Game Theory & Learning: LECTURE 14

Portfolios and Markets

Portfolio Theory

Ito Calculus

X = asset price at time {. In a continuous time model, one can
study the return on the asset dX/ X over a small period of time

dt.

dX
~ = dt + o dZ.

This is a so-called Ito process.

ft = average rate of growth: DRIFT
o = volatility: DIFFUSION

Market Model

Assume that there are m stocks, represented by m [to processes:
X1 (8), X(2), ..., Xm(4).

Furthermore,

fﬂj{‘_ i
(_T = p; dt + Z o dZ;,

j=1
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Here, Z;’s are independent Brownian motions.

Hi
. H2
g = Drift Vector =
Hm
11 T2 T O
. . . T21 T3 T T2,
o = Diffusion Matrix =
Tl T2 T Trmm
¥ = Instantaneous Covariance Matrix = o o?.

In general, the term dZ corresponds to a Wiener Process.

e (/7 = Normal Random Variable.

o dZ ~ N(0,/dt). Mean of dZ is zero and variance of dZ
1s dt.

dZ = oV dt, El¢] = 0, E[q.sz] — 1.

This holds in continuous time in the limit as 4t — (.

Lemma It6’s Lemma [Analogous to Taylor’s theorem

in case of functions of random variables. The key ideas is based

on the observation that with probability 1, dZ? — dt as dt — 0.]
Suppose f(X) is a function of X (where X is possibly stochas-

tic).
17, 1 d*
df = 84{, dX + 38}; dX? + smaller order terms
dX? = (uXdt+ oXdZ)?

oc? X2dZ? + 2o0uX?dZdt + p* X2 dt?
— X%t as dt — 0

aF, i o

df = a}{(,u}x dt + o XdZ) + 57 o’ X? Nl dt
Y, O 9y
= ( XN —— PE% —|— o?X? PhE ) dt + _X a’Z
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Example

I X
(T = pudt + o dz

Let f(X) =1nX. Then

of _ 1 g 9 _ 1
OX X dX?2 X2
df .. La*f .
df = Phe dX + SNz dX
dX 1 2 <2
— }{_ — 2}{2(7 _.jl (Eru'f
dX  o?
= — — —dt
X 2
_ dX o2
dln X) = ~ ?d{.
dX 2

. o
~ = d(In X') + ?d.{’.

t N t 1 st
L (}{ = L d(ln}f) +§L aldt
1 st
= InX(f) —InX(0) + 3] o’ dt
— O

__ /fdﬁf . X () __ {1/“ 2”}
exp X = ~(0) exp 5 /. o“dl

Rebalanced Portfolio

Market Model with m stocks:

% _ ,u.g(i."-:ldf-+égf.a'({)d‘zi“)
N(t) = o(t)o()T.
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A portfolio of long stocks at time ¢ is identified by its weighted

vector Process b({) e B.
i=1

Rebalanced Portfolio
(A self-financing portfolio without dividends).

ds(t) = & dX;(t)
s - ="

_ (Z b ) dt + (i S bf-(-:'.)aﬂ-i({)dzj) |

i=1 5=1

Let g(S) = InS and f(X) = 3b;InX; = In[] X",

dS

dg = < T35 ( Y b)S2dt
1S 1
‘? = d(lnS)+ ;(bTvb)(u
ho Iy, 2
df = S b (Y -3 - Yz(bwf)x dt
Sl U X)) 4+ =3 byt
) _.Xri- . ) -~ ) 2 el
Hence
d(lnS) = d(z biln X;) — levbdf + l Z b dt
- ' 4 i <A 5 ESY Y 5 fd i€t L
S(t; D) X(t) L 1 _
In 5(0) Z b; In ——— 1 ) — Eb Ab + EZE’E"‘H{,
where A = [} 3(s)ds.
X () 1o 1
S ( E (}{i U)) exp {_Eb Ab+ E Z_-L-gbf} )
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Maximizing the above expression we have

S*(#) = maxS(t:b) = S(t: b*(1
S™(t) = maxS(t;b) = S(¢67°(1))

Note that b*(f{) = optimal solution of the following quadratic
programming problem:

Lz - Xi(t) 1
1§éan—§b Ab + ; (111 ~.(0) -+ 5;\&) b,.

Define the matrix V', an (m — 1) x (m — 1) symmetric positive
semidefinite matrix

Vi=(Vy) Vii=Ag — N — N+ A, 1 <407 <

Lemma If V' = positive definite then the portfolio prob-
lem has a unigque optimal solution.

Definition A stochastic process X(t) is weakly regular
of
Ve |E[X(E)]] < oo.
FE{X(1
1i111& =0  exists

X(1) . .
— — 0 in probability as  — .

The stock market model is weakly regular (easily satisfied if
the market is stationary)

Ve |[E[A(D]] < oo, & |E[lnX(1)]] < oo,

FIA(t Flln X(t¢
linlw =¥, & lirﬂM = 5™  exist
Al In X (¢
% — 3=, & HT() — 1™ in probability as { — oc.
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Note that

1X;
(_Y- = jpdt + Z oidZ;
. dX; dX?
dln X;) = SRS
EEE
= (,[I-g — 7) dt + Z o dZ;
32
N — Hy — ?
Thus
T‘EE
o = + >
Similarly,
LS
O bt + Y bz,
. 1.
d(InsS) = (br,u. — —bTEb) dt +>°>  bioi;dZ;
EllnS(t:b 1
r(b) = lim [In. z( ) ST b,

Asymptotically optimal constant wc'lght b~ € B.

1 T
ooy _ _ 300 T oo
r(6™) = 1{?)[162}8}&‘(5) = max 2-5 b+ b

Optimal Portfolio
Recall

St S(0) H (::: (é) ) exp {—%bT.—‘lb + %Z _-'L-E-bf} :

-‘-;J ({) = A; i Ny — *':xjm, + N

() (5020
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Notation:
b:(b’jbm) b;—l—---—|—b;ﬁ_1—|—bm:13 E)‘:-E[ljbm:::[].

Rewriting the previous equation, we have

'E;r(.{'1 E)) — IE:(U)% Cxp {—%b’]"'i—b! L )\TE)I} )

The above value S(¢; b) is maximized at b = [3°

V(D)3 (1) = —A1)
() = —VHHA®)

(1) = 5(0) 2t v

N (0) ’
and
1 .
S(t;b) = S*(#) exp {—;(b’ — BTV — ,:-3*)} |
_Cfr(ir, '5) - 1 r =y Ty ool =
Long Term Effects
-il—i__,l — —"lf'j - —"-‘Lc'm - -\-Jm -+ —-‘me } . 1—({) e
- o . - . lim = J
J{_;[ Ee'_;[ _Ee'm_va_FT‘mm £
_l'm!f! XNilt Vel d
A; = In (_l'mw]) 111 (_1':- :ﬁiﬂ?l — 2( ) )
¥ = pe — ?.,L‘m - o ) /\E({_
= 2 — _nzuu. _ ,u — = > lim = i
— =t J
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Since

1, _
r(b) = —5b"STb 40" u™

| T oo
= —EHTJ 5’—5"T';,* \

1t 1s maximized at
IF:.;-}C- — _(Jr-}c-)—l "}’le.
Note, however, that
V()T (A
3 (t) = — (—E )) (_(I )) — —(J7) Ty = g7

Problem: Construction of 6™ requires the long-term average
of future instantaneous expected returns and covariances. This
however 1s impossible.

Remedy: Universal Porlfolio

Universal Portfolio

Rebalanced portfolio with weights:
-~ b;S(t;6)db
bi(f:} — fB : ( )( .
g S(t;b)db

Let
=5 fB._q(I: b)dlb
 fgdb
Note that B A
5(0) = 5(0)
Furthermore,
dS  [gdS(t;b)db [ 32 St b)bi(d X/ X;)db
S JgS(t;bydb [ S(t;b)db
- dX;
= bt
S b5
_ dS
= 3
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Hence,

Ve S(t) = S(t).

Lemma The wealth accumulated by a universal portfolio
is given by

N St /

-Sr(i-j] — fB - ({' b)d’b
5 db

This is the average wealth accumulated by all possible portfolios.

Competitiveness

S(t;b) = §™(t)e TV
Let o = VY2()(' — ). Thus

A(f) _ I___.—lfz(i-_) (Br . bb{)j

where
B = {b" ceR™! | b': = Uijf < l}.
Note that .
Vol (B') = ——.
v ( ) (m — l)!
We have

. S*() Jage e=1*/2 gy

S(t) = V() [1/2(1/(m — 1))

S(1) (m — 1)! [y e 24y
S (1) (‘@le? frt ]2
(m — 1)!(v/2m)™ 1

|J-:>c- |l,f2i'_m—l,f2

 (m—1)! (er)m_lﬁ

T2\t
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Thus,

1 S(t)  C(m)=C"(m)Int

— In — — — ()

L S*(1) !

and

In S (1 In S*(1 InS(t b
11()4{11()_}11( )

{ { {

© St Paul’s University

10





