Markov chain CONTINUED

This lecture begins with problems and solutions from lecture eight where using
Markov’s property, we were solving these problems and presenting solutions
thereafter. These problems come with solutions to help you grasp the concepts.

8.The one step T.P.M of a Markov chain {X,; n=1,23,..} having state

0.1 05 04
space § = {1,2,3} is |0.6 0.2 0.2| and the initial distribution of
03 04 03

1y (0.7,0.2,0.1) Find
. P(X, =3/X,=1)
2. P(X;, =2,X, =3,X, =3,X, = 2)
3. P(X; = 3)

Solution

0.1 05 04][01 05 04 043 031 0.26
P*= |06 02 02|06 02 0.2|= |0.24 042 034

03 04 031103 04 03 0.36 035 0.29

P(X; = 3/X, = 1) = elementin (1,3)™ position in P = 0.26

P(X, = 3/X, = 2) = elementin (2,3)* positionin P = 0.2 (1)
P(X,=3,X,=2)=P(X, =3/X, =2)P(X, =2)
(Since AN B =P (2)P(m))
=0.2%0.2 using (1) and 7,
=0.04 2
P(X, =2,X, =3,X, =3,X, = 2)
=P(X; =3/X, =3 ,X, =2)P(X, =3,X, = 2)
=P(X;,=3/X,=3)P(X;,=3,%,=2)
Using Markov property

= (2,3)" elementin P % 0.04
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=0.3x0.04=0.012 (3)

=P(X;3=2/X;=3,X,=3,K=2)P(X;3=2,X,=3,X,=2)

= P(X; = 2/X, = 3) % 0.012 using Markov property and (2)
= (3,2)t elementin P X 0.012
=0.4%0.012=0.0048

Now T, = 7, P?

=[0.7 02 01] 024 042 0.34

’0.43 0.31 0.26]
0.36 035 0.29

-[0.385 0.336 0.279]
P(X, =3)=0.279

9. Three boys A,B,C are throwing a ball to each other. A always throws the ball
to B and B always throws the ball to C, but C is just as likely to throw the ball
to B as to A. Show that the process is Markovian. Find the transition matrix and
classify the states.

Solution

The state space is [A B C]. The tpm is
010

SEE
- =0
2
The state in the (n+1)" step depends only on the n" step and not on the

previous steps, Hence the process is Markovian.

Now
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0 1 0]0 1 0] [@ 01
pofo o 1o o 1f_[; 2 0
1 1 101
22 Az 2 9 o2
) - - L 2 2
] 11 -
00 ;'u 10 |2 3 ‘1]
Pz z Tf1T D M=[o 3
0z =5 79 |2112
- B Ls & 2-
- 1 1-
0 3 3
pift L1
12 2 2
i 11
s 2 4
1 1 1
4 a 2
p-|r 1 1
a2 2z a
13 1
g g 2
Classification of states
1% state A
22 20,05 > 0 e
Period = GCD(35,..)=1
2" state B and 3" state C
p2 = 0,02 > 0,p2 »q,........
p2 50,02 5 0% >0,........

Period of B=GCD (2,3 4,..) =1

Period of C= GCD (23,4,..) = 1
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All the states A,B,C have period 1. i.e. they are aperidic

Now

a3 1 2
'PL} pe 0,1:?{‘.,_?J > ﬂ,piaj >0

pfl} = ﬂ,pgi} > U,pgl_,'} =0

psy > 0,05 > 0,07 >0

The chain is irreducible. Also since there are only 3 states, the chain is finite.
1.e. the chain is finite and irreducible.

All the states are non-null persistent. Since all the states are aperiodic and non-

null persistent, they are ergodic.

10.Consider a Markov chain on (0,1,2) having transition matrix given by

0 1 0
1 0 0
=111 o
2
1. Show that the chain is irreducible
2. Find the period
3. Find the stationary distribution
Solution
0 1 0][0 1 O '%%0'
P2=100100=001
= 20|z = 0of [ o ¢
2 2 1lz 2z 2 2
| . -1 1-
o010 |23
P=lo o 1f|1 @ 0|=|2 2 o
1 1|2 L o] |2 2
= 0 -z 32 111
-2 2- s a4 2-
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19 I 111
2 21[0 1 0 4 2 2
pi= 11 0 1 0 0|2 0 1
2 2 11 2 2
11 1fl; 3 111
s & 2 s 4
1 1 I 111
2 4 2|0 1 O 2 4 &
pf= 1 0 i1 0 oj_jr 1 1
2 | BN 4 4 2
1 1 1}, 4 2 11
2 4 & B B 2

1. pﬁ) = ﬂ,pizz} = 0,'p{? =0

1 2
pgl) =0, pﬁj =0, 'pg_,? =0
psy > 07 > 0,5 >0
The chain is irreducible.

2.

State 0
pi7 >0, >0, p¥ >0,......
Period = GCD (2,34,..) =1
State 1
'Pg} =0, 'pf;} =0, e
Period =GCD(3,5,..) =1

State 1
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2 3
22 >0, p2 >0,

Peried = GCD(23,..) =1
3.

Let the steady state probability distribution be @ = [, 7, ;]

Then TP = .

[ry, 7 m]|; =[m, m; ;]

=
M
oo

+22

T — =T

2 3 i

T3

— =TT

2 2

n, = Ty

AISD ‘H’l+'ﬂ'2 +'Ii.'3 - 1

Solving, we get,

_2 _1 _2
WI_SI KZ_EJ H’-?-_E
_ﬁ.lg
™15 55

11.The tpm of a Markov chain with three states 0, 1, 2 is
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TS ] ] G

s | QADNI] =a ] =
el

and the initial state distribution of the chain is P[Xy = i] = % ,i=012,....
Find

I. P[X,]=2

2.PIX;=1,X,=2X,=1%X;, =2]

3. P[.X_E.:-.I.JX =0]

Solution
Given
3 1
i
p=|t 1 1
‘11
0 7 3
"5 5 11
2 16 16
8 3
PP =P =gstateof X, ;, =|— — —
Mo1=|T6 T¢ 16
3 9 4
16 16 16

From the definition of conditional probability

1.
P[X,;=2] =Xy P[X; = 2/X, = i{IP[X, = i]
=P[X; = 2/X, = 0]P[X; = 0]+ P[X; =2/X, = 1]P[X, = 1]

+P[X, = 2/X, = 21P[X, = 2]
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P = (Xaq )

b [ea [ e e
[
[}
[
=

P[X,=2] = PEP[X, = 0]+ PS'P[X, = 1] + P2'P[X, = 2]

1|1
ALzt
2 116 186 1 -]

2.
31
4 4

p_ft 11
‘11
0 7 z

P[Xa = I,Xz = z,xl = :L-Xu = 2]
= P[X; =1/X, = 2|P[X, = 2/ X, = 1]P[X, = 1/ X, = 2]P[X,
=2]

=By Ry Ry PR, = 2

T 4443 64

From P°, we get P[ X, =1,X, =0]= Pn[f} = %

P[X,=1,X, =0]1=P[ X, = 1/X, =0]P[ X, = 0]

12.A student’s study habits are as follows. If he studies one night, he is 70%
sure not to study next night. On the otherhand, the probability that he does not
study two nights in succession is 0.6. In the long run, how often does he study?

Solution
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The states of the system are S: Studying and T: Not Studying

The tpm of the Markov chain is

3 0.7]

P=loa 0

Let T = (7, , ™, ) be the steady state distribution of the Markov chain. Then
P = .

0.3m, +034mw, =m,

0.7m, +06n, =mn,

Also T+, =1

Solving, we get,

The steady state distribution of the given Markov chain is

7‘_[11 11

) . 4 )
Thus is the long run, the student studies a of the time.

13.A salesman territory consists of three cities A,B and C. He never sells in the

same city on successive days. If he sells in city A, then the next day, he sells in

city B. However, if he sells in either B or C, the next day he is twice as likely to
sell in city A as in the other city. In the long run, how often does he sell in each
of the cities?
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Solution

The tpm of the given problem is

0 1 0
2 0 1
P=|3 3
2 1 0
3 3

The given problem describes a Markov chain with three states as three cities
AB,C.

We require the steady distribution of Markov chain for finding the probabilities
in the long run.

Let the steady state probability distribution be @ = [m; m; ;]

Then P = .

0 1 0

2o 1
[Ty @y 7 ]|= z|=[my m m]

2 1

- =10

2 3
g(n']_ +'3'[2)=?[1 #Bﬂl—zﬁz_z?fg =0 (1)
?!'1 +R-?B= 'ﬂ-z = 3?[1 _Eﬁg +'ﬂ'3 = 0 (2)
-
? - KB = 1{2 = 331-3 (3)

2T
3

Form (1) and (2), 3m; — 8wy =0 = w; =

207,
3

3

=1=m =5
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The steady state probability distribution is

w

8 9 3
-Is 35 ,ﬁ] — [0.40,0.45,0.15]

Thus in the long run, he sells 40% of the time in city A, 45% of the time in the
city B and 15% of the time in city C.

14. A Psychologist makes the following assumptions concerning the behavior of
mice subjected to a particular feeding schedule. For any particular trial, 80% of
the mice that went right on the pervious experiment will go right on this trial
and 60%of those mice that went left n the previous experiment will go right on
this trial. If 50% went right on the first trial, what would he predict for (i) the
second trial (i1) the third trial (111) the thousandth trial?

Solution

The states of the system are R(right) and L(Lift). The transition matrix is

P=[g.su 0.20
60 0.40

The probability distribution for the first trial is P} = (0.5 0.5)

To compute the probability distribution for the next step i.e. in the second trial,
we compute P1#) = PP

0.80 0.20
P®) = (05 0.5)| o o'aql = ©-70 03)
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Thus on the second trial, he predicts that 70% of the mice will go right and 30%
will go left. The probability distribution for the third trial is

80 0.20

60 030 — (074 026)

P® — p@p — (0.70 0.3) [g
Thus on the third trial, he predicts that 74% of the mice will go right and 26%
will go left.

We assume that the probability distribution of the Markov chain for the
thousandth is essentially the steady state probability distribution.

Let = = (7, , 5 ) be the steady state distribution of the Markov chain. Then
P = .

0.80 0.20
[Hl T"‘1‘-..'3_'.] [0.60 0-40] = [Kl ?rﬂ. ]

2?{1 - 6?:2 = 0

Also ’ﬂ.‘l +H2 = 1

Solving, we get,

T=|-

i)
4 4
Thus he predicts that , on the thousandth trial, 75% of the mice will go to the

right and 25% will go to the left.

15. Suppose that the probability of a dry day (state 0) following a rainy
day(state 1) is ; and that the probability of a rainy day following a dry day is %

Given that May 1 is a dry day, find the probability that (i) May 3 is also a dry
day (i1) May 5 is also a dry day.

Solution
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This is a two state Markov chain with the probabilities P34 = % and Pg; =

Ba | b

F

State set ={0,1} where 0: Dry day and 1: Rainy day

1 1

The tpm of the Markov chain is P = ‘E i

3 3

First let us compute P P’ and P*

5 7 29 43 173 259
P? = 12 12 P = 72 72 P4 = 432 432
711 P43 65| 71250 389
18 1 108 1 048 648

Given that May 1 is a dry day

The probability that May 3 is also a dry day = Pﬁ) = %

173

The probability that May 5 is also a dry day = Pn(;} =2
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