MTH 401 - DIFFERENTIAL EQUATIONS

LECTURE 5: INTEGRATING FACTOR - TECHNIQUE

If the equation

M(x,y)ds+ N(x, y)dy =0
is not exact, then we musthave
OM ON:
—F
O o

Therefore, we look for a function u (x,i y)such that the equation

u(x, )M (x, y)dx +u(x, y)N(x, y)dy = 0:
becomes exact. The function u (x, y) (if it exists) is called the integrating factor (IF)
and it satisfies the equation due to the condition of exactness.

M w.. N ou

g—u+—M=—u+—N§
ot Ox i

This is a partial differential equation and is very difficult to solve. Consequently, the
determination of the integrating factor is extremely difficult except for some special
cases:

Show that 1/(x” + y*) s an integrating factor for the equation (xz +y? ~x}1’x —ydy = 0,

and then solve the equation.
Solution: Since M=x"+y'-x, N=-y

Therefore o =2y, N =0

dy Ox
oM  ON
JE— ?‘_' —_—
oy x

and the equation is not exact. However, if the equation is multiplied by él/(x2 +y%) thené

So that

the equation becomes

11— dx - dy=0:
[ +y] A
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MTH 401 - DIFFERENTIAL EQUATIONS

and N=- 2y >
X +y X +y

Now M=1-

Therefore oM 2y _ Z—N
X

oy (xz N yz)z
So that this new equation is exact. The equation can be solved. However, it is simpler to

observe that the given equation can also written

édx—x—j;%flzo ‘ dx—%d[ln(szryg)]:Oé
2 2
or d{x—lnx;y ]=0

Hence, by integration, we have

‘x-In ;i:7“'+y2 =k

Casel:
When Jan integrating factor u (x), a function of x only. This happens if the expression

M ON :

oy

is a function of x only.
Then the integrating factor u(x, y) is given by

oM oN

o axdx
N

1 = exp

Case2:
When3 an integrating factor u(y), a function of y only. This happens if the expression

a
is a function of ¥ only. Then IF u(x, y) is given by
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oN _oM
ox Oy
‘u=exp| | ————d
p I, y
Case3:
If the given equation is homogeneous and
XM + yN :t 0
éu 1
Th U=
o . XM +yN
Case 4:

If the given equation is of the form

¥ (x)dx + xg (xp)dy = 0.

M - YN -

Then u =

Once the IF is found, we multiply the old equatlon by u to get a new one, which is exact
Solve the exact equation and write the solution.

Advice: If possible, we should check whether or not the new equation is exact?é

6M 8N

X ox :
If this expression is a function of X only, therf
; oM N

gu(x)zex J & & dx

N
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Otherwise, evaluate

M
If this expression is a function of y only, then
oN M

u(y)=exp J axMay dy

n the absence of these 2 possibilities, better use some other technique However, we
__could also try cases 3 and 4 in step 4 and 5
Step 4. Test whether the equatio__r_l__jgI‘l‘l__gplqlg"@gg"qus and

1
U=

If yes then

Steps Test whether the equation is of the form _
- (xp)dx + xg(xy)dy =0
and whether JCM —yN # 0

u=1—§
M - yN i

If yes then

Solve the differential equation

b _ Sy
dx x+xy

Solution:
1. The given differential equation can be written in form

Gy + )+ (2 +9)dy =0

Therefore

M(xy)=3+y"
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N(xy)=x" +y

2. Now Eaﬁ=3x+2y,a—N=2x+y.§
Oy ox

i
oy Ox:

3. o find an IF we eveluat

which is a function of xonly.
A Therefore, an IF u () exists and is givenby .. _........

1 :
T
ux)=e'r =¢"=x
5. Multiplying the given equation with the IF, we obtain _
§(3x2y )+ (x +x'y)dy = 0

which is exact. (Please check!)

6. This step consists of solving this last exact differential equation.
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Solution of new exact equation:;

1. Sinc&iaﬁ =3x" +2xy = %—N i the equation is exact.
X

2. We ﬁnd F (x, y) by solving the system

iaa—F=3xy+xyz§

X

\oF

H—=x'+x"y. :
oy d

3. We integrate the first equatlon to get

2

F(x y)=x y+7y +9(y)

4. We differentiate :F_w. r. t. ‘y" and use the second equation of the system in step 2 to
obtain

%—x +x y+6’(y) X +xy

=0 = 0 No dependence onx.

?.

;F(x,y)=x y+7y

We don't have to keep the constant C, see next ste

j=]

6. All the solutions are given by the implicit equation F(x,y)=Cli..

2 2
3 XY
x +——=C:
. Y 2

Note that it can be verified that the function .
1 :
u(x,y)=———
: 2xy(2x + y)

is another integrating factor for the same equatnon as the new equatlon

|
————QBxy+y )i+ ——(x" + xp)dy =
2w(2x+y)( xy+y ) 2xy(zﬁy)(x Xy)dy

is exact. This means that we may not have uniqueness of the integrating factor.
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Example2;  Solve
(xz —2x+2y2)dx+2xydy =0

Solution:

M X —2x+2y
N 2xy

oM oN i
=4y —=)
gay yax y:
BM N
M
s

The equation is not exact.

MW oy L
: N 2xy x

Here

Therefore, L.F. is given by

efle]

o LFisx.
Multiplying the equation by x, we have

( 2x +2xy }ix+2x ydy = 0

This equation is exact. The required Solution is

A s -
3 y=a

§3Jc'l —8x3 +123c2y2 = c
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Solve idx+ [x —sin y}iy -
Y )

Solution: Here

M=1, N=Z-siny
: y :
o _ o N_1
Oy ax y

: oM N

Ty 5x

The equation is not exact.

Now
Lo
N,y L
M 1 yi
i dy
Therefore, the IF is u( y) = exp‘[— =y
y

or ydx + xdy ysin ydy 0
or d(xy) —ysin ydy = U
Integrating, we have

Which is the required solutmn.g
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Example 4 _ _
Solve é(xzy-—ZchZhx-—(.’c3 —-3x2y)a'y=0§

Solution: Comparing with

“Mdx + Ndy = 0:

we see that

M = xzy—2xy2 and N= —(x3 —3x2y)§
Since both M and N are homogeneous. Therefore, the given equation is homogeneous.
Now

xM+yN=x3y—2x2y2 —x?’y+3xzy2 =x2y2 # ()

Hence, the factor u is given by

1 1 H
U ———
x2y2 xM+yN§

Multiplying the given equatioil with the integrating factor u , we obtain,

b s
xS )T

u=

Now ) _
=12 N=_—f+3§
y X yooy:
and therefore
oM _ 1 _oN
R

Therefore, the new equation is exact and solution of this new equation is given by

X 2In|x|+3ln|y|=C
y

Example 5

Solve gy(xgy+2x2y2 +Jc(xy—;wc2y2 y=0§
Solution:
The given equation is of the form

| )f (xy)dx + xg (xy)dy = O:

Now comparing with
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 Mdx + Ndy =0
We sce that

M=phyr2y?) ad N=dy-2Y?)

Further

éxM'—yI\zEchy2 +23c3y3 —xzyz +x3y3§
: = 3 2 0 :
Therefore, the integrating factor u is

1 1

L —_—

=3x3y3’ ' xM—yNé

Now multiplying the given .equation by the integrating factor, we obtain

EI R PP L PRI
S3l\xy x Ny

Therefore, solutions of the given differential equation are given by

L ial|x)-hyEC
-y

where 3Co=C
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