LOGIC IN COMPUTER SCIENCE - FINAL EXAM
SOLUTION TO PROBLEMS

QUESTION ONE

Consider the set of directed, rooted, ordered binary trees in which any node may have
0, 1, or 2 children. These trees can be represented by expressions over the alphabet
{0,1,2} as follows. The tree with a single vertex is represented by the expression 0.
Any other tree is represented by starting with the digit corresponding to the number
of children at the root node and then concatenating the expressions corresponding
to the sub-trees for each child in order. All such trees of height 2 or less are shown
below with their corresponding expressions.

/\

200

1
AN
NINA A AN

21010 210200 22000 220010 2200200

(a) Give an inductive definition of the set T of expressions which represent such
trees.

Answer:

e U = the set of expressions over {0, 1, 2}.

e B ={0}.
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e F’' consists of two functions:
t1 () = la
to(la, B) = 2af
Then 7' is the set generated from B by F'.
Prove that T is freely generated. You will need to prove a lemma similar to the
one proved in class (and in the solutions to last year’s problems).
Answer:

Define a function f on expressions to be the number of occurrences of 0 minus
the number of occurrences of 2. Clearly f(af3) = f(a) + f(3).

First we’ll show that for any @« € T, f(a) = 1. Take S to be the set of
expressions s such that f(s) = 1. The only element of B is 0, and f(0) = 1 by
definition, so B C S.

Now, assume a € S. We have f(t,(a)) = f(la) = f(1) + f(a). f(1) =0 by
definition, and f(a) = 1 by assumption, so f(t1(a)) = 1 and thus #;(a) € S.

Similarly, assume a,3 € S. We have f(t2(a,3)) = f(2a83) = f(2) +
fla) + f(3), f(2) = —1 by definition, and f(«a) = f(3) = 1 by assumption,
so f(tz2(a,3)) = 1 and t2(a, 3) € S.

Therefore, by the induction principle, T"C S, and for any a € T, f(t) = 1.

Now we’ll show that for any proper initial segment o of an expression o € T,
flag) < 0. Take S to be the set of expressions s € T" such that for any proper
initial segment sg of s, f(sp) < 0. There are no proper initial segments of 0, so
clearly B C S.

Now, assume e € S. Say s = t1(a) = la. The proper initial segments of s
are 1 and lag where ag is a proper initial segment of . We have f(1) = 0 by
definition, and f(lag) = f(1) + f(ag) = f(ag) < 0 by assumption. Therefore
tl (fl) €S.

Similarly, assume «a,3 € S. Say s = ta2(a,3) = 2a. The proper initial
segments of s are 2, 2aqp, 2a, and 2a;. We have f(2) = —1 by definition,
f(2a0) = f(2) + f(ao) = —1+ f(a) < 0 by assumption, f(2a) = f(2)+ f(a) =
—14+1=0since o is in T, and f(2a0;) = f(2) + f(a) + f(By) = f(Fy) < 0.
Therefore, t2(a, 3) € S.

Therefore, by the induction principle, 77 € S and for any proper initial
segment «g of an expression a € T', f(ayp) < 0. It follows that no expression in
T can be a proper initial segment of another.

Now we’ll show that the functions in F' are one-to-one, and that their ranges
do not overlap. Say a,~v € T, and #;(a) = t1(7v). Then la = 1, so @ = 7, so t;
is one-to-one.

Similarly, say we have «, 3, v, d € T, and t3(a, 3) = t2(v,0). Then 2a8 =
279, and aff = 4. Since no element of 7" can be a proper initial segment of
another, = ~, and 3 = 9, so 2 is one-to-one.
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It’s easy to see that no functions in F' have overlapping ranges, because for
each function in F'| every expression in the range of the function starts with a
different symbol. Similarly, the ranges of the functions in I are disjoint from B
because none of those symbols are 0.

Therefore T is freely generated.
(c) Prove that 1020 and 2210 are not in 7.
Answer:

1020 has 10 as a proper initial segment, and f(10) = 1. But we showed above
that f(ag) < 0 for every proper initial segment ag of an expression o € T

Therefore, 1020 ¢ T'.

f(2210) = —1, but we showed above that f(«) = 1 for all expressions a € T.
Therefore, 2210 € T'.

(d) The height of such a tree is defined to be the longest possible path starting at
the root node. For example, the tree 0 has height (. The trees 10 and 200 have
height 1, and the rest of the trees shown above have height 2. Give a recursive
definition of a function which returns the height of any tree in T

Answer:

h(0) =0

h(ti(a)) =1+ h(a)

h(t2(c, B)) = 1 + max(h(a), h(3))

QUESTION TWO (FOUR PARTS)

1. Prove that for all wff's a, « is satisfiable iff —a is not valid.

Answer:
a is satisfiable iff 7T(a) = T for some truth assignment v
iff T —7(a)=F for some truth assignment v
iff T(—-a)=F for some truth assignment v
iff —a is not valid.

2. Is the following formula valid? Justify your answer using a truth table:

(PAQ)—R)—S)— ((R—Q)—P)—29).
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Answer:

The formula is not valid.

PQRSJ((P NG =R =5 = (R0 = P = 9§
FF¥F¥FF|F FFTVFVF F T F TVFFFTF
FF¥FF¥FT|F FFTVF TTT F TVFVFFTT
F ¥ TF|F F F TTUVFF¥ T T F F TVF F F
FF¥FTT|F F FTTTTTT F F TV FTT
FTPFF|F FTTVFVFF T F TTVFUFTF
FTFT|F FTTUV FTTTT F TTTFUFTT
FTTVF|{F FTTTU FVF T T TTFFTF
FTTT|F FTTTTTT T TTFFTT
T ¥ FF| T F F TVF F F T F TVFTTFF
T¥ F Ty T FF TVF TTT F TFTTTT
T ¥ TF| T F F TTUV FF T T F F TTF F
T¥TT|yT F F TTTTTT F F TTTT
T TFF| T TTUVFF¥ TF F F TTTTF F
TTFfFT) T TTVFF TTT F TTTTTT
TTTVFy T TTTTU F¥F¥F T T TTTT  F F
TrTTT)| T TTTTTTT T TTTTTT

3. Show that {|} is complete.

Answer:
We have -« is tautologically equivalent to o | o, and a A 3 is tautologically equivalent to
- | =f. Since {=,A} is complete, we need to show that for any formula a using only the
connectives = and A, there is a tautologically equivalent formula o/ using only the connective
.

We'll proceed by induction on the structure of a. In the base case, @ = A, and o' = A,
which is clearly tautologically equivalent.

In the case that o = —f3, assume that there is a tautologically equivalent 3" using only
|. Then let o' = ' | ', which is tautologically equivalent to 3 | /3, which is tautologically
equivalent to - = a, so o’ is tautologically equivalent to .
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In the case that o = fA\~, assume that there are tautologically equivalent 3,4 using only
|. Thenlet o' = (3" | A') | (' | /), which is tautologically equivalent to (3 | £) | (v | )
which is tautologically equivalent to =3 | —y, which is tautologically equivalent to f A7y = a,
so o is tautologically equivalent to a.

!

. Say that a set ¥y of wifs is equivalent to a set ¥y of wifs iff for any wif o, we have ¥, = a iff
Y9 | a. A set ¥ is independent iff no member of ¥ is tautologically implied by the remaining
members in X. Prove that every finite set of wifs has an independent equivalent subset.

Answer:

We want to show that for all n > 0, if ¥ is a set of n wifs, then ¥ has an independent
equivalent subset. The proof is by ordinary induction on n.

Base case: n = (. In this case, & = (). ¥ is independent (vacuously), and therefore ¥ is
itself an independent equivalent subset.

Inductive case: n = k+1. Assume that every set containing k elements has an independent
equivalent subset. Consider a set ¥ with k£ 4+ 1 elements. If ¥ is independent, then it is
itself an independent equivalent subset. Otherwise, there must exist some ¢ € X such that

L-{otFo.
We claim that ¥ — {@} is equivalent to ¥.
Proof:
= Suppose X — {¢} = @. Let v be a truth assignment satisfying ¥. We must show that v
satisfies . If v satisfies ¥, then certainly v satisfies ¥ — {¢}. But then v must satisfy o by
our hypothesis.
& Suppose ¥ = a. Let v be a truth assignment satisfying ¥ — {¢}. We must show that v
satisfies . Now, ¢ was chosen as the element for which £ — {¢} = ¢. Thus, since v satisfies
¥—{0}, it must also satisfy ¢. So in fact, v satisfies ¥ —{p}U{¢} = £. But by our hypothesis
it then follows that v satisfies a.

We just showed that ¥ — {¢} is equivalent to ¥. But ¥ — {¢} has k elements, so by the
induction hypothesis it has an independent equivalent subset. But £ — {¢} is an equivalent
subset of X, so ¥ also has an independent equivalent subset.
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QUESTION THREE (TWO PARTYS)
1. Prove that if ¢ and 1) are first-order wffs, then ¢ =5 iff = (¢ < ¥).
Answer:

= Suppose ¢ E=J1b. Let M be an arbitrary model and s an arbitrary variable assignment.
If =) ¢[s], then by hypothesis, we also have =)y ¥[s|. Thus, by the semantics of |= for
Boolean reasoning, it follows that = (¢ < ¥)[s]. On the other hand, if s ¢|s|, then by
using the contrapositive of (one part of) the hypothesis, we also have £y ¥[s|. Thus, as
before, [Ear (0 < )[s]. Since M and s were chosen arbitrarily, = (¢ < ¥).

& Suppose |= (¢ « 1). Now, suppose M is a model and s a variable assignment such that
=) 0[s]. Since we know that =)y (¢ < 1)[s], it must be the case (by definition of | for the
Boolean operators that make up «) that =) ¢[s), so ¢ = ¢. A similar argument holds in
the other direction. Thus, ¢ =t

2. Suppose P is a binary predicate. Show that no one of the following sentences is logically
implied by the other two. Do this by giving a model for each sentence in which the sentence
is false but the other two sentences are true.

(a) Yo Przx
(b) Yo Yy (PzyV PyzVz=y)
(c) dz Yy Pry

Answer:

Consider a model M with dom(M) = {a,b,c}.
(a),(b)2(¢): P ={(a,a), (0.0}, (c,), (a,b), (bsc), (c,0)}
(a)~(b),(¢): PY'={(a,0), (b,D),(c. ). (a,b). (@, 0)}
~(a),(b)c): PY ={(a,a),(a,D), (a,c), (b.c)}

b
b
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QUESTION FOUR (TWO PARTYS)
1.

Consider a language with equality and a single binary predicate symbol P. For each set M
of models below, write a first order sentence ¢ such that =y ¢ iff M € M.

(a) M = {M|PM is a transitive relation }.
Answer: Yz VyVz((PryA Pyz) — Pzz)

(b) M = {M|P™ defines a function }.
Answer: Yz VyVz((PryA Prz) —y=2z)AVxdyPxy

(¢) M ={M|PM is a bijection (i.e. a function that is 1-1 and onto) }.
Answer: Yz VyVz((PryA Prz) —»y=z) AVzdyPryA
(VeVyVz((PrxyAPzy) — x=2z2)AVydz Pzy

2.

Consider a signature ¥ with no constant symbols, no predicate symbols (except for equality),
and a single binary function symbol, +. Let M be a X-model with domain N (the natural
numbers) which interprets + in the standard way.

Note that the only non-logical symbols you may use are = and +.

(a) Give a X-formula which defines the set {0} in M.
Answer:
v +U =1
(b) Give a X-formula which defines the set {1} in M.
Answer:
Vg (vp+vy=1v2 — (v #v1 AVu3(v3 =v2 Vv (v3 =11 +14))))
(c) Give a X-formula which defines the binary relation {(m,n)|m < n} in M.
Answer:

V'Ug ('Up, + U3 = Vg3 — El’U.i (’Ul vy =1 Avg 75 'U,j))
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QUESTION FIVE (THREE PARTYS)

1. Give a deduction (from ) of V& Prz — y = z — Pyz.

Answer:
1. | Va Pzx — Pyy axiom group 2
.|y=2z— Pyy — Py=z axiom group 6
3. | (Vz Prz — Pyy) — tautology:

(y=2z— Pyy— Pyz)— (Vz Przo -y=2—Pyz) | (A= B)—-(C—-=B—D)— (A—C— D)

(y=2z— Pyy — Pyz) — (Vo Prx — y = z — Pyz) | modus ponens 1,3

5. | Va Prx — y=2z— Pyz modus ponens 2.4

2. Assume that = does not occur free in ev. Show that
Fla—3dz8) < dz(a— [)

(i.e. show F (o —» 3z 3) - dz(a — ) and F Jz (e — B) — (o — Jz 3)). Note that you
do not have to give the deduction, just prove that one exists.

Answer:

To show
Fla—3z[)— 3z (a— ),
by the deduction theorem, it suffices to show that
(a—=3dzp)F 3z (a—fF),
which (expanding 3) is equivalent to
(a = Vz-p)F-Vr-(a— ),
which (by contraposition) is equivalent to
Vr-(a— B)F -(a— Vz-f).
Now, by rule T (since {A, B} tautologically implies =(A — —B)), it suffices to show that
Vz-(a— B)F a, and

Vr-(a— B)FVz-f.

The first follows by axiom 2 and the tautology =(A — B) — A. For the second, note that
the same argument (with tautology —=(A — B) — —B) shows that Vz -(a — () F =4. It
follows by generalization (since x is not free on the left side) that Vz -(a — ) F Vz —.

For the other direction, to show
Fdz(a—[)— (a— 3z F)

it suffices (by the deduction theorem, applied twice) to show that
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{3z (a — §),a} F 3z B,
which (expanding 3) is equivalent to

{-Vz-(a— B),a} F =Vz-p,
which (by contraposition) is equivalent to

{Vr-p,a} FVz-(a— ).

Now, clearly {Vz =f3,a} F «a, and by axiom 2, {Vz =3,a} F —=4. Thus, by rule T (since
{A, B} tautologically implies =(A — B)), we have

{Va =, a} F ~(a—p)

Finally, since = does not appear free in the left hand side (we know this because we assumed
x was not free in «), we have by generalization,

{Vz-p,a} FVz-(a— F).

3. A complete calculus has the property that each sentence either has a deduction (from ()) or a
counter-model (i.e., a model in which it is false). For each of the following sentences, either
show there is a deduction or give a counter-model.

(a) Vz (Qz — VyQy)
Answer:
Consider a model M with dom(M) = {a,b} and Q™ = {a}. Then Qz is true when
r = a, but Vy Qy is false.

(b) Vz(Pz — Qz) — (3 Pr — Vy Qy)
Answer:
Consider a model M with dom(M) = {a,b}, PM = {a}, and Q™ = {a}. ThenV z(Pz —
Qz) is true since @ is true whenever P is. Also, 3 Pz is true since P is true for a. But

¥y Qy is false since ) does not hold for b.
(¢) 3y Vz (Pry < -Pxx)
Assume that A < B is an abbreviation for —=((A — B) — —(B — A)).
Answer:
bk —-3yVz (Pry < —Pxx)
is equivalent (rewriting ) to
F —=Vy-Vz(Pry < -Pxr).
To show this, it suffices (by the tautology A — ——A) to show
FVYy-Vz (Pry < —~Prz).
To show this, it suffices (by generalization) to show
b =Vaz (Pxy <« —Pzxx).
Now, using the substitution strategy (see slide 24 of lecture 5 or point 3c on p. 121 of
the book), substituting y for z, it suffices to show that
F =(Pyy < —Pyy).

But this is a tautology, so we are done.
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QUESTION SIX (TWO PARTYS)

1. Show that the following sentence is finitely valid (i.e. true in every finite model). Hint: show
that anyv model of the negation must be infinite.

3zVy3z [(Qzz — Qzy) — (Quy — Qux)]

Answer:

One version of the negation of the sentence is:

VaeIdy (Qry AVz (Qzxr — Qzy)) AV —Qxx.

Suppose M is a model of the sentence, and consider the directed graph G whose vertices are
elements of M and that has an edge from a to b iff Q™ (a,b). From the formula we see that:

i. If a is a vertex, then for some vertex b, there is an edge from a to b and whenever there
is an edge to a from another vertex ¢, there is also an edge to b from c.

ii. No vertex has a self-loop
Now, let vq,v2,... be a path through the graph defined as follows:

e v is an arbitrary vertex in the graph.

e v;+1 is the vertex that must exist by property (i) applied to v;: i.e. there is an edge from
v; to v;41 and if any other vertex has an edge to v; it also has an edge to v;4;.

We claim that if j > i, then there is an edge from v; to v;. Proof: Let j = i 4+ k. We will
prove the claim by induction on k. For k = 1, we know that there is an edge from v; to v;4;
by definition. Now, suppose that there is an edge from v; to v;4; and consider v;4+;. We
know there is an edge from v;; to vj4r4+1 and from v; to vi. Thus, by property (i) and the
way we constructed the path, there must be an edge from v; to vi4p41.

Finally, suppose the model (and therefore also the graph) is finite. Then, since there are only
a finite number of vertices, we must eventually have v; = v;41 for some 7,k > 0. But by the
above claim, this implies that there is an edge from v; to itself which contradicts (ii), above.
Thus, the model cannot be finite.

2. Let ¢ be the sentence VaVyVz (Pry — Pyz — Pxz). Recall that a theory is (the deductive
closure of) a set of sentences. Give an example of a theory 7" such that

(a) ¢ is T-valid,

Answer:

Let T'= Cn¢. Clearly, ¢ is true in every model of T', so ¢ is T-valid.
(b) ¢ is T-satisfiable but not T-valid,

Answer:

Let T = Cn({). T does not say anything about P. Thus, there are models of 7" in which
P is transitive and models of 7" in which P is not transitive.
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(¢) ¢ is T-unsatisfiable
Answer:
Let T'= CUn—¢. Clearly ¢ is false in every model of 7.

QUESTION SEVEN (TWO PARTYS)
1.

Assume that Augustine is loved by everyone who loves someone. Also assume that no one
loves nobody. We wish to deduce that Augustine is loved by everyone.

(a) Consider a language with one constant symbol a (for Augustine) and a 2-place predicate
symbol L, so that L(z,y) encodes “x loves y”. Write three first-order sentences which
encode the two premises and the conclusion.

Answer:
i. Vo (3y L(z,y) — L(x,a))
ii. =4z -3y L(z,y)
iii. Vz L(z,a)
(b) To show that the premises imply the conclusion, we will show that it is impossible to

satisfy the premises and the negation of the conclusion. Skolemize each premise and the
negation of the conclusion to obtain three clauses.

Answer:
We first write the sentences in prenex form:
i. VeVy (L(z,y) — L(z,a))
ii. Ve3dy L(z,y)
iii. 3z -~L(z,a)
Skolemizing, we get:
i. VeVy (L(z,y) — L(z,a))
ii. 3FVz L(z, Fz)
iii. d¢-L(c,a)
Note that ¢ is a “0-ary” function which is the same as a constant. Dropping the quan-
tifiers, we get the following three clauses:
i. (-L(z,y)V L(z,a))
ii. (L(z,Fz))
iii. (—L(c,a))
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(c) Use first-order resolution to show that the empty clause is obtainable from the original
three clauses.

Answer:

Resolving (i) and (ii) using the substitution y « Fz yields:

(L(z,a))

Resolving this with (iii) using the substitution z < ¢ yields the empty clause.

Alternatively, resolving (i) with (iii) using the substitution z « ¢ yields:

(=L(c,y))

Resolving this with (ii) using the substitution x < ¢,y < Fec yields the empty clause.

2.
Recall that b is a sequence number iff for some m > —1 and some ag, ..., am, b= (ag,...,am),
where (ag, ..., ay,) = pﬁ““ .pmt1 and p; is the i prime number (i.e. pg =2,p; = 3,py =

5,...).

We also have the following definitions:

e [h(a) is defined as the least n such that either @ = 0 or p,, does not divide a.

e (a)p is defined as the least n such that either a = 0 or p“+2 does not divide a.

axb=a H z-|-£h

i<lh(b)

e Finally,

(a) Is 3 a sequence number?
(b) What is [h(3)?
(¢) Find (1%3) %6 and 1% (3 6).





