Poisson Process

If X(1) represents the number of occurrences of a certain event in (0,) then the
discrete random process {X(t)/ is called the Poisson process, provided the
following postulates are satisfied.

I. P(1occurrencein (Lt+Aat)) =2 At+0(AT)
2. P(0occmrencein (tt+at))=1—-2At+0(AL)
3. P ( 2 or more occurrence in (t,t 4+-A 1:]) =0(A1)

4. X(t) 1s independent of the number of occurrence of the event in any
interval before and after interval (0,¢)

5. The probability that any event occurs a specified number of times in
(£4.Lq + T) depends only on T and not on £.

Probability law for the Poisson process {X(1)}

(Af)me

B.(8) = PCR(®) =m) = ——

, mn=0123 . .

Proof:

Let A be the number of occurrences of event in unit time.

Let B, (t) = P(X(t) = n) = Probability of n accurrences in (0,t)
Pﬂ(t +At)=PX(t+at)=n)
= P(n— 1 occurrences in (0,t)and 1 occurrencein (L +A T)

+ P(n occurrences in (0,t)and 0 occurrence in (L, £ +A 1))
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=F,,(f)Aat+ B(i)(1— 4 A1), neglecting O(A t) terms
=P, ()AAt+ B(t) — B (t)hat

AL M(Bana (8) A= By (1))

Taking limit as A Tt — 0, we get
By (£) = S B(£) = A(By_y (£) A t— By (2)) 1)
Let the solution of (1) be

B0 =2Efc0) )

Differentiate (2), with respect to 7

PL(2) = [M““f(t)ﬂ"‘f (0] 3)
Using (2) and (3) in (1)
(m:)“ . e (™t (D"
— "+ ()] = AMa—Dn ,
Arpm1 A= ™ Argrt a(agm™
i.e.
H"I‘l T TL
o= r0
£(6) = =2 ()
f(@)
=—A
f(©)
Integrating, we get log(f(t)) = —At+c
f[!'.') — E—Atﬂ: — kﬂ—?.t (4)
Where k = e°
Now
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(A"

R0 = £(D
By (t) = fF(r)
B (0)=f(0)

i.e. using (4), we have
P(X(0)=0)=ke™®
1=k
(since P(no event occurs in (0,0)=1)

Substituting in (4) we get

fl)=e™
By equation (2)
A ﬂe—lt
B.(t) = % n=0123,...

Note

A can be a constant or a function of . In the above derivation, A is assumed to be
a constant. If A is a constant, the process is called a homogeneous Poisson

process.

Mean of the Poisson process

Mean = E{X(t)}
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- (A)"
‘“Z (n—1)!
@0 G0° ]

T TR

- ' (@’
— ok
=e 1'5:«\,1;[1+ TR TR

= e~ M)re™ = At
Mean = At

Variance of Poisson process
EX*(0) = ) 7B, (1)

= g —X
=Z[n[n 1) +n]——— (M i

'ﬂ:

= At ﬂe—?.t = tﬂE—M
= E nn— 1](—+ E n_L
n! n!
n=0 n=0

(A"

MZ( 2)r
_on G2, @7, E?;z;i...]m
= ™ (Ar)* [1+;;1:+Gf2+---]+3,t

=eM(AD%e™ + At
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= At(At+ 1)

Var{X(0)} = EX2 ()} — (EX®D?
= At(At+ 1) — (At)2 = At

Note

Since mean {X(t)} is not a constant, the Poisson process is not stationary.

Autocorrelation of the Poisson process
Rxx(11,12) = E(X (5 )X(t3))
= E[X(H)(X(tz] - X(H)) +X@, )T
= E[X(t; )E(X(t;)— X(t; )+ E(X(t;, DT
(Since {X(t)}is a process of independent increments)
= At (A, — At )+ (At))2+ A, if 1, >
=A%t t, — A%, 2+ A% 2 4 At
=A%t t, + AL,
=A%t t, + A min (t,,t;)
Rxx(t,t:) = A2tyt, + A min (t,,t, )
Auto covariance

Auto covariance = Cyx(T4,15 )

= Ry (ty,t; ) — E(X (1, )X(t;))
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= A%t,t, + Amin(t,,t, ) — At t,
— lmiﬂ(tl,tz]

Correlation coefficient

. . . _ Cxx(titz)
Correlation coefficient = Voarla,var (K )

_ Amin (t; tz)

Aty Aty

___ Aty

letiltz

X
tz
Second order Poisson process
Second order probability function of a homogeneous Poisson process.
=P(X(t,) =n, ,X(t,)=n,) (assume t; < 1»)
=P(X(t1) = ny )P(X(t2) = np /X (1) = 14)
=P(X(ty) =n )P(X(t; —t1) =n; —ny)

B_]ltj_ (?‘t:l. :|l1;|_ S'_‘]I": tz_ti}{};{tz _tl}]nz—n:_

na! (mz—m, ¥

A
e 2z lzt;_"- (fp—£, )27
= ) lf ?12 = 1’11
ny l(ng—ny )t

0 otherwise

Similarly, the third order probability function is
p(X(t)) = ny, p(X(t) = n, p(X(t3) = n3)
A
=g M)z gz )2 tf T (t, — £, )= (e, — )M if Ny = 1y =N,

0 otherwise
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Properties of Poisson process
1 The Poisson process is a Markov process

Proof

p(X(t3) = ny/ X(t;) = n; and X(t3) = n3)

_ P(X{zy)=ny X(t;)=n; X(t5)=n3)
- P(X(t,)=n, X(t,)=n5)

A
e M2pMag Tz AZ¢TL (p,—¢,) M2 Ral(z, ¢, )03 N2 1y Mg —ng )t

- n, (g —n, ) (ng —ny)! e~Atzanz ]2 (¢, —t, )21

(by second and third order probability functions)

B—ltzaﬂa. &3 _t_.z}(na—ﬂzﬁ'

e~ Atz A2 (ng —n, )!

= P(X(t3) = na /X(L;) = ny)

(by comparison with the derivation of 2™ order probability function)

Thus, the conditional probability distribution of X{Z3) given X(t,) and
X(t;) depends only on the latest value X(t;) = n,. Hence the Poisson

process 1s a Markov process.
2 The sum of two independent Poisson process is a Poisson process.
Proof.

Let X(t) = X, (t) + X, (1)

Where
t T —}u.lt
P(X, (D) = n) = % n=0123, .. ..
O.zt)ﬂg—lzt
PR () =m) =22 n=0123,....

nl

P(X® =m) = ) P(X,() =P, (D =n—1)
=0
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By independence of X(t,) and X(t;)

B i (.?blt)ﬂﬁ_l"t (?tﬂt]ﬂ—fre—.lzt
B (m—r)!

gy 10" a)"

n! (n—r)!

=0

— et ) Z n,, [111:)“[2.,21;)“-"

E—ﬂ?‘.l +.?«.2} [.?blt 4+ .?Lgt)ﬂ
n!

X, (t) + X, (t) is a Poisson process with parameter (&, + A,;)t

3 The difference of two independent Poisson processes is not a
Poisson process.

Proof

Let X(t) = X, () + X, (1)

Then E{X(t)} = E(X, (1)) — E(X5(1))

= A t— gt

= (AL — M)t

E{(X*(1)} = E(X?, (1)) — X%,(t) — 2X, ()X, (D)

= E(X?,(©)— E(X*,(0) — 2E(X,(0)E(X, (1)
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By independence of A(t;) and X(t;)
= (0% + At + (A% — At — 2R, st
= (A +22)t+ (A —A5)t?

This is not equal to (A; — A;)t+ (A; — A,)*t2

Note that if X(t) is a Poisson process with parameter At, then
E(X?(0}= () + &t

Hence X, (t) — X, (t) is not a Poisson process.
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