STATISTICS AND RANDOM PROCESSES
PART Il

Classification of States of a Markov Chain

If 2" >0 for some » for all  and 7, then every state can be reached from every

other state. When this condition s sausfied, the Markov chain 1s saud to be
wreducible. The TPM of irreducible Markov chain 1s an rreducible matnix
Otherwise, the cham s said to be reducible.

State 7 of a Markov chain is called a return state if 2"’ >0 for some n 2 1,

The period d, of a return state i is defined as the greatest common divisor of
all m such that p,"™ > 0, i.e., d; = GCD {m: p," > 0). State i is said to be
periodic with period d, if d, > | and aperiodic if d, = 1.

Obviously state i is aperiodic if p;, # 0. The probability that the chain returns
to state i, having started from state i, for the first time at the nth step (or after n
transitions) is denoted by £, and called the first return time probability or the
recurrence time probability. (n, ™), n =1, 2, 3, ..., is the distribution of
recurrence times of the state i.

If Fy= 3, £, =1, the retur to state i is certain.

-

u,= Y nf," iscalled the mean recurrence time of the state |.
aw]

A state i is said to be persistent or recurrent if the return to state i is certain,
e, i F, = 1. The state i is said 10 be fransient if the return (o state { is uncertain,
1e., if F ;< 1. The state i is said to be nonnull persistent if its mean recurrence
time 4, is finite and null persistent, if j1, = oo

A nonnull persistent and aperiodic state is called ergodic.

We give below two theorems, without proof, which will be helpful to classify
the states of a Markov chain.

I. If a Markov chain is irreducible, all its states are of the same type. They
are all transient, all null persistent or all nonnull persistent. All its states
are cither aperiodic or periodic with the same period.

2. If a Markov chain is finite irreducible, all its states are nonnull persistent.
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Example 1 The transition probability matrix of a Markov chain (X, ), n = 1, 2,
3, ..., having 3 states I, 2 and 3 is

0.1 05 04
06 02 02
0.3 04 03

P=

and the initial distribution is p'” = (0.7, 0.2, 0.1).
Find (i) P{X, = 3] and (ii) P{X, =2, X, = 3, X, = 3, X, = 2/.

Solution
01 05 04301 05 04 043 031 026
PP=pP=|06 02 02|06 02 02 |=|024 042 034
03 04 03103 04 03 036 035 029

() PX,=3)= i’, PIX, = 3IX, = i} % P{X, = i)

= p 3@ P((Xg = 1) + ppy® P(Xy = 2) + pyy® P(X, = 3)

=026x0.7+034x02+029x0.1
= 0.182 + 0.068 + 0.029
=(0.279
(i) PIX,=3IXy=2)= py =02 (1)
PIX,=3,X,=2) = P{X, = 3X, =2} x P{X, = 2)
=02 x02=0.04 [by (1)) (2)

P(X,=3,X,=3, X,=2)=P[X,= WX, =3,Xg=2) X P(X, = 3, Xy = 2)

=PX,=3X,=3) xP{X,=3,X,=2)
(by Markov property)
=03 x0.04 [by (2))
=0.012 (3)
P{Xy=2,X,=3,X,=3,X,=2)
=P{X;=2X,=3,X,=3,X,=2)
x P{X;=3,X,=3,X,=2)
= P{X;=2X,=3) xP|{X,;=3.X,=3,X;,=2)
(by Markov property)
=04 x 0.012 [by (3))
= (0.0048

RANDOM PROCESSES FOR MEDICAL ENGINEERING



Example 2 A fair dice is tossed repeatedly. If X, denotes the maximum of the
numbers occuring in the first n tosses, find the transition probability matrix P
of the Markov chain (X, ).
Find also P° and P(X, =6)

Solution State space: (1,2, 3,4, 5,6)
The tpm is formed using the following analysis.
Let X, = the maximum of the numbers occurring in the first n trials = 3, say
Then X, = 3, if the (n + I th trial results in 1,2 or 3

= 4, if the (n + 1)th trial results in 4

= 5, if the (n + 1)th trial results in 5

= 6, if the (n + 1)th trial results in 6

P 1 1 3

PIX=3X =3)==+—=% ===
lnl " l 6 6 6 6

PiX . =iIX,=3)= %, when i=4,5,6
Therefore, the transition probability matrix of the chain is
(16 1/6 1/6 1/6 1/6 l/q
0 26 16 16 1/6 1/6
0O 0 36 16 16 16

P=1o o o 46 ve ve

0 0 0 0 56 16

Lo 0o o 0o o0 1)
35 7 9 11
045 7 9 11
1lo o9 7 9 1
Pr=26lo 0016 9
000 0 25 11
000 0 0 36

Initial state probability distribution is p'® = (1.1.1.1.1.1) since all the
666666

values 1,2, ..., 6 are equally likely.

P{X,=6) = f, P{X, = 6/X, = i) X P(X, = i)

- :_St P

i=|
-lxlx(ll+ll+ll+ll+ll+36)
6 36

91

216
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Example 3 A man either drives a car or catches a train 1o go o office each day.
He never goes 2 days in a row by train but if he drives one day, then the next day
he is just as likely to drive again as he is to travel by train. Now suppose that on
the first day of the week, the man tossed a fair dice and drove to work if and only
if a 6 appeared. Find (i) the probability that he takes a train on the third day and
(ii) the probability that he drives to work in the long run.

Solution The travel pattern is a Markov chain, with state space = (train, car)
The tpm of the chain is

r cC
C\1/2 172

The initial state probability distribution is p'"’ = (%.%).

since P(travelling by car) = P(getting 6 in the toss of the dice)

) ¥
6
and P(travelling by train) = 3
; s1)(° ') (Lnu
e ( ](I/Z |/2]'( 2'2)

”m"’mp'(l'z :;)(l;)z |/2) (;_1 2—:)
i

*. P(the man travels by train on the third day) = %

|

Let x= (x,, x,) be the limiting form of the state probability distribution or
stationary state distribution of the Markov chain.
By the propertyof . P = &

0o 1
ie., (my, &) [|/2 |/2] = (R’ &)
ie., % = =, (n
and o+ % X =R, (2)

Equations (1) and (2) are one and the same.

Therefore, consider (1) or (2) with &, + &, = |, since & is a probability
distribution.

1 2

Solving, #, = — and @, = =

2. 3 U5 3

P{the man travels by car in the long run) = %
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Example 4 Consider a communication system which transmits the 2 digits 0
and | through several stages. Let X, (n 2 1) be the digit leaving the nth stage of
the system and X, be the digit entering the first stage (or leaving the Oth stage).
At each stage there is a constant probability q that the digit which enters will
be transmitted unchanged (i.e., the digit will remain unchanged when it leaves)
and the probability p otherwise (i.e., the digit changes when it leaves), where
p + q = 1. Write down the tpm P of the homogeneous two-state Markov chain
{X,). Find P"™, P~ and the conditional probability that the digit entering the
Sirst stage is O, given that the digit leaving the mth stage is 0. Assume that the
initial state probability distribution is p'o' = (a, I —a).
State of X,

01
Solution State space = (0, 1); P = State of X O(q P)

I\r q
Now Pz=(q p](q P]
v a)\p a
_[p*+d® 2pq )
2pq p+q’

r—;—[(41 +p) +(q-p)] %[(q +p) —(g-p»]

sla+» —@-p7?] Jl@+p’ +@-p7]

— + r

r 4 2’

l+l’.+£-£r. l_lr.+£+£r.
|2 2 2 2 2 2 2 2

Ly Loy L S0 L _Epm oL 4™

2 2 2 2 2 2 2 2

l-flr-" l—lr.’l
272 2 2

L-Lr." l+L’-‘|

2 2 2 2
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p~ = lim (P")= since Irf < 1

N~ -

N ==
1 | 1 |-

Now PIX,=0X,=0})=P{X,=0X,=0)} x P{X,=0)
- ()
= apPoy
Il'ld P'x-=0px°=l,=bp|o‘.’b=l-a
p{X°=0}xP{X= =0/X, =0}
PiXo =0} x p'™ + p{ X, =1} x B,'™

(by Baye's theorem)
a {l e | r"}
2 2

el 17

a(l+r")
= whereb=1-a
I+(a-b)r"™

Now PlX,=0X_ =0)=

Example S5 A gambler has Rs 2/-. He bets Re | at a time and wins Re | with
probability 172. He stops playing if he loses Rs 2 or wins Rs 4 (a) What is the
tpm of the related Markov chain? (b) What is the probability that he has lost his
money at the end of 5 plays? (c) What is the probability that the game lasts
more than 7 plays?

Solution Let X, represent the amount with the player at the end of the nth
round of the play.

State space of [X, ) =(0, 1, 2, 3,4, 5, 6), as the game ends, if the player loses
all the money (X, = 0) or wins Rs. 4, i.c., has Rs 6 (X, = 6). The tpm of the
Markov chain is

0O 1 2 3 4 5 6
of1 0 0 0 0O 0 0)
15 0 ¥4 0o 0o o o
200 ¥4 0o Y% o o o

P=310 o ¥ 0o Y% o o
40 o o Y% o ¥ o
550 o 0o o % o W
6lo o o o o o |J

Note This is called a random walk with absorbing barriers at 0 and 6, since
the chain cannot come out of the states 0 and 6, once it has entered them.

The initial probability distribution of [ X, } is p(0) = (0,0, 1, 0,0, 0, 0), as the
player has got Rs 2/- to start with.
pPV=p " P=(0,120,12.0,00)
pP=p"P=(1/4,0,1/2,0, 1/4,0,0)
PP =pPP=(1/4,1/4,0, 38,0, 1/8, 0)
PP =pM P =(3/8,0,5/16,0, 1/4,0, 1/16)
P> = pY P = (38, 5/32,0,9/32, 0, 1/8, 1/16)
P{the man has lost his money at the end of 5 plays)
= P{X5 =0} = the entry corresponding to state 0 in p'>
= 3/8
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Again p”=p” P=(29/64, 0, 7/32, 0, 13/64, 0, 1/8)

p”=p” P=(29/64,7/64, 0,27/128, 0, 13/128, 1/8)

P {the game lasts more than 7 rounds} = P {the system is neither in state 0
nor in 6 at the end of the Seventh round}
=P {X;=1,2,3,40r5}
=7/64+0+27/128 + 0 + 13/128 = 27/64.

Example 6 There are 2 white marbles in urn A and 3 red marbles in urn B. At
each step of the process, a marble is selected from each urn and the 2 marbles
selected are interchanged. Let the state a, of the system be the number of red
marbles in A after 7 changes. What is the probability that there are 2 red marbles
in A after 3 steps? In the long run, what is the probability that there are 2 red
marbles in urn A?

State space of the chain {X,} = (0, 1, 2), since the number of balls in the urn A is
always 2.

Let the tpm of the chain {X,} be

0 1 2

O( Poo Por Po
P=1| p, Pn Pn
2\ Py P2 Py

Poo = 0 (since the state cannot remain at 0 after interchange of marbles)

Po2>= P20 = 0 (since the number of red marbles in urn cannot increase or decrease
by 2 in one interchange)

To start with, A contains 0 red marble. After an interchange, A will contain 1 red
marble (and 1 white marble) certainly.

pg} = 1.

Let X, = 1, i.e., A contains 1 red marble (and 1 white marble) and B contains 1
white and 2 red marbles.

Then X,,.; = 0, if A contains 0 red marble (and 2 white marbles) and B contains 3
red marbles, i.e., if 1 red marble is chosen from A and 1 white marble is chosen
from B and interchanged.

" P{X,.; =0/X,=1}=p;p=1/2x1/3=1/6
Similarly, we can find p;, = 1/2x2/3 =1/3

Since P is a stochastic matrix, p;p + p;; + po=1
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I"l
n=y

Similarly, p,, = % and pyy =1 = (pyy + pyy) = %

o 1 0
P=| /6 /2 1/3
0 2/3 1/3

Now p'™ = (1,0, 0), as there is no red marble in A in the beginning.
pV=p"P=(0,1,0)

pr=pip=(L1.1)

6'2'3
pepors (.2, 2)

P{there are 2 red marbles in A after 3 steps)

PIXy=2)=p M= >

=PlXy=2)=p, T
Let the stationary probability distribution of the chain be 1= (%, &, T,).
By the propentyof I, x P=xand T, + x, + @, = |

0 I 0
e, (R m, %) 1/6 /2 13 | = (7 %y, X>)
0 2/3 113
1
Le., ot ]
¢ 6 1 =R

L]

l‘l"“l""zg x;

3 3
and B+ R+ o=
) i 6 3
so‘Vl" ™ = _-x - _'x N ——
. =100 10

- Plthere are 2 red marbles in A in the long run) = 0.3.
Example 7 Find the nature of the states of the Markov chain with the tpm

0o 1 2

of0 1 0
P=1|1V2 0 W2
20 1 O
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172 0 172
Solution P’-[ 0 1 0 ];P’-P
172 0 12
; Pi=p?
and so on. In general, P> = P2 P = p
We note that — po '@ >0, p,,"" >0, p,'™” >0
P> 0.9, >0,p,," >0
pmm >0, lem >0, pnm >0
Therefore, the Markov chain is irreducible.

Alsop /P =p W =p 50, forall i, all the states of the chain are periodic,

with period 2.

Since the chain is finite and irreducible, all its states are nonnull persistent.

All states are not ergodic.

Example 8 Three boys A, B and C are throwing a ball to each other. A alwayy
throws the ball to B and B always throws the ball to C, but C is just as likely to
throw the ball to B as to A. Show that the process is Markovian. Find the
transition matrix and classify the states.

State of X,
State of X, _, A B C

_A(O 10
Bl 0O 0 1
clwvz2 12 0

P

States of X, depend only on states of X, ,, but not on states of X, 5, X, ..., 0r
carlier states. Therefore, X, ) is a Markov chain,

0 0 1 172 U2 0
Now P=112 12 0 [;P=(0 112 12
0 w2112 14 114 172

p"m > 0.pnm> 0.pum >0, an > O,p”‘zi >0 and all O‘Mpijm> 0. Therefore,
the chain is irreducible.

0 172 112 14 1/4 12 /4 172 1/4

P=1/4 14 12); PP=|1/4 12 4], P°=[1/4 318 12

174 172 1/4 I/8 3/8 12 I/8 3/8 3/8
and so on.

We note that p, >, p,*, p'% p,'® etc are > 0 for i = 2,3, and GCD of 2,3, 5,
6, ...=1.

(MKU — Nov. 96)
Solution The transition probability matrix of the process [ X, ) is given below:

RANDOM PROCESSES FOR MEDICAL ENGINEERING



Therefore, the states 2 and 3 (i.e., B and C) are periodic with period 1. ie.,
apeniodic.,

We note that p, ", p,, '™, p,,* etc. are > 0 and GCD of 3, 5,6, ... = |

Therefore, the state | (i.e., state A} is periodic with period 1, i.e., aperiodic.

Since the chain is finite and ireducible, all its states are nonnull persistent.
Moreover all the states are ergodic.,
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