Classical Mechanics

APPENDIX
Appendix: Levi-Civita alternating symbol
The Levi-Civita alternating symbol €;;;. is defined by
+1 if ijk is an even permutation of 123 ,
€ijk = —1 if ijk is an odd permutation of 123 ,
0 otherwise .
Notice that €;jrz = €rij = € (cyclically permuting the indices), while €;;; = —e;r;. With this
definition the cross product A A B of two vectors A, B has i*" component
3
(AnB); = Z eijkAjBk .
Gok=1
A useful identity is
Oia  Oib O
€ijk€abe — det 6_? (SJ 5jc .
(53-':(1 ékb 6kc
where the Kronecker delta symbol is defined by
1 1=3
(sz'j = Z J .
0 i#]
As a special case we have the identity
3
Z €ijk€ibe = Ojp0ke — OjcOkp -
i=1
As an application, let us compute the scalar quadruple product:
3
(AAB)-(CAD) = > €rA;BiencCiD,
i,j,k,b,e=1
3
= > (50ke — 0jcr) A;BrCy D,
i,j,k,b,e=1

— (A-C)(B-D)— (A-D)B-C) .

Other vector product identities are similarly straightforward to derive (for example the scalar triple
product identity follows immediately from cyclically permuting the indices on €;;;). Although we

won’t use the following identity, we present it for interest:

3
(det M)eij = > €abeMiaMjpMpc

a,b,ce=1

where M = (M;;) is any 3 x 3 matrix.
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