POINT ESTIMATION

POINT ESTIMATION

Two important problems in statistical inference are (1)Estimation (2) Testing of hypothesis.

Definition: Any function of the random sample x;. X,....X, that are being observed .say Tn(x;,
X5,..X, ) 18 called a statistic. If it is used to estimate an unknown parameter 6 of the
distribution, it is called an estimator. A particular value of the estimator, say, Tn(X;, X»,...Xy )
is called an estimate of 6.

Characteristics of Estimators
(1)Unbiasedness , (2)Consistency ,(3)Efficiency ,(4) Sufficiency

(1) Unbiasedness : An estimator T,(X;, Xs,...X, ) 1s said to be an unbiased estimator
ofv(@) if

E(T,) =u(6) forall fe g

(2) Consistency : An estimator T, - T(X;, X»,...X; ) is said to be consistent estimator
ofv(f),H € ¢, if T, converges to v(¢#) in probability.

(3) Efficiency :If ,of the two consistent estimators T; ,T, of a certain parameter 6, we
have V (T;)< V (T,) for all n ,then T, 1s more efficient than T, for all sample sizes.

Most efficient estimator: If in a class of consistent estimators .there exists one whose
sampling variance 1s less than that of any such estimator, it is called the most efficient
estimator.

Efficiency : If T; is the most efficient estimator with variance V; and T, is any other

. . . . . v,
estimator with variance V, , then the efficiency E of T, is defined as E =—-

a

(4) Sufficiency: An estimator T - T(X;, X»,...X, ) 15 said to be sufficient for the parameter 8
,based on a sample X;, X,,...X, of size n from the population with density f(x, 8) such that
the conditional distribution of x;, X,...X, given T, is independent of 6, then T is the
sufficient estimator for 6.

Minimum Variance Unbiased Estimator(M.V.U.E):

If a statistic T =T (x;,Xs,...X,) based on sample size n is such that

(1) T 1s unbiased for v(#),for all 8 ¢
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(11) It has the smallest variance among the class of all unbiased estimators ofv(6), then T

is called the minimum variance unbiased estimator ofv(#).

Neymann Factorisation Theorem

Statement: T =T(x) is sufficient for @ if and only if the joint density function L of the sample
values can be expressed in the form L = g,[#(x)].2(x) where g [7(x)].depends on ¢ and x

through the value of t(x) and h(x) is independent of &

Problems

1. The sample mean and variance are consistent and unbiased esti-

mators of the mean and variance of the underlying distribution.

Proof. 1t is easy to compute that

E[M] =

n
and

- 1 N, o 2| S ——
E [H_IZL\,-,\)] = —E[X,-X)7]

=1

= — (EWx7) - 2E(X,X) + E[X"))

n—1

= (E[x;-’] - 2epe - 2 mpxx) + E[Tz])

n—1 n

and now expanding the E {TZ] as
EX’) = % (nE[X?] + n(n — 1)E[X, Xa])

and also using the independence, e.g. E[X,X,] = E[X,]E[X;] = pu? we get that the
above equals to

E[X?) — p* =2

We, therefore, obtain that the sample mean and sample variance are unbiased esti-
mators.

2.Prove that in sampling a normal population , sample mean is a consistent estimator of 1
Proof: The sample mean x is also normally distributed as N( .o /n)

E(x)=pand V(x)= o’ /n

Thus as n— =, E(;) = p and V(;) =0

Hence x is a consistent estimator for 1.
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3.If X4.Xs,...X, 15 a random sample from a normal population N(ut ,1). Show that t=—) x~
is an unbiased estimator of p” +1

Proof: E(x)=p.V(x)=1

Ex) =V(x) + [E(x)]° =1+ 1’

&, 1 B 1 & )
E(T)=E(—Zx;) = —ZE(x;) = —Zl+,u‘
L nig L

Hence t is an unbiased estimator of p* +1

4. If T is an unbiased estimator for 8, show that T" is a biased estimator of 6°.
Proof: Since T is an unbiased estimator for 6, E(T) =8

Var (T)=E(T?) -E(T)’ =E(T?) -6’

E(T%) =6+ Var (T)

Since E (T?) #6°.T" is a biased estimator of 8°.

5.Let X be distributed in the poisson form with parameter 6.Show that only unbiased
estimator of e ™ is T ( X) = (-K)*

Proof: E( T ( X)) = E(-K)*

oo -8 ax = x
ST I Y Y
x=0 X!

x! e

6.A random sample (x1,x2,x3.x4.x5) of size 5 is drawn from a normal population with mean
1. Consider the following estimators to estimate p:

() t, =(x, +x, +x; +x, +x5)/5
(2) t, =(x, +x,)/2+x,

(3) 1, =(2x, +x, + Ax,)/3 where A1is such that t; is an unbiased estimator of p. Find
A Find the estimator which is best among t; t t5.

Solution:

1 n 1 5
ICHEES WA
=1 i=1

ne

(1) E(t) =

t;is an unbiased estimator of

(2) E(ti=t)=E(x; +x,)/ 2+ E(xy) = (u+ )/ 2+ u =2
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t>1s an biased estimator of p

(3) E(t3) =, since t3is an unbiased estimator of u
n=EQx +x,+Ax,)/3
2E(x)+ E(x,) + AE(x;) =3u

2 pu+ p+i p =3 p which gives A =0

1 S WP g
V(tl)_E[V(xl)+V(x2)+V(x3)+V(x4)+V(x5)]— 2550’ 50’
V(t )—l{[V(x Y+ V(x,)]+V(x,)} = l(2o—l)+az= 302

27— 4 1 2 3 4 2

V() =5 @V () + V() = {0 +0%) = 207

O |

Since V (t;) =§0'2 1s least, t; 1s the best estimator of .

Theorem 1. (Cramér-Rao Inequality.) Assume V(6) has continuous first derivative (ezcept possibly at
finitely many points). Then for any unbiased estimator 6,

. 1
VGT(H)ZT(())

This is the desired theoretical bound on how efficient an estimator can be. The theorem is in fact valid
under weaker assumptions (see the text), i.e., V(#) does not need to be differentiable everywhere, but we
assume this for simplicity.

To prove this result, first we need a little material from Section 11.4 of the text.

Definition 2. If X and Y are random variables, their covariance is
Cov(X.Y)=E(XY)—- E(X)E(Y).

Note Cov(X,X) = var(X). Also note if X and Y are independent, then Cov(X.Y) = E(X)E(Y) —

E(X)E(Y) = 0 so covariance measures how dependent X and Y are.

Lemma 3. [Cov(X.Y)| < /Var(X)Var(Y).
Proof. Compute

Var(X+Y)=E(X +Y)})-E(X £Y)?> =Var(X) £ 2Cov(X.Y) + Var(Y).
Since this is always > 0, we have

Var(X)+Var(Y)
2

Cov(X.Y) <
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Applying this inequality to the normalized random variables X’ = ——£X and Y’ = —"—Y- gives

Var(X') + Var(Y')
5 .

Note E(X") = E(Y') =0 and Var(X') = Var(Y') = 1, so we have

Cov(X",Y') <

Co(X"Y)=E(X'Y") <1

Since
E(X'Y") = E(XY —pxY —pyX +pxpy) _ E(XY) - pxE(Y) - py E(X) + pxpy
Ox 0y Ox0y
E(XY)-E(X)E(Y) - E(X)E(Y) + E(X)E(Y
- Var(X)Var(Y)
_ Co(X,Y)
— Var(X)Var(Y)

Proof. (of Theorem when n = 1) Here f = 6(X,) is just a function of X, so we may think of it as a function
of X. Observe . ’
Cov(V'(6).0) = E(V'(6) - 0) — E(V'(0))E(0) = E(V'(6) - )

by Lemma 1. By Lemma 3, we have

(E(V'(6) - )] = |Cou(V'(6), )| < \/Var(V'(8))Var(d).
Hence BV e o
- JE(V'(0)-0)F _ |E(V'(9)-0)]
Ver)2 Vowv@y — 10
Rao Blackwell’s Theorem:

Let X ~ fx(x,0) and T be sufficient for @, x € X andt € T. Let U be any unbiased estimator

for g(6). Define V; = E(U|T =t). Then V is an unbiased estimator for () and Var(V) < Var(U) wit!
equality iff V = U with probability one.

Proof

Since U = U(X) 1s an estimator, it is also a statistic. And, since T 1s sufficient for f we have

V

B(UIT =1) ()
[I u(e)fxyr(alT =1) do )
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By Fisher, and noting that u(z) is a function of x and not 0, we see that V' is 0-free. Thus, V is a statistic

as well.
Further,

EU) = g(6)
/u(r)fx(r,l)) dx
X

/ [/ u(z) fxr(z|T = t) dz| fr(t,0) dt
T WXeT=t

[_ o(t)fr(t,0) dt
E(V)

So, V' is unhiased.

Var(U) = E(U-E(U))*

= E(U-EWV))®

= E((U-V)})+E((V-E(V))®) +2E((U - V)(V -E(V)))
Since we know that E(U) = E(V) by above,

E((U-V)(V-E(V))

/ (V —E(V))U - V)fx(2.6) d

/ v —E(V)) [ / (U = V)fxpr(alT = t) de]| fr(t.0) dt
T XeT=t

Il

L(l/ —E(V))[0]fr(t,0) dt

= 0
and thus
Var(U) E((U—V)"’) +E((V—E(lr"))2)
E((V -E(V))?)
Var(V)

v v Il

with equality iff E (U — V)?) =0 or V = U with probability one.

METHODS OF ESTIMATION
1. Method of Maximum Likelihood Estimation
2. Method of Moments
3. Method of Minimum Chisquare
4. Method of Least Squares
5. Method of Minimum Variance
6. Method of Inverse Probability
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1.Method of Maximum Likelihood
Definition- Likelihood function.
Let X;, X,,...X, be a random sample of size n from a population with density function f(x,

0).Then the likelihood function is given by L = f(x,.60)f(x,.6)...f(x,.0) = H f(x,.0). If
i=1

A A

there exists a function € =6(x,.x,...x,)of the sample values which maximises L for

variations in O, then @ is to be taken as an estimator of 8. Thus & is clled maximum

kelilinod esfimator it =, 2 L«
20 o0’

The maximum likelihood estimator (MLE) is the value of the parame-
ter #, that maximises the likelihood function, given the observed sample data,
£ s Xa):

It is often mathematically more tractable to maximise a sum of functions, than a
product of function. Therefore, instead of trying to maximise the likelihood function
we prefer to maximise the log-likelihood function

log L(A) = Z log f(X;:60).

3 §
2.Method of moments

Let f(x:0,.60,..0,)be the density function of the parent population with k parameters

6,,6,...0, . The rth moment about origin is given by x, = Ix’ f(x:0,.6,..6,) dx,

(r=1.2,...k)

The method of moments consists in solving k equations for 6;, 6 ,.... 8 in terms of
sty ... 11, and replacing these moments by the sample moments.Then by the method of

A A A

moments 61,6-...6, are the required estimators ofé,,6,...6, .
If X,.X,.... are sample data drawn from a given distribution then the k** sample
moment si defined as

and by the Law of Large Numbers (under the appropriate condition) we have that
fi;. approximates pi, as the sample size gets larger.

The idea behind the Method of Moments is the following: Assume that we want
to estimate a parameter f of the distribution. Then we try to express this parameter
in terms of moments of the distribution.
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3.Method of minimum chi-squared

Minimum chi-square estimation is a method of estimation of unobserved quantities based
on observed data.In certain chi-square tests, one rejects a null hypothesis about a population
distribution if a specified test statistic is too large, when that statistic would have
approximately a chi-square distribution if the null hypothesis is true. In minimum chi-square
estimation, one finds the values of parameters that make that test statistic as small as possible.

Among the consequences of its use 1s that the test statistic actually does have approximately
a chi-square distributionwhen the sample size 1s large. Generally, one reduces by 1 the
number of degrees of freedom for each parameter estimated by this method.

4.Method of minimum variance(Minimum variance unbiased estimates(M.V.U.E))

If L= H f(x,.0)1s the likelihood function of a random sample of n observations from a
i=1

population with probability function f(x,#) , then the problem is to find a statistict= inR,
V(T) = [{t—0(0)} LdX is minimum

Properties of the estimators determined by the method of maximum likelihood

1.The first and second order derivatives exists and are continuous functions of @

. L . — 0% logL
2 .The third order derivative exists such that cﬁ—og

< M(x)

3 Forevery #mR, E Ldx = I(#) 1s finite and non zero.

—EzlogL‘ B T—E" logL
e | 1 oe?

4.The range of integration 1s independent of 4.

Theorem 1: With probability approaching unity as n — « ,the likelihood equation

clogL
ol
M.L.E are consistent.

= Ohas a solution which converges in probability to the true valued, . In other words

Theorem 2: Any consistent solution of the likelihood equation provides a maximum of the
likelihood with probability tending to unity as the sample size (n) tends to mfinity.

Theorem 3: A consistent solution of the likelihood equation is asymptotically normally
distributed about the true value g, .

Theorem 4: If M.L.E exists, it is the most ef, then ficient in the class of each estimation.
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Theorem 5 : If a sufficient estimator exists, it is a function of the maximum likelithood
estimator.

Theorem 6:If T is the M.L.E. of # and /(@) is 1-1 function of# then w(T) is the M.L.E
ofw(8).

Properties of the estimators determined by the method of moments

1.Sample moments are consistent estimators of the corresponding population moments.

2.Under normal conditions, the estimators obtained by method of moments ae
asym () ptotically normal.

3.Estimators determined by method of moments are in general inefficient.

4.As the method of moments do not depend on estimation theory, it is unable to give
estimatos if population moments do not exist.

5.estimators obtained by method of moments are identical with those by mehthod of
maximum likelihood if the density is of the form f(x, ) =e®™"*

PROBLEMS
7 Suppose that the underlying distribution is a normal N(p.,0%) and we
want to estimate the mean p and variance o* from sample data (X4, ... ,. X,), using

the maximum likelihood estimator.
First, we start with the log-likelihood function, which in this case is

log L(pp,0) = —nlogo — %]og(?m’) o Z(.\',- — p)?.

2 202
=1

To mazimise the log-likelyhood function we differentiate with respect to p.o and
obtain

JL 1 «—,

- = — (X; — )
o il

oL n _g -

o o
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the partials need to be equal to zero and therefore solving the first equation we get
that
ﬂ — —l— 3 ‘X,- = Y
n

s=1

Setting the second partial equal to zero and substituting p = ji we obtain the maxi-
mum likelyhood estimator for the standard deviation as

Suppose we want to estimate the parameters of a Gammal(a,0) distri-

bution
f(z:,0) = =z le=*/0
i IN'a) '
The mazimum likelihood equations are
n p I
0 = —nlogl+ Z log X; —n r((:))

i=1
B = naﬂ—'Z‘X,-
i=1

Solving these equations in terms of the parameters we get

PO
(83
A v .\ . I"(a)
0 = nloga—nlogX +¥]0g1\,- - nTa)
9.Examine the parameter ‘p’ in sampling from binomial population with density

f(x.,n,p)=nC_p*q"",x=0.1..n by the method of moments.

= n
Sample mean x =—>"x, =m,
n o

Population mean g, = E(x) = np

np=x, p=

SN

m
n

. ..om
Estimate for parameter p is — .
n

10.By method of moments obtain the estimate for m and ¢ of the normal population

Sample moments a;=x ,H=x+0"

Population moments z, =m, u, = u, +(,) =0" +m’
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By the method of moments, m = x,a, =&~ +m’

—_—

l 2
o =a,-m =a,—Xx =5

-

Henceo=s
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