Problem Discretization using Approximation Theory 11

Discretization using Finite Difference Method SKG

To begin with we present an application of scalar Taylor series expansion to discretization of ODE-BVP
and PDEs. Even when the domain of the function under consideration is multivariate, the Taylor series
approximation is applied locally by considering one variable at a time.

1 Local Approximation of Derivatives using Taylor Series Expansion

Let function #(z) denote an n-times differentiable function where the independent z € [, &]. Consider
the problem of developing a local approximation of derivatives of (z) at a point, say z = Z, in (@, &).

Let Az = () represent a small perturbation from z = 7 such that [Z — Az, Z + Az] € [@, 2] If &2 is
sufficiently small, then, using the Taylor Series expansion, we can write

w(Z + Az) = u(Z) + [—d“g) ](ﬂz) + %—dzjz(f)mz)z ¥ %—‘pm‘gf) (82)° + r4(Z,42) (22)

Similarly, using the Taylor series expansion , we can express #(Z — Az) as follows

u(z - 82) = w(Z) - T azy %%(&)2 - %%(mzﬁ +74(Z,02) (23)

From equations (22) and (23) we can arrive at several approximate expressions for (%‘) at z = 7.

Rearranging equation (22) we obtain

du(z) _ [u(?‘f‘ﬂz)_u(?)] - dezu(?) g)ﬁ-} (24)

dz Az dz? 2

and, when Az is sufficiently small, then neglecting the higher order terms we obtain forward difference
approximation of the local first order derivative as follows
du(z) | u(zZ + Az)—u(z)
dz Az

Similarly, starting from equation (23), we can arrive at backward difference approximation of the local
first order derivative, i.e.

du(z) . u(Z)—-u(z - Az)
dz Az

It may be noted that the errors in the forward and the backward difference approximation are of the
order of Az, which is denoted as O(Az). Alternatively, subtracting equation (23) from (22) and
rearranging we can arrive at the following expression

du(z) _ [(Z+8z)-w(Z -A2)] [ oy, AL
z ) [“*‘ i ”"'} @)

and, for sufficiently small &2, we obtain central difference approximation of the local first order
derivative by neglecting the terms of order higher than Az? , i.e.

du(z) | [u(Z +182) - u(Z - A9)] (5
dz 2(A2)

The central difference approximation is accurate to O[(AZ)Z] and is more commonly used.

To arrive at an approximation for the second order derivatives at Z = Z, adding equation (23) with
(22) and rearranging, we have

du(Z) _ [u(Z +82) - 2u(Z) +u(Z - A2)] [, d*u(Z) (Ae)? 27)
e (ﬂz)2 - X 7 ...

When 42 is sufficiently small, we obtain the following approximation for the second derivative

d2u(Z) w7 + Az) - 2u(Z) + u(Z — Az) (28)
dz2 - (ﬂz)2

Note that errors in the approximations (26) and (28) are of order O[ﬂz)z]. This process can be

continued to arrive at approximations of higher order derivatives at Z = Z.

The approach developed for function of one independent variables can easily be extended to arrive at
local approximations to partial derivatives of a continuously differential function in multiple variables. For

example, Let function u(x,y) denote an n-times differentiable function where the independent



x € {a,b) and z € (¢,d). Consider the problem of developing a local approximation of partial
derivatives of #(x,¥) at a point, say X = X € (&,%) and ¥=F € (c,d). Let &x > 0,4y > 0

represent a small perturbations from * = X,¥ = ¥ such that [X —Ax, T + Ax] € [@,2] and
[ — Ay, 7 + Ay] € [¢,d]. Then, using similar argumemnts, we can arrive at the following
approximations of the first and the second order partial derivatives and so on.

du(X,y) _ [u(X +Ax,y)—u(x - AX,y)]

29
dx 2(Ax) (29)

du(@.y) . [F.5 + &) - u(F.57 ~ AV)] (30
dy 2(Ay)

d T, y) . (X +4x,7) = 2u(T + Az, 7) + u(X - AT, 7) (31)
dx? (Ax)?

2 Discretization of ODE-BVPs

Consider the following general form of 2™ order ODE-BVP problem frequently encountered in
engineering problems

W[i—;‘,%,u,z] =0 for ze (0,1) (32)

BC 1(atz=0) :fl[%,u,ﬂ} -0 (33)

BC 2(atz=1) ;fz[%,u,q = 0 (34a)

Let u*(z) € CQ)[U,l] denote the exact / true solution to the above ODE-BVP. Depending on the
nature of operator ¥ it may or may not be possible to find the true solution to the problem. In the

present case, however, we are interested in finding an approximate numerical solution, say ¥(Z), to the
above ODE-BVP. The basic idea in finite difference approach is to convert the ODE-BVP into a set of
coupled linear or nonlinear algebraic equations using local approximation of the derivatives based on the

Taylor series expansion. In order to achieve this, the domain U £z £ 1 is divided into (% + 1) grid

points Z1......Zn,Zn+] located such that

Z1 =0-€22<Z3‘”< Zu+l =1

The simplest option is to choose them equidistant, i.e.

zi=({-1D{Az)= (G- Din) for i=1,2,. . ,n+1
which is considered for the subsequent development. Let the value of the approximate solution,

u(z), at location Z; be denoted as #; = u(z;). If Az s sufficiently small, then the Taylor Series
expansion based approximations of the local derivatives presented in the previous sub-section can be
used to discretize the ODE-BVP. The basic idea is to enforce the approximation of equation (32) at each
internal grid point. The remaining equations are obtained from discretization of the boundary conditions.
While discretizing the ODE, it is preferable to use the approximations having similar accuracies. Thus,
central difference approximation of the first derivative is preferred over the forward or the backward

difference approximations as order of error in approxmations is O[(Az)z] which is similar to the order
of errors in the approximation of the second order derivatives. The steps involved in the discretization
can be summarized as follows:

« Step 1 : Force residual &; at each internal grid point to zero,i.e.,



= (u,-+1—2u,-+ uz’—l) (uz'+l_u1'—1) o | =
. q)[ @2 ) Z’] ’

(35 & 36)
i=2,3...,n
This gives rise to (%2 — 1) equations in (2 + 1) unknowns {%; :i=1,2,.. .2+ 1},

e« Step 2: Use boundary conditions to generate the remaining algebraic equations. This can be
carried out using either of the following two approaches

o Approach 1: Use one-sided derivatives only at the boundary points, i.e.,

A [%,ul,o} =0 (37)

i —u
fz[%,uml,l} =0 (38)
This gives remaining two equations.

o Approach 2: This approach introduces two more variables #g and ;42 at two
hypothetical grid points, which are located at

znp =21 — Az = =-Az
Zpta = Zpy] + Az = 1+ Az

With the introduction of these hypothetical points, the boundary conditions are evaluated

as
fl[—(ué;:;),ul,ﬂ] =0 (39)
FolZ2E 1 1] = 0 (40)

Now we have %2+ 3 variables and #+ 1 algebraic constraints. Two additional algebraic
equations are generated by setting the residual at the boundary points to zero,i.e., at Z;
and Zu4l] ,i.e.,

_ _ (uz - 2u1 + uo) (uz - uu) _
31(2—0)—‘1’[ 2)? T ,u1,0j|—0
_ _ (un+2 - 23"";»:1-1 + un) (un+2 - un) _
Rn+1(z—1)—"1’|i )2 TS ,un+1,1j|—0

This results in (%2 + 3) equations in (#+ 3) unknowns {%; 1= 10,12, 2+ 2}.

It may be noted that the local approximations of the derivatives are developed under the assumption
that Az is chosen sufficiently small. Consequently, it can be expected that the quality of the
approximate solution would improve with the increase in the number of grid points.

Example 9 Consider steady state heat transfer/conduction in a slab of thickness Z, in which energy is
generated at a constant rate of ¢ Wim> . The boundary at Z= 0 is maintained at a constant
temperature 77 ,while the boundary at Z = L dissipates heat by convection with a heat transfer

coefficient % into the ambient temperature at 7w . The mathematical formulation of the conduction
problem is represented as a ODE-BVP of the form

2
k%+q=0for0<z-c:£ (41)



BCatz=0 TO)=T" (42

BCatz=1: k[ﬂ] = h[Te — T(L)](43)
dz lz-i
Note that this problem can be solved analytically. However, it is used here to introduce the concepts of
discretization by finite difference approach. Dividing the region 0 < z £ L into # equal subregions with

Az = Lin and setting residuals zero at the internal grid points, we have

(Ti1 — 2T+ Ti1) + 9 _ 0 (44)
[:1‘5.2)2 k

fori = 2,3,....2 Using the boundary condition (bcly)i.e. (71 = T"), the residual at Z2 reduces to
— 2Ty + Ty = —(Az)? (%) _ T (45)

Using one sided derivative at Z = £, boundary condition (43) reduces to

Tn+1 - Tn)

(
i = (T — Top1) (46)
) ( 1)

or

T (1+ 282) - T, = hﬁz’% (47)

Rearranging the equations in the matrix form, we have

r
X=[T2 T3 Tm—l j|

2 1 0 0 0
1 -2 10 0
0 1 -2 1 0
A=
-2 1
0 0 .. .. =1 (1+hdzik)

Thus, after discretization, the ODE-BVP is reduced to a set of linear algebraic equation and the

transformation operator . It may also be noted that we end up with a tridiagonal matrix &, which

is a sparse matrix i.e. it contains large number of zero elements.

Example 10 Consider the ODE-BVP describing the steady state conditions in a tubular reactor with
axial mixing (TRAM) in which an irreversible 2nd order reaction is carried out at a constant temperature.
The steady state behavior can be modelled using the following ODE-BVP:

1 d*C _dC _ 2 o <7< 1) (48)
545 -9 pac?=0 (0szs1)



ECatz=10" “{—'j = Pe(C— 1) at z=10, (49)
BCatz=1: i_' -0 at z=1, (50)
Forcing residuals at (n-1) internal grid poiLriits to zero, we have
1 T —2C;+Cip _ Cin —Ci _ 2
P (a2y? 2y
i=273,...n
Defining
1 1 . 2 1 1
a = - = —=—— ¥ = +
((ﬁz)zPe 2(ﬂz)) (Pe(ﬂz)z) ((ﬂz)zPe 2(&2))

the above set of nonlinear equations can be rearranged as follows

aCy1 — BCy+ yCi = DaC?

i=2,3,...»%
The two boundary conditions yield two additional equations

Co—0C _ B
T—P@(Cl l}

|:—j:r:+l_(--:‘:r.- _
T_O

The resulting set of nonlinear algebraic equations can be arranged as follow

TX) = Ax-G(x) =0 O

where
o [ _Po(az) |
C DaC?
X = CGx =
DaC?
c';-=+1 0
_—(1+ﬂzPe) 1o .0 |
Y -5 a
A= R 1} (52)
..... -f a
0 =11

Thus, the ODE-BVP is reduced to a set of coupled nonlinear algebraic equations after discretization.

To provide some insights into how the approximate solutions change as a function of the choice of #, we
have carried out simulation studies on the TRAM problem (with Pe = 6 and Da = 2). Figure 2
demonstrates how the approximate solutions behave as a function of number of grid points. As can be
expected, more and more refined solutions are obtained as number of grid points increase.

3 Discretization of PDEs using Finite Difference [2]



Typical second order PDEs that we encounter in engineering problems are of the form

2, 2 =
B_? - [a‘? u+ &V + cg(u)] = f(x.y.2,£)

X< X<XH ,Vi<Y<YH . Zf <Z<ZH
subject to appropriate boundary conditions and initial conditions. For example, the Laplacian operators

V2 and gradient operator ¥ are defined in the Cartesian coordinates as follows

Yy = Q4 Ou, Ou

dx dy Oz
V2 = A%u + %y
x2 Ayt Bz

In Cartesian coordinate system, we construct grid lines parallel to x, y and z axis and force the residuals
to zero at the internal grid points. For example,adopting notation

Bijk = U(X Z'J{?',Z.i::'
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Figure 2: TRAM Problem: Comparison of approximate solutions constructed using finite
difference approach with different number of grid points (n)

the partial derivative of the dependent variable ¥ with respect to X at grid point (X;);Z%) can be
approximated as follows

Bu ) (g — w1 k)
vk

ax 260
( 8%u ) _ (warigk = 2uigk + ue1k)
axz ik (ij2

The partial derivatives in the remaining directions can be approximated in analogous manner. It may be
noted that the partial derivatives are approximated by considering one variable at a time and is
equivalent to application of Taylor series expansion of a scalar function.

When the PDE involves only the spatial derivatives, the discretization process yields either coupled set
of linear / nonlinear algebraic equations or an ODE-BVP. When the PDEs involve time derivatives, the
discretization is carried out only in the spatial coordinates. As a consequence, the discretization process
yields coupled nonlinear ODEs with initial conditions specified, i.e. an ODE-IVP.

Example 11 Consider the PDE describing the unsteady state condition in a tubular reactor with axial
mixing (TRAM) in which an irreversible 2nd order reaction is carried out.



ac _ 1 2°c _acC _ 2 (53)
3% Pe 2.2 P DaCs in (0=wz<1)

t=0 : c(z,0)=flz) in (0<z< 1)(54)
BCatz=0: % = P2(C(0,8)— 1) fort = 0(55)

S ac(Ly) _

BCatz=1: 0 for: = 0(56)
dz

Using finite difference method along the spatial coordinate Z with 2 — 1 internal grid points, we have

dCi() _ 1§ Ca(t) - 2C:(8) + Ty (2)

57

dt FPea (Az)? (57)
T (@) - Cia(8) N _ 12

( 5052 ) Da[Ci(£)]” (58)
i=2,3,... .7
The boundary conditions yield
BC1 w = Pe(C1(6) - 1)
(59)

= C(¢t) = [$+Pe]_l[cig) +Pej|

and

BC2. S (’?_\; Calt) _ 9o 0 (6) = Ca(e) (60

These boundary conditions can be used to eliminate variables C1(£) and Cry1(£) from the set of ODEs
(57). This gives rise to a set of (n-1) coupled ODEs together with the initial conditions

C2(0) = fz2),C3(0) = Az3),....= Cn(0) = Aza) ®1)
Thus, defining vector X of concentration values at the internal grid points as

% = [ Calt) Ca(t) .. Calt) T

the discretized problem is an ODE-IVP of the form
7%) =4X - F(x) =0 (62)

subject to the initial condition ¥(0). Needless to say that better approximation is obtained if large
number of grid points are selected.

Example 12 Laplace equation represents a prototype for steady state diffusion processes. For example
2-dimensional Laplace equation

92T 32T | _ (63)
al ==+ == | = fx,
|:8x2 32 } Ax.»)

Dezx=<l,0<cy<l

where T is temperature and %, are dimensionless space coordinates. Equations similar to this arise in
many problems of fluid mechanics, heat transfer and mass transfer. In the present case, Tx,y)

represents the dimensionless temperature distribution in a furnace and  represents thermal diffusivity.



a
Three walls of the furnace are insulated and maintained at a constant temperature. Convective heat
transfer occurs from the fourth boundary to the atmosphere. The boundary conditions are as follows:

x=0 . T=T ., x=1:T=T"(64)
y=0 : T=T"(65)

y=1:£8T%0 _ per  7x 1)](66)
dy

We construct the 2 -dimensional grid with (nx+ 1) equispaced grid lines parallel to y axis and (y + 1)
equispaced grid lines parallel to x axis. The temperature T at (i) th grid point is denoted as

Ty = T(x;¥;). We then force the residual to be zero at each internal grid point to obtain the following
set of equations:

(Tnry = 2Ty + Tiry) | (Tt = 200y + Tip)
(Ax)* (Ay)?

for (1=2,3,....,%:) and (/= 2,3,...%). Note that regardless of the size of the system, each

equation contains not more than five unknowns, resulting in a sparse linear algebraic system. Consider
the special case when

= flx:,yi)ia (67)

Ax=Ay=f

For this case the above equations can be written as

T g Tt T..

-1 4TU + TPJ"I + ?}1‘1.?' = ﬁzﬂx!'syf) (68)

for(i=2,3,. .»)and (=273, .»n)

Using the boundary conditions, we have additional equations
Ty=T T ,=T jfor j=12,..,n
Tip=T" jor i=12,..  n,+1

Tinn — T

k Ay =L - A[Te — Tinm |

1
= T; = ———[ATe + (ki) T
in+l (kfﬂy)'l'h[ ( .J-‘") in ]
Jor i=1,2,... . ,u;+1
that can be used to eliminate the boundary variables from the set of ODEs. Thus, we obtain

(75 — 1) x (, — 1) linear algebraic equations in (#x — 1) X (2, — 1) unknowns. Defining vector X as

X=[T22 T23...... Tom o onTn2. ... Toom, I

we can rearrange the resulting set of equations in form of AX = b, then A turns out to be a large
sparse matrix. Even for modest choice of 10 internal grid lines in each direction, we would get a

100 x 100 sparse matrix associated with 100 variables.

Example 13 Converting a PDE to an ODE-BVP by method of lines [2]: Consider the 2-D steady
state heat transfer problem in the previous example. By method of lines, we discretize only in one

spatial direction. For example, we choose %x — 1 internal grid points along x coordinate and construct

ny—1 grid lines parallel to the y-axis. The temperature T along the i grid line is denoted as



Ti(y) = T(xs,y) (69)

Now, we equate residuals to zero at each internal grid line as

T o1 (T (0)= 2Ti0) + Tmr 0] + Axeylla
dy? (Ax)? ' ‘ " (70)

2,3, ... 1y

i
The boundary conditions at X = U and x = 1 yield

Ton=T", Tomy=T
which can be used to eliminate variables in the above set of ODE that lie on the corresponding edges.

The boundary conditions at ¥ = U and ¥ = 1 are:

Ty(0) = T* (71)

K45 e, - 11 72)
dy

i= 2,3, .. .1y
Thus, defining

r
i-| 70) 7o) . Ta0) |
discretization of the PDE using the method of lines yields OBE-BVP of the form
o d%F J—
) -— Fa]l=10
dy
subject to the boundary conditions
u(0)
di(1)
dy

™

- Gfi(1)]

Example 14 Consider the 2-dimensional unsteady state heat transfer problem

o7 3T | 2T
L = g[S= + ==+ flx,p.2) (73)
or - g T SN S

t=0:T=Hxy U4

x=0 TO0y.) =T, x=1:Tlye=1 3
y=0 :Tx0)=T"(76)

y=1 21O _er om0 07
dy
where 71x,¥.£) is the temperature at locations (x,¥) at time £ and @ is the thermal diffusivity. By finite
difference approach, we construct a 2-dimensional grid with #x — 1 equispaced grid lines parallel to the

y-axis and #y — 1 grid lines parallel to the x-axis. The temperature 7 at the (#,/)'th grid point is given
by



Ty(t) = Txpyst) (78)

Now, we force the residual to zero at each internal grid point to generate a set of coupled ODE-IVP's as

dTy a
= @ [Tu1s— 2T+ Tic1s
& Gy [Tiny J 1] (79)
+(é;p[ﬂﬁ1—2ﬂ1+fh4]fﬂx“ﬁi}

fori=2,3,... .0y, and j=2,3,.»n

Using the boundary conditions, we have constraints at the four boundaries
Tos(t) = T 3 Tag(t) =T for j=1,2, n+1
Tialt) =T for i= 1,2, n,+1

T:',n 1_?:',?:-
b = HTe = T ]
1
Tin41(8) = ————[hTe + (i) Tin (¢
= Tin+1(2) (Idﬂy)+h[ + (KAy)Tin, (£)]

Jor i=2,... .7,

These constraints can be used to eliminate the boundary variables from the set of ODEs ODEij. Thus,
defining vector

R(t) = [To2(t) Tos(t)... Tan (£).... Tualt) . ... T, (7
the PDE after discretization is reduced to a set of coupled ODE-IVPs of the form

= dx = il
5) =2X _ FA(x,¢) =0
x) =98 - FEL)
subject to the initial condition %(0)
X(0) = [H(x2.y2) H(xa,y3)... . H(xn,.y2). ... H(xn, .y )17

4 Newton's Method for Solving Nonlinear Algebraic Equations

The most prominent application of the multivariate Taylor series expansion in the numerical analysis is
arguably the Newton's method, which is used for solving a set of simultaneous nonlinear algebraic

equations. Consider set of # coupled nonlinear equations of the form
Ffix)y=0fori=1,.. ., » (80)

which have to be solved simultaneously. Here, each fi(.) : R" = R is a scalar function. Defining a
function vector

r
Fo) = [ A0 A - A ]
the problem at hand is to solve vector equation
F(x)=10
Suppose X' is a solution such that F(x*) = 0. If each function f:(x) is continuously differentiable,

then, in the neighborhood of X* we can approximate its behavior by Taylor series, as

(81)



F(x') = FlEr(x'-%)] = F@ + [ 22 ] (0'-%) + Rax",x"5)

where X represents a guess solution. If the guess solution is sufficiently close to the true solution, then,
neglecting terms higher than the first order, we can locally approximate the nonlinear transformation

F(x*) as follows

12

F(x") = F(x*)= F(Z) + [ﬁ ]ﬁ A%

x
AX = x*'-X
and solve for
Fixh =10

The approximated operator equation can be rearranged as follows
[22] s
Ox Jx-x

(n x »n) matrix x (n x 1) vector

~F(%)

(n x 1) vector

which corresponds to the standard form Ax = b Solving the above linear equation yields AX and, if
the guess solution X is sufficiently close to true solution, then
x* » X+AX% (82)
However, we may not reach the true solution in a single iteration. Thus, equation (82) is used to
generate a new guess solution, say Xjzw. as follows
Xiew = X+ AX (83)

This process is continued till

|| F (e || < 1
or
|| X New — X|

= < &2
[l % vew |l

where tolerances €] and €2 are some sufficiently small numbers. The above derivation indicates that
the Newton's method is likely to converge only when the guess solution is sufficiently close to the true

solution, X*, and the term R2(x*,x*—X) can be neglected.
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