Markov chain

Definitions (Markov chain )

1. If, for all n,

P(X,=a/X,;=a,;, X,>=0a,5,.... Xp=ay)

=P(X,=a/ X, =a,1)
Then the process (X, n=0,1,2,.......... ) 1is called a Markov chain
Aypaneenn. are called the states of the Markov chain.

3. The conditional probability P;;(n-1, n) = P( X, = a;/ X,.; = a;) is called
the one-step transition probability from state a; to state a; in the n"
step.

4. If the one step transition probability does not depend on the step, then the
Markov chain is called a homogeneous Markov chain.

5. If the Markov chain is homogenous, the one step transition probability is
denoted by P;; and the matrix P = ( p;; ) is called the one step transition
probability matrix (tpm)
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Note
The tpm of a Markov chain is stochastic matrix. i.e.

a) p; =0 forall ij

b) E!'pij = 1 for all i (i.e. sum of the elements of any row is 1)

6. The conditional probability P;}“}= P( X, = a;/ Xy = a;) 1s called the n
step transition probability.

7. Let p; = probability that the process is in state ¢; at any step (i= 1,2,.., k).
Then the row vector p = ( p;, p2,++...... pi) 1s called the probability
distribution of the process at that time.

8. P¥ =% P PL%7)is called the initial probability distribution
where Pll[ “_p [X=11, Pz[ “J_p [Xg=2].coono. .. are the probabilities

for states 1,2,....

Note

The tpm together with the initial probability distribution completely specifies a
Markov chain.

Classification of states of a Markov Chain
Definitions

1. Irreducible Chain: If for every 1,j, we can find some n such that

pl.[;l} = 0, then every state can be reached from every other state, and the
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Markov chain is said to be irreducible. Otherwise the chain is non-
irreducible or reducible.

2. Return State: State i of a Markov chain is called a return state, if

pf;‘} = 0 for some n > 1.

3. Periodic State: The period d; of a return state i 1s the greatest common
divisor of all m such that pi{;“) =>0ied;,=GCD(m: p::;"} =0
State 1 is periodic with period &, if d; > 1 and aperiodic if 4; = 1.

4. The probability that the chain returns to state i, having started from state
i, for the first time at the n** step is denoted by j';fﬂ} and is called the first

return time probability.

5. Recurrent state: If Y=, fi'i(“} = 1, the return to state i is certain and the

state i is said to be persistent or recurrent. Otherwise , it is said to
betransient.

6. Non-null persistent state: p,,= X3, nﬁ;ﬂ) is called the mean recurrence

time of the state i. if g, 1s finite, the state i is non-null persistent. If

H;; = oo the state 7 is null persistent.

7. Ergodic state: A non-null persistent and aperiodic state is called ergodic.

Theorems used to classify states
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1. If a Markov Chain is irreducible, all its states are of the same type. They
are either all transient or all null persistent or all non-null persistent.

All the states are either aperiodic or periodic with the same period.

2. If a Markov chain is finite and irreducible, then all its states are non-null
persistent.

Solved problem

1. A housewife busy 3 kinds of cereals, A, B and C. She never busy the
same cereal in successive weeks. If she buys cereal A, the next week she
buys B. However, if she buys B or C, the next she is 3 times as likely to
buy A as the other cereal. In the long run, how often does she buy each of
the three cereals?

Solution

The transition probability matrix of the process is

0 1 01
301
220
L4 4 A

Let 7 = (7, , 7; ) be the steady state distribution of the Markov chain. Then
P = 7.

0 1 0O
3 0 1
['-’fn'-’fz.'-‘fa] 4 4|=(m,y ,my73)
3 1 0
2 a4
3, 31 _
2 g ™M
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Also ?1'1+?1'2 +‘H-'3 - 1

Solving, we get,

15 16 4

?I1=E:

In the long run, probability of buying A = g
In the long run, probability of buying B = §

In the long run, probability of buying € = %

2. Assume that the weather in a certain locality can be modeled as the

homogeneous Markov chain whose transition probability matrix is given
below.

Tomorrow’s weather

Today’s weather Fair Cloudy Rainy
Fair 0.8 0.15 0.05
Cloudy 0.5 0.3 0.2
Rainy 0.6 0.3 0.1

[f the initial state distribution is given by

P =(0.7,020.1)

Find P and lim,_,, P™

Solution
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The transition probability matrix is

0.8 0.15 0.05
P=|05 03 0.2
06 03 01

The probability distribution P 0 s

0.8 015 0.0
PV —plWp —10702 01]|05 03 02
06 03 0.1

=[0.72 0.195 0.085]

P@ =pWp 1072 0.195 0.085]|05 03 0.2

IU.B 0.15 D.GE]
06 03 01

= [0.7245 0.192 0.0835]

Let ™ = (7, , T, ) be the steady state distribution of the Markov chain. Then
nP = .

08 015 0.0

|7y, ]|05 03 0.2 |=(m,mm;)
06 03 01

ﬂ.ﬁ'ﬂ.’l + 0.57{2 + 0.6‘3{3 == 7{1

0.15m; 403w, +03n; =17,

0.05m, + 02w, +0.1m; =7,

Also T+, +7; =1

Solving, we get,
114 30 13

" T157 0 ™ TIE7r ™ T 157
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lim P =

i—=03

[114 30 13
157 157 157

3. Let (X, :n=1,23,....) be a Markov chain with state space
§ = {0, 1, 2} and one step transition probability matrix

0 1 0
po|l 11
4 2 4
0 1 0
I.  Is the chain ergodic? Explain.
II.  Find the invariant probabilities.
Solution
117
0 1 0jj0 1 0 4 2 4
pr|1 111 1. 1f 1 31
4 2 4|14 2 4 8 4 8
0 1 0Ji10 1 0 1 1 1
4 2 4
11y 13 L
4 2 41|10 1 0 8 4 8
pe_ft 3 Ifj1 1 1} _(3 5 3
8 4 8l||4 2 4 16 8 16
111010 )1 31
4 2 4- .8 4 g-

1% state ‘0’
p2 0,08 >0,
Period = GCD (23,..) =1

State 0 is aperiodic.

2" state ‘1°
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1 2
pgz) e O,pgz) = O,p{;? - | R

Period = GCD (1,2,3,...) =1

State 1 is aperiodic.

3" state 2’
pgza) = 0,p§33) - 3 | AR
Period =GCD(23,..) =1
State 2 is aperiodic.
Now
P > 0py > 0,97 >0
pgll) =0, pg) > 0,19%) =0
pg) =0, pglz) > O,pg‘;) =0

The chain is irreducible.

Also, there are only 3 states, so the chain is finite. i.e. the chain is finite
irreducible.

Hence, all the states are non null persistent. Since all the states are
aperidic and non null persistent, all the states are ergodic.

To find the invariant probabilities

Let the steady state probability distribution be & = [, m; 7]

Then P = m.

[mp m m,] =[my, m W]

Lo I S0 I e
[WEWvY ey
[~ EAN -
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Ty

Also E1+H2 +T€3 = 1

Solving, we get,

21
™16 356

4. A raining process is considered as a two state Markov chain. If it rains, it
1s considered to be in state 0 and if it does not rain, the chain is in state 1.

The transition probability of the Markov chain is defined as
P— 0.6 0.4]
02 08

I.  Find the probability that it will rain after three days from today.

II.  Find also the unconditional probability that it will rain after three
days with the initial probabilities of state 0 and state 1 as 0.4 and
0.6 respectively.

Solution
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P=[52 ol

=32 osllos oal=loZs 072
Pe=[028 o7allo2 osl~[312 06t

I.  Ifit rains today, then probability distribution for today is [1 0]

Probability distribution after 3 days

376 0.624
-1 t)][gm2 o-or] =10376 06241

Probability that it will rain after 3 days = 0.376

II.  Given initial probability distribution as [(0.4 (0.6], probability distribution
after 3 days

376 0.624

217 0.cggl = 03376 0.6624]

—[04 0.6] |B

Probability that it will after 3 days = 0.3376

5. There are 2 white marbles in urn A and 3 red marbles in urn B. At each
step of the process, a marble is selected from each urn and the 2 marbles
selected are interchanged. Let the state @; of the system be the number of

red marbles in A after i changes. What is the probability that there are 2
red marbles in urn A after3 step? I n the long run, what is the probability
that there are, 2 red marnles in urn A?

Solution

The number of red marbles in A can be 0, lor 2.
State space is (0,1,2)
By, = Probability there are no red balls in A in i" state and (i+1)" state

= () since after an interchange one red ball will definitely come to A.
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Foo For By
Letthe tpmbe |By P B
20 Fo1 Py

By the same argument B, =1

Now Fpg +Fyy +Fp; =1 Therefore Py, =0

Fo =P(Xps =0/%, =1)
= P( Red is taken from urn A and white is taken from urn B)

1.1 1
273 6

P;>= P(1 white is taken from A and 1 red is taken from B)

1 1

E+P11 +§= 1
1

Pu =E

P>;= P(1 red 1s taken from A and 1 white 1s taken from B)

2 2

=1X=-==
3 3

Now

Pzn +P21 +P22 = 1
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e
3

|
K | b

==

G| b b | ==
G ] e D = S

Before the process starts, there is no red ball in A,

Initial distribution is P*®? = [1 0 0]

0 1 O
1 1 1
PO =pOP_-T100]|s z 3|=[010]
o 2 1
L 3 3 -
HE
- = = 111
PO =plP=[010]l6 2 3|=|- = =
2 1 6 2 3
0 - —
" 3 3
HER
111 = = 1 23 5
pEA_plp_|- - = == = =
6 2 3 6 % ? 12 36 1
) R —
" 3 3

P ( there are 2 red marbles after 3 steps ) = %

Let the steady state probability distributionbe ™ =[m, m, ]

Then TP = .
0 1 0
i 11
[y my mlle 2 z|=[mp m =]
o 21
2 32
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5
T 2

?rﬂ +?1+T2 == 'ﬂ-]_
T I
%o
Also
Solving, we get,

_ 1 _ 6
[ RET T =30’

_ 1 6 3
"=l10 10 10

In the long run, probability of 2 red marbles in run A = =

Ty +I, +713 =1

3

=70

10

6. A man either drives a car or catches a train to go to office each day. He

never goes 2 days in a row by train but if he drives one day, then the next
day he is just as likely to drive again as he is to travel by train. Now
suppose that on the first day of the week, the man tossed a fair dice and

drove to work if and only if a 6 appeared. Find

1. The probability that he takes a train on the third day, and

2. The probability that he drives to work in the long run.

Solution
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The state space of the Markov chain is { Train, Car}. The transition probability

B
matrixisP=|1 1
2 2

Now , on the first day,

P(driving to work) = P(getting 6) =

o | =

P(taking a train) = %

The initial probability distribution is

b 1
w_|= =
P 6 6]
Now
0 1110 1 % %
2 __ =
pr=fl 1fj1 1f_(2 2
2 2112 2 - -

The probability distribution for the third day
ie.

p3) - pip2

_[Eli
~ L6 el|L

11 13

124 24

| apa| =

Probability that he takes a train on the third day =1—2:

Let T = (7 , T, ) be the steady state distribution of the Markov chain. Then
nP = 1.
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1
[, 7‘2][[1) 1]= [y 73]
2

2
i
— =T
2 1
(5
T, +— =T
1 2 2
Also H1+?fz =1

Solving, we get,

iy

I
Q] et
by

I
il ba

The probability that the man drives to work in the long run =§

7. Let {X,; m=1,23,..} be a Markov chain on the space § = {1,2,3}

with one step transition probability matrix

0 1 0
1 1
P=|2 s
202
1 0 0

1. Sketch the transition diagram.
2. Is the chain irreducible? Explain.
3. Is the chain Ergodic? Explain.

Solution
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L1
7 0 3 2 2,
PP=|1 1 PP=|- - =
2 20 I
g 1 0O -iﬂi-
1 1 17 1 1 17
22 1 711
profl 11 ppofd 11
2 4 4 g 2 8
11, 111
2 2 - L4 2 4

*pﬂ} = O,pﬂ} > D,pﬁ,_} =0
psy > 0,05 > 0,pf; >0

psy > 0,057 > 0.pz; >0
The chain is irreducible.
Period of state 1 = GCD(2,345,...)=1
Period of state 2 =GCD(2,34,5,...) =1
Period of state 3 =GCD(3,5,...) =1
All the states are eperidic.
There are only 3 state, hence the chain is finite.

All the states are non-null persistent.

Since all the states are a periodic and non-null persistent, they are ergodic.
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