ENG 302 -SOLID MECHANICS

LECTURE 8: LINEAR ELASTICITY

B Overview We show how to obtain the equations of linear elasticity by linearising the general
nonlinear equations of elasticity for small displacements. We also consider the solution of simple
problems.

6.1 Infinitesimal strain tensor

The central object is not the mapping ¥ but the displacement.

u=x-X=x(X,t)-X
= Vu=Grad y—-1=H=F -1,

the displacement gradient.
Assumptions:

e Displacement gradient is small.

Now consider the strain tensor,

1
E=_(F'F-1)

F=1+H = E=_((1+H)(1+H) - 1) = _(H+H") + O

et
E

(Vu+ (Vu)T}

B -

E= %(H +HT) =
6.2 Constant relationships
S=S(F), T=T(F)

We assume S$(1) =0 (no residual stress).

= 5=8(1+H)= ffﬂ* DS(1)[H] + O(H?),
0 CH]
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where ( is linear in H.

T = T(1) + DT(1)[H] + O(H?)
0
Which one to use?

T =.J"'F8

— T=J"'F§
and

T = DT[H] = J~}1 + H)DS(1)[H] = det(1 + H)(1 + H)DS(1)[H] + O(H?)

= DT[H] = DS[H] = DS[H| = C[H]
C elasticity tensor,
T = CyreHre
Major symmetries:
Cijie = Chaij
Minor symmetries:
Ciire = Cijer = Cline = Cjign

= from 81 components to 36 independent components.

Note also
1 1
Ty = Cijre| = (H +HT)+ ~(H-HT)
2 2 K

E

constant relationship for linear elasticity.

6.3 Isotropic linear elasticity
If the material is isotropic:
Sy = Ti; = 2pey; + Atr E)dy;
where
Cijke = Adijone + 200850
for g1 and A the Lamé coeflicients. From the symmetry of C and positive definiteness, we have
p>=0, 2u+3A >0
Note: C is positive definite means
ECE)>0, VEEeSym.

Material hyperelasticity <= C is positive definite
= C( is symmetric.
If the body is homogeneous, then pg, A, ¢ are constant.
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6.3.1 Equations:
u=(x)(X)-X.

1
8 =C([E], €= E(VU‘P ‘VuT}
Div 8 4+ by = ppil = ma
Assume homogeneity and isotropy,

S = 24E + A(tr E)1.

Div 8 = ZpDiv (%(Vu + VuT)) + ADiv (tr %[Vn +vu’) I)

= pAu + pGrad Div u + AGrad Div u
= pAu + (i + A)Grad Div u

Therefore we have the Navier equation,

‘pﬁu+ {t+ MGrad Divu+ by = pai.i‘

Note that u = u(X) implies that x does not appear any more (we can replace X by x if we
want — I don’t).
In components,

u=u(X,t) =uE;

implies

Pu; - u; %
£o B2 = b; +#; BXJ? +{A+#}76Xiaxj

6.4 Examples

To understand the meaning of the elastic moduli, we consider simple deformations.

1) Pure shear, u = (vX2,0,0) [pic]

lﬂ'rﬂ 07 0
El=5|v 00|, kl=[ro00],
000 000

= 7 =pv = p is the shear modulus.
{Care! Normal stresses vanish... and remember the condition g > (!)

2} Uniform compression, 1 =X andu=x-X=044+1)X-X
E =41, g=—pl

‘We use

1
ﬂ["_zw-m

(tr o)1
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T3 = —p at d12

ay = -=p

/

7

A
— _3p1
u+3n T ]
1 [—(2;;+3)«J+:u]1

1
§1=— |—p1+
2#[ PRy

T 21 + 3\
—__ P
2t + 3\
20+ 3N
— p=—(2u+3\)0=—3 ’T 3.

L9

where x is the Modulus of Compression. Remember the condition 2u + 3A > 0!

3) Uniaxial tension, ¢ = tE; @ Eq

T
1 11
. t
|E] = diag(e, 3, 3), a=z A= —-va.
w20+ 3A) A
E = —\ —_ —
) TPy
Here E is equated to the infinitesimal Young’s modulus and v is equated to Poisson’s

ratio.

1
E= E{[l +v)r —v(tr o)1)

an alternative form for E.
Expect v > 0 (Care! It's an auxetic material!)
Now
. 2p 430 E
3 3(1-2v)
so that as ¥ — 1/2, & = oc, and we would need an infinite force to change the volume.
Therefore incompressible materials have » = 1/2.

4| Page ST.PAUL'S UNIVERSITY, DEPARTMENT OF ENGINEERING





