CONTINUOUS ASSESSMENT TESTS I - SOLUTION TO QUESTIONS

Logic in Computer Science Midterm

1. Induction and Recursion

Consider augmenting the alphabet of propositional logic with two new symbols: T
and 1, where T is a symbol that can be used wherever a propositional symbol can

be used but always evaluates to true and 1 is a similar symbol except that it always

evaluates to false.

(a)

Give an inductive definition of propositional formulas including T and L. You
may restrict the usual set of five Boolean connectives to any complete set. The
formulas should be freely generated (but you don’t have to prove that they are).

Answer: (10 points)
Let A be the alphabet of propositional logic with the addition of T and L.

e U = the set of all expressions over A.
e B = the set of expressions consisting of a single propositional symbol, T,
or L.
e F' = the set of formula-building operations:
- & (a) = (-a)
— Enla, ) = (@A P)
— &v(a,B) = (aV )
- &-(a, ) = (a—p)
- &a(a,f) = (a = p)
Let Wiy be the set of propositional formulas defined inductively in part (a).
Define a recursive function simp which maps formulas in W, to a logically
equivalent formula in W U {T, L}, where W is the subset of formulas in W, I

that do not contain T and L (i.e. simp either returns a formula that does not
contain T or L or it returns T or L).

Answer: (10 points)
For a € B, simp(a) = a.
Now, suppose that ~ is an expression built using one of the formula-building

operations from a and (possibly) 3. We must define simp(v) in terms of simp(a)
and simp(f3).

1 if simp(a) =T
o simp(-a)=¢ T if simp(a) = L
(—simp(a)) otherwise
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an if simp(a) = L or simp(B) = L
) ) simp(a) if simp(B8) =T
e simp(la A 3) = simp(B) if simp(a) =T
| (simp(a) A simp(3)) otherwise
(T if simp(a) =T or simp(3) =T
) ) simp(a) if simp(3) = L
e simp(aV 3) = simp(53) if simp(a) = L

(simp(a) V simp(3)) otherwise

4

T if simp(a) = L or simp(3) =T
. ) simp(—a) if simp(3) = L
e simp(a — () = { simp(3) if simpla) = T

(simp(a) — simp(3)) otherwise

.

([ simp(a) if simp(B) =T

simp(/3) if simp(a) =T

o simp(a « ) =< simp(—a) if simp(f3) = L
simp(—3) if simp(a) = L

(simp(a) < simp(3)) otherwise

b

2. Decidability and Semi-Decidability

(a)

(b)

Prove that the union of two effectively enumerable sets is again effectively enu-
merable.

Answer: (10 points)

Suppose A and B are two effectively enumerable sets. Then there exist effective
procedures P4 and Pg which list all elements of A and B respectively. However,
these may run forever.

To list all elements of A U B, we must run P4 and Pg in an interleaved fashion.
In other words, run P4 until it lists one element of A, then switch to Pg and
run it until it lists one element of B, then switch back to P4 for another element
of A and back to Pp for another element of B and so on. In this way, if an
element was listed as the n'" element of either A or B, it will appear as element
2n or 2n —1 in the interleaved list. Since this is an effective procedure for listing
exactly the elements of AU B, AU B is effectively enumerable.

Prove that the intersection of two effectively enumerable sets is again effectively
enumerable.

Answer: (10 points)

Suppose A and B are two effectively enumerable sets. Then there exist semi-
decision procedures P4 and Ppg such that, given an element x of the universal
set, they will output “yes” if x is in A or B respectively. They may run forever
if z is not in A (respectively B).
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A semi-decision procedure for A N B is the following: given z, tun P4. If it
succeeds, run Ppg. If it also succeeds, output “yes”. This clearly outputs “yes”

if and only if € AN B. Thus AN B is effectively enumerable.

3. First-Order Logic: Proofs and Models

Following are several instances of I' - ¢. For each instance, either prove that I' - ¢
(either give an actual formal deduction or prove that one exists) or give a model and
variable assignment which satisfies I' but not ¢ (showing that I' f~ ¢ and therefore,

by soundness, I' I/ ¢).

(a)

0+ -Vy3xz (PyA-Px)

Answer: (5 points)

By quantifier manipulation (see p. 160), =V y dxz (Py A —~Px) is logically equiv-

alent to =(Vy Py A dx = Px), so by completeness, it suffices to show:
F=(Vy Py A3z —-Pzx).
By Boolean reasoning, it is sufficient to show
Yy Py — —dx —Px,
which is equivalent (substituting quantifiers) to
FVYy Py — Vax Px.
By the deduction theorem, it is sufficient to show
Vy PykVzx Pz,

but this follows easily by alphabetic variants.

Ve(r=a)FVyVz(y=2z2)

Answer: (5 points)
l.ly=a assumption, axiom 2, MP
2.l z=a assumption, axiom 2, MP
3. |lz=a—a=z Eq2 (p. 127), (axiom 2, MP) twice
4. |a==z MP(2,3)
5.|ly=a—a=2—y==z2|Eqg3 (p. 128), (axiom 2, MP) three times
6. |y=-= MP(1.4,5)
T. | VyVz(y=2) generalization
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(¢) Vz (Px — —-Qzx)F (3y Qy — Iz -Pz)
Answer: (5 points)
1. | Vo (Pr — Q) assumption
2. |Vz Pr = Vz-Qr axiom 3, MP with 1
3. | =Yz =-Qx — -V x Pz | Boolean equivalent of 2 (contrapositive)
4. | dzQr — Jz-Px substituting 4 for V
5. | dyQy — Iz -Pz alphabetical variant
(d) YzVyVz(Pry — Pyz — Pxz) F ¥z Vy (Pry — Pyz)
Answer: (5 points)
Consider the model M with dom(M) = {a,b} and PM = {(a,b)}. PM is
(trivially) transitive, but is not symmetric, so VzVyV z (Pzy — Pyz — Pxz) i/
VzVy (Pry — Pyz).

4. Homomorphisms and Definability

(a) Show that if A is a substructure of B and =4 ¢[s] for some quantifier-free
formula ¢ and variable assignment s, then =g ¢|s|.

Answer: (5 points)

If A is a substructure of B, then the identity function ¢ is an embedding of A
into B. By the homomorphism theorem, it follows that for any quantifier-free
formula ¢ and variable assignment s, =4 @[s] iff =g ¢[ios]. But i is the identity
function, so we have =4 ¢[s] iff =5 ¢[s]

(b) A formula is existential if it is of the form 3z --- 3z, 0, where 0 is quantifier-
free. Show that if A is a substructure of B and =4 ¢[s| for some existential
formula ¢ and variable assignment s, then =p ¢|s|.
Answer: (5 points)
Ea4day -3z, 0[5
=4 0[s(x1|d1) - - - (zn|dn)] for some dy,...,d, € dom(A) by definition of 3
=g O[s(z1|dy) - - - (zp|d,)] for some dy,....d, € dom(A) by part (a)
= 0[s(z1|d1) - - - (zn|dn)| for some di, ..., d, € dom(B) since dom(A) C dom(B)
Epdzy ---dx, 0]s] by definition of 3

(¢) Let ¥ be a signature with equality and a single binary predicate symbol: <.
Let M be a ¥.-model whose domain is the set of positive integers and which

ST

interprets < as follows: z <™ y iff z divides y. Show that the set of prime
numbers is definable in M.

Answer: (10 points)

Assuming we have equality (an acceptable assumption), the set of prime numbers
is the set of numbers other than 1 which are divisible only by 1 and themselves:
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Vy(Vz(y<z)—=(z#£yAVz(z<z—(z=yVz=u1)))).

[f we do not assume we have equality, it can be defined as = < y A y < x, which
yields the following definition of the primes:

VyVz(y<z) = (0(z <yhy <x)A\Vz(z <z — ((2 < yAy < 2)V(z < zAz < 2))))).
5. First-Order Compactness

(a) Suppose that T" is a set of sentences and 7 is a sentence. Show that if MedT" =
Mod T, then there is a finite I'g C I" such that ModI'y = Mod .

Answer: (10 points)
If = T, then since Modl' = ModT, it follows that =)y 7. Thus, I' = 7. By

compactness, we know there exists a finite [y C I' such that I'g = 7, from which
it follows that ModI's C ModT. But since I'y C I', we also have Modl' C Modl.
Thus, ModI' = ModT and ModI' C ModI'y C Mod 7, from which it follows that
Modl'y = ModT.

(b) Recall that a class K of models is first-order definable iff X = Modt for some
sentence 7. Show that the class of all infinite groups is not first-order definable.
You may use the fact that there are arbitrarily large finite groups.

Answer: (10 points)

Suppose the class of infinite groups is first-order definable. Then it is definable
by a sentence 7. We also know that the class of infinite groups is defined by
I'=GU{A2,A3,...} where G contains the group axioms and J; is the sentence
stating “there are at least ¢ objects”. Since both [ and 7 define the same class,
we have ModI' = Modt. By part (a), it follows that the class of infinite groups
can also be defined by some finite subset I'y of I'. But any such I'y contains a
largest A\ and thus ModI'j must include finite groups of size k or larger. Clearly
ModT' is not the class of infinite groups, a contradiction.

Alternative solution: Suppose the class of infinite groups is first-order defin-
able. Then it is definable by a sentence 7. Let G be a sentence which contains
the group axioms. Then G A =7 defines the finite groups (all things which are
groups and which are not infinite groups). But since there are arbitrarily large
models of G A =7 (there are arbitrarily large finite groups), there must be an
infinite group g € Mod (G A —7). But then we would have =, 7 and =, -7, a
contradiction.





