secht. We will use the useful identity

tanh? y + sech 2y = 1
(which follows from cosh?y — sinh®?y = 1). E.g. this shows we can invert the above change of variables:
72 + 77 = e?® so we recover z, then we recover y. Motivation for trying that change of variables is because of:

2
cosh? y dz? + dy? = cosh? y (dx? +sech 2y dy?) = cosh? y (dz? + d(::;hzg;) )= sec}l‘l E (sech *y dz” +d(tanh y)?).

(6) The Mdbius maps with (H) = H, with ad — be =1, are those with a,b, c,d all real:

az+b
cz+d

Méb (H) ={ ca,bc,d € R,ad — be = 1} ={(2b):a,bede R det =1}/ + Id= PSL(2,R)




(7) Given z € H there is a Mébius map ¢ with p(H) = H and (i) = z.

Proof. For (1): Mébius maps ¢ are holomorphic, so the derivative D,y is a composition of a
scaling and a rotation (see Analysis handout), so it preserves angles.
For (2), when ¢ # 0,
az+b a ad — be
cz+d ¢ clez+d)
so it is a composition of translations, dilations, inversions. The case ¢ = 0 is even easier.
Conversely, translations, dilations and inversions are Mobius maps.
For (3): it is enough by (2) to check that translations, dilations and inversions send circles
to circles, and an easy check shows that they do.
For (4), we can even write an explicit formula:

o(z) = (z — 20)(21 — 22)
(z — 22)(z1 — 20)

For (5): suppose a Mdébius map v sends distinct points wg, w1y, ws to zg, 21, 22. Let ¢ be a
map as in (4). Then ¢ o1 is a Mdbius map which sends wq, w1, ws to 0,1, 00. Let a be the
inverse of a map as in (4) for the points wg, wy, w2, so a sends 0,1, 00 to wq,wi,ws. Then
pooa is a Mobius map which fixes 0,1, co. By looking at the equations this implies for the
constants a, b, ¢,d which define the map, you easily deduce that: b = 0 (fixes 0), ¢ = 0 (fixes
oo) and so a/d =1 (fixes 1), so this map is the identity. So 1) = ¢~ la~! is determined.

For (6): since Mdébius maps are biholomorphisms, if ¢(H) = H then the restriction ¢ : H —
H is a biholomorphism as well. By continuity, the boundary R of H has to be mapped into
itself. As ¢(0) = rg, ¢(1) = r1, p(00) = ro are real numbers, by the above formula we have
e 1(z) = (z—ro)(ra—r2) phig ig in PSL(2,R) so its inverse ¢ is also in PSL(2,R). Conversely,

Z—T2)\T1—To
ifa,b,c,d é(ire réfal, thén ©(R) = R, hence ¢ permutes the two connected components of C\ R
(since ¢ is a biholomorphism). So ¢(H) = H precisely if ¢(i) € H. So we check the sign:
sign Im (i) = sign (ad — be). So ¢(H) = H precisely if det > 0.
For (7): z = b+ia in terms of real and imaginary parts b, a € R, then ¢(z) = az + b works
(so take c =0 and d = 1). O

Exercise. Recall the hyperbolic disc D = {z € C : |z| < 1} is isometric to H (using the
hyperbolic metric % on D). Show that the Mobius maps for which ¢(D) = D cms

(2) = az+b
v bz +a
with a,b € C and |a|> — |b]* = 1. Sofj

Méb(D) = {;zﬂ’ :
Zz

a,be C,la? —|b? = 1} = {(¢2) :a,be C,det =1}/{e¥1d} = PSU(1,1)

you could repeat the proof for H for D, so asking yourself which Mébius maps send D to D. The

shortcut is to observe that isometries D — D arise from D — H — H — D where H — H are the isometries

we found above, and the maps D — H (and back) are the isometries 7,771 .

You can caleulate compositions of Mébius maps by multiplying the corresponding matrices.

“For SU(2) the (2,1) entry of the matrix would need to be —b, so that det = |a|? + |b|?. For SU(1,1) the
signature of the quadratic form has one + and one — sign: det = +|a|? — |b|2.

Notice that a # 0, so you can rescale numerator and denominator so that |a| = 1, so you can
replace a = €%/, Then ¢ becomes:
e 2 +Dh
po(z) =€ Z——.
bz+1
with b € C and |b| < 1. In particular, then o(0) = b so picking b > 0 € R shows that there
is a Mdbius map with (D) = D and ¢(0) = some chosen point in D.




Isometries of the hyperbolic disc D and the hyperbolic plane H

Theorem The group of orientation-preserving isometries of H contains Méb(H). The
group of all isometries of H contains M&b(H) and the reflection z — —% (so it contains the
orientation-reversing isometries 1(z) = :g;iz ).

Remark. Later we show that there are no other isometries.

Proof. We start by checking that Mob(H) are isometries.
1

|dz* _ |d(e(2))]?
(Imz)2  (Ime(z))2

First, do(z) = ¢'(2) dz where, having normalized: ad — be =1,

, alcz+d) — (az+b)e 1
v(2) = (cz + d)? - (cz+d)?
Secondly,
az +b)(cz +d ax + iay + b)(ecx — ey +d ad — be) 1 Im 2
tm e (2) =Im( |cz?:d2 ) =Im( y|cz?i-(d2 v - (|cz+d|)2/g - lez +d|?”
The required equality above then follows.
For the last part, notice that |d(—%)|? = (—dz)(—dz) = |dz|?, and Im(—%) = Im(z). O

Exercise. Show that Mab(D) are orientation-preserving isometries of D, and that the reflec-
tion z v Z is an orientation-reversing isometry of D. Notice in particular that the rotations
2+ %2 are isometries of D, and that the reflection in the line with angle 6 to the real axis

is z + €29Z = e~z 50 also an (orientation-reversing) isometry.

Now the issue is: how can we show that the above are all isometries? How can we be sure
we have not omitted any? The easiest route to prove this, is to use geodesics, as follows.
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