Lecture 1: Models leading to Laplace’s equation

Laplace's equation crops up in a vanety of practically motivated models. Here are three.

Steady heat How

Fourier's law of heat conduction states that the heat flux in a homogeneous isotropic medium [ of constant
thermal conductivity k is

q=—k%u,

where u is the temperature. When the temperature is time-independent, conservation of energy in the form
¥ - g = () immediately leads to Laplace's equation for u:

Yu=0 inD.

In two space dimensions this means that w can be written as the real part of a holomorphic function f(z).
z=x+iy. If f{z) = u + iv, the conjugate function v has a physical interpretation. Take two points =, z; in [
and a curve I' joining them, then the heat flux across the curve is

i e Coam
j;q-ndn=—kj‘:5da=—kjr-md.a=—i[ﬂ]lu:

where we have used the Cauchy=Riemann equations to switch from # to v. Thus v i5 a ‘heat streamfunction’.
Twvpical boundary conditions for u are either that o is given on A0, or that fu/dn is given there; an insulated
boundary corresponds to dufdn = 0.

Inviscid Auid fow

The simplest model for a fiuid is that it is inviscid and incompressible (fortunately this is a remarkably accurate
model in many circumstances). An incompressible fluid of constant mass density p has a velocity field u that
satisfies

Y -ou=I),
which is simply conservation of finid mass applied to a small fixed control voluome (just like conservation of energy
fior heat fow). In order to write down an equation of motion for the fluid we need to apply * mass » acceleration
= force' in a frame moving with a fAuid particle. The acceleration of the fluid in this frame is

(just the chain rule, changing to coordinates in a frame moving with velocity u). The force on a fluid particle
has two sources: gravity and the fuwd’s internal forces. The latter are assumed to be solely due to the internal
pressure of the fuid, which acts isotropically (that is, there are no internal frictional foreces, as would be cansed
by viscosity]. Putting these together to use Newton's law on a small material volume V' of the fluid (one that

moves with velocity u). we have

f FE diV = f —pnd5+f pedlV =Jf Vo + pzdV,
v Dt av v v

where g is the acceleration due to gravity. As V7 is arbitrary, this leads to Euler's equations

D

These horribly nonlinear equations have a quite remarkable consequence in the form of Kelvin's theorem. This
savs that if we take a small closed curve I' of fluid particles and follow its evolution, then the cireulation round

I,
fu-ds.
r
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Lecture 1: Models leading to Laplace’s equation

is a constant. In particular, if [ starts with zero circnlation, its circulation is alwavs zero. Now by Stokes”
theorem. the circulation is also equal to
ff ¥V Au-dS,
=

where 5 spans I'. If all fluid particles start in a region where the vorticity @ = W A n = 0. for example in
a uniform flow ‘far upstream'. then we have the result that w = 0 throughout the flow. Such a flow is called
irrotational !
The condition W A u = 0 means that in an irrotational fow u can be written as u = Vo, where, because
Veou=Il.
Vig =0

The function ¢ is called the velocity potential. Replacing uw by W, we find that the Euler equations reduce to
de 1 x, P 2
v, o 1w T4+n)=0 Tis =10,
( a2 T 2| &= + P + &

where g = — Wil The first of these can be integrated to give

g a P

Fring 3|Vel” + . + 11 = Ft).

where F(t) is an arbitrary function of time (which can often be incorporated into ¢). This is Bernoulli’s equation

representing (in steady fiow) the distribution of energy between kinetic, potential and ‘work done by the pressure”.
Let us now (and for the rest of this course) consider only steady two-dimensional flows with zero gravity

(£ = 0). We then have u = (uy, us. ), & = ¢z, &) and

m= .-
1= ==, 2= gy
However, because W A u = 0, we also have a function ¢ such that
_% __w
'H]—ﬂy. ur=—=-.

Here o is the streamfuncfion for the Aow and., as in the heat flow example above, it measures the mass fux. It is
constant on streamibines which, in steady How (only) are the paths followed by fluid particles. The two equations
above taken together are the Canchy—Riemann equations for the holomorphic function®

wiz) =g+ i

is called the compler pofential for the Aow.
We also note that the conditions

Vou=I. VY oAau=0
say that
ey iy iy ey
ax ~ dy’ By - ar

In two space dimensions, an altemative to using Kelvin's theorem is as follows. First write Euler's equations in the form
i N - 1
PI-:-#'l'W“— P+2“u+F‘E~
then take the curl to yield (by a standard vector identity)
D
P =W V.

In two space dimensions, u and w = ¥V A u are orthogonal; henoe the right=hand side vanishes, and this equeation says that w i
conserved following a Huid particle. Hence, Hows that start life with zero vorticity (e.g. from a state of rest, or stesdy How beginning
with a uniform stream) remain irrotational.

*We are assuming steady Bow ooly for this course; in unstesdy HBow w is a function of time § as well {bat =till bolomorphic).
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Lecture 1: Models leading to Laplace’s equation

These are the Canchyv=Riemann equations for the function u — ie, which is a holomorphic function of z = ¢ + iy
called the complex velocity. Clearly,

iy — kg = d_w
1 = dz -
Bernoulli’s equation then reads
I + — = constant

We shall consider two types of boundary to the fluid domain. At a solid boundary, the normal component of
u is continnons; this usually means that u-n = 0 on such a boundarv® and from the Cauchy—Riemann equations
this means that on such a boundary ¢ is constant, so the boundary is a streamline. Of course, 1 may have
different values on different solid boundaries.

The second type of boundary we consider is a free surface between the fluid and (say) air at constant pressure.
Although we can say immediately that. in steady flow, such a boundary is a streamline. on which 4 is constant,
its location is a priori unknown and so we pesd an extra condition to fix it. This is the Bernoulli condition, that
the pressure at the free surface is equal to the external pressure (which is constant); hence on a free surface in
steady flow,

e [*

—_| = constant.
dz

the constant being fixed by the details of the fow.

Electrostatics

The third model that is often seen in the context of Laplace's equation in two dimensions is that of electrostatics.
It was established by Coulomb that a small movable charge of strength g a distance v from a fixed charge of
strength () feels a force proportional to g)fr?: this is the inverse square law, just as in Newtonian gravitation
(except for the possibility of charges repelling, which appears not to happen for masses). This tells us that a
fixed charge generates an electric field E field which is proportional to the gradient of the potential @ fr. and the
force on the movable charge is then gE. As we know, §fr is a solution of Laplace's equation. and what we have
altogether is: any collection of charges in an otherwize electrically neutral medium (such as a vacuwm) generates
a pofenfial ¢ which is a solution of Laplace s equation except at the charges. This ¢ is the usual voltage we talk
about in the context of batteries, mains electricity, lightning ete.

A common and nseful boundary condition for ¢ is that it is constant on a good conductor (e.g. a metal), as
any potential differences within the metal wonld drive a corrent (of charge) that would rapidly force them to
zero. 1Thus a canonical problem is to determine the potential between two perfect conductors each of which is
held at a different potential (such an arrangement is often called a capacitor).

Review of core complex analysis

This section is a summary and by no means a complete treatment.

Motation

Throughout, overbars denote complex conjugate: z = =+ iy, T = r — iy; a region in the complex plane, nsually
denoted [}, is a an open, path-connected subset of C, simplv-connected unless stated otherwise, and its boundary
is 8% a contour I” is a piecewise contimnously differentiable. simple path in C with the positive (anti-clockwise)
orientation (a Jordan contour). closed unless stated otherwise; D{a: i) is the disc centre a and radins K.
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Lecture 1: Models leading to Laplace’s equation

Differentiable, holomorphic

It all begins with the innocuous definition that a function f(z) of the complex variable z is differentiable at the

point z if
. flz+h) = f(2)
lim ———M———= 1
T W
exists however h — 0; and f(z) is holomorphic (some people use analytic) in a region D if it is differentiable at
each point of D.
Writing f = w+iv where v and v are real, then taking h first real then imaginary and setting the two resulting

values of f'(z) equal, we find the Cauchy—Riemann equations

du  Ov du v
%z =0y O3 s
relating the real and imaginary parts of f(z) wherever f(z) is differentiable.

It is often said that a holomorphic function is one that in independent of Z. There is a lot more to the whole
definition of complex differentiability than meets the eye, because the two independent variables x and y only
occur in it through the single combination x + iy. If one were to think of a general function G(z,y), it could
equivalently be viewed as a function g(z,z) using the one-to-one correspondence between (z,%z) and (x,y). One
might then, at least formally, form dg/dz by perturbing z to z + h; while keeping Z fixed, that is computing

lm glz+ h1.2) — g(z,2)
hi—0 h1

and likewise find dg/0% by perturbing Z to Z+ ha while keeping z fixed. This is apparently inconsistent, because if
we perturb z to z + hy then we must simultancously perturb Z to Z+ hq, and so Z cannot be kept fixed. However,
an alternative formal definition of the operators @ /Jdz and 0 /9% is motivated by the chain rule calculation

9 _0m0 wo _1(0 0
Oz 0z0x dzoy 2\0x oy)’
9 _oo o _1(0 0
9z 9zox 9zay 2\0x 9y)’
in which z and z are treaded as independent variables. From these and the Cauchy—Riemann equations it follows
immediately (exercise 1 of sheet 1) that if f is differentiable then
of
—=0:
oz
this is the sense in which we say that a holomorphic function of z is independent of z.
The Cauchy—Riemann equations can also be used to show that, if f(z) is holomorphic, so is

f(z) =13

(note the double conjugation). The process of generating the second holomorphic function f(z) from f(z) is
called Schwarz reflection.
Cross-differentiating the Cauchy—Riemann equations shows that u and v are solutions of Laplace’s equation
(ie they are harmonic functions):
Pu  Pu 0 v v
o2 tap Y a2 Tap T
This is enormously important in applications, because Laplace’s equation arises very frequently, and we can use
complex functions to solve boundary value problems for it (in two dimensions, at least).
This is well known; much less well known is that, given a harmonic function u(x, y), the holomorphic function
of which it is the real part is

0.

f(z) =2u (31 %) — u(0,0) + imaginary constant.
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Lecture 1: Models leading to Laplace’s equation

This is established by first noting that

2u(z,y) = f(x +iy) + flz —iy),

where f(z) is again the holomorphic function f(Z). Then we do a daring thing: we assume that we can replace
x and y by complex variables (in effect, going into two complex dimensions). In particular, we put x = z/2 and
y = z/2i, to get

2 (% %) = f(2) + £(0),

and the result follows.

Integrals

The integral of a function of z (or of both z and %) along a curve I', which may be open or closed, is defined
parametrically in the obvious way. The following is useful:

Green’s (Stokes, divergence) theorem. If g(z,z) has continuous first partial derivatives in a region D
enclosed by a simple closed contour T, then

([0 .
ég(z.z)dsz/L%dmdy.

This is just the usual “$udz +vdy = [, ve — uy dzdy” version of Green’s theorem restated in terms of z and

Z.

Figure 1: Orientation of n and s on T

It is also useful to have a way of estimating integrals:

/Ff(z)dz

If T is closed, the sup is attained and becomes a max.

< length(T") x sup |f(2)].
zel

Cauchy’s theorem and path independence

Having defined integrals of a function of z along a curve by parametrising the curve, we can state the mainspring
of complex analysis, Cauchy’s theorem:

If a function f(z) is holomorphic within, and continuous on, on a simple curve I, then

/F f(z)dz = 0.

This theorem is not at all mysterious. It is, in essence, simply a combination of Green’s theorem and the fact

that f(z) is independent of z:
/rf(z)dz = Qi//D %dmdy = 0.

Nice try; no cigar. There is a hidden, unstated assumption that f(z) has continuous first partial derivatives, and
it is not, at this stage, known that it does (it will be, soon). The correct proof, due to Goursat, is technical and
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Lecture 1: Models leading to Laplace’s equation

—

Figure 2: Triangulation of D.

based on estimating the integral over a finer and finer triangulation of D. The usual statement of the theorem
takes f(z) to be holomorphic on I', rather than just continuous, because this make the theorem easier to prove.
Our statement is more powerful; for example, it eliminates the need for some indentations in contour integration
(eg when integrating z2 /(1 4+ 22) near the origin). Cauchy’s own proof needed the additional assumption that
f'(z) is continuous.

It is an immediate consequence of Cauchy’s theorem that if I'y and I'; are two curves joining the point zg to
another point z,, and if f(z) is holomorphic in a region containing I'j, I'; and the region between them, then

frlf(z)dzz /r f(z)dz,

so that the integral is path-independent. This is often stated as the deformation theorem: if one contour T'y
can be deformed smoothly into another one I'y while crossing only points at which f(z) is holomorphic, then the
integral of f(z) along I'; is equal to the integral along I's. It also allows us to define an anti-derivative (primitive)
of f(z) by the prescription

Fz) = f F(t)dt,

provided that we do so in a simply connected region within which f(z) is holomorphic, as the contour of
integration is immaterial.

Ty

s

Z0

Figure 3: Two paths from zy to z;.

Cauchy’s theorem has a partial converse:

Morera’s theorem. If f(z) is continuous in D and §. f(z)dz = 0 for all simple closed T in D, then f(z) is
holomorphic in D.

Morera’s theorem has its uses (for example, to prove that the limit of a uniformly convergent sequence of
holomorphic functions is holomorphic), but there are better things to come.

Cauchy’s integral formula

Take a simple closed contour I', and let f(z) be holomorphic on I' and inside it. Then values of f(z) on I
determine its values at all points within ' as well, via Cauchy’s integral formula: for all z within T,

1) =5 § IO

2ri Jpt—=z

dt.

© St Paul’s University



Lecture 1: Models leading to Laplace’s equation

The proof is simple, by deforming the contour to a small circle surrounding z and adding and subtracting f(z):

/() - f) . f(z) f@t) = f(=) ...
rmdt'fﬁ,ﬂ:c—t—zdt*ﬁ,z|:5—t—zdt+ﬁ,z|:£7t—z dt;

the first integral on the right is equal to 27if(z) and the second vanishes as € — 0 by continuity of f.

I

Figure 4: Deformation of T to Ce = {z | |t — z| = €}.

It is an interesting sidetrack to combine Cauchy’s integral formula with the complex Green’s theorem. Re-
calling that 9f/9z = 0,

_ 1 f(t)
f(2) =5+ Ft—zdt

-/, 5’;512
- /f f(t)at—d/-l

190 1

TOtt — =z
because of the singularity at t = z. In fact this quantity is the complex delta function, because when a holomorphic
function f(z) is multiplied by it and integrated over a region containing the origin, the result is f(0).

where we don’t set

Infinite differentiability!

Given that

1 f(t)
= _— dt
J(z) 2mi Jpt—z
it is tempting to differentiate with respect to z under the integral sign to find
1 f(t
1) = 5 s de

o2 Jp (t — 2)2

and the justification of this, via (f(z + h) — f(2))/h, is not difficult. But then, we can differentiate again (with
essentially the same justification), to find that f”(z) exists and is equal to

2 G
27 r (t— z);

and we have effortlessly established that once a complex function of z is differentiable, so is its derivative! Hence,

holomorphic functions are infinitely differentiable. The contrast with real analysis is very marked. Indeed, all the

interest in complex analysis is focused on the points where functions fail to be holomorphic, known as singularities

or singular points.

Furthermore, we have a formula for the derivatives: continuing to differentiate under the integral sign, we

have - £0)
(n)
Fz) = 2"‘”,%1“ (t — z)n+1 dt,

this is rarely used per se, but it is the key to Taylor’s theorem.
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Lecture 1: Models leading to Laplace’s equation

Liouville and the maximum principle

A function is called entire if it is holomorphic in the whole complex plane (eg z, e*). Such a function must have
a singularity at infinity, because of:

Liouville’s theorem. Any bounded entire function f(z) is constant.

That is, if | f(2)| < M for some M and all z, then f is a constant (less than M in modulus). The proof is by
looking at Cauchy’s integral formula for f’(z) and taking T' to be a large circle; letting the radius of the circle
tend to infinity, we have f/(z) = 0.

Liouville’s theorem leads to a quick proof of the fundamental theorem of algebra, that a polynomial of degree
n has all its roots in the complex plane. This is demonstrated by contradiction; having removed all roots that do
lie in the complex plane, the remaining polynomial p(z), if not constant, has no zeroes, is unbounded at infinity,
and so its modulus is bounded below; hence 1/p(z) is entire and bounded above, leading to the contradiction.

There are various generalisations of Liouville’s theorem, among which the Phragmen—Lindelof theorems anal-
yse what happens if the modulus of an entire function is bounded in a specified way (eg exponentially) in certain
sectors of the complex plane (eg the right-hand half-plane) as |z| — oo, thereby relaxing the key assumption of
Liouville’s theorem. Specifically, if |f(iy)| < M and, for Rez > 0, |f(2)| < Kel*!® as |z| = oo for some K > 0
and 0 < « < 1, then |f(2)| < M in the right-hand half-plane. Similar results can be found for other sectors.

Slightly more involved than the proof of Liouville’s theorem is that of the maximum principle, in the form of:

The maximum modulus theorem. If f(z) is holomorphic and non-constant on I' and in its interior D,
then the mazimum value of |f(z)| in D UT is achieved at a point on T', not in D.

The proof is by contradiction, assuming that |f(z)| has a maximum at some point z in D, and so not on I.
Using Cauchy’s integral formula on a small circle |t — z| = € to give

1 2w i
1) =52 [ £+ ) ab,

if |f(z + €e'?)| < |f(2)| at any point z + ee'®, continuity of |f| and a simple estimate of the right-hand side
lead to the contradiction |f(z)| > |f(z)|. This result is a restatement of the maximum principle for real-valued
solutions of Laplace’s equation, as the function log |f(z)| is harmonic and an increasing function of |f(z)|. The
modulus of f can of course have a minimum, namely zero, so there is no minimum modulus theorem (unlike for
solutions of Laplace’s equation).

Taylor

Knowing that a holomorphic function has derivatives of all orders, we expect it to have power series representation.
It does:

Taylor’s theorem. If f(z) is holomorphic in a disc D(a; R), then there is a series representation
oo
) =3 calz—a)
n=0

which converges to f(z) for all 0 < |z —a| < R. Moreover, ¢, = f™ (a)/n!.

Note that the series converges and it converges to f(z); the latter need not be true in real analysis (eg the
function e~ 1/** has the Taylor series 0 at the origin, as all its derivatives exist but vanish there).

The circle of convergence for the series is the largest disc within which the series converges, and so the radius
of convergence is the distance from z = a to the nearest singular point of f(z). The series diverges for |z —a| > R,
while on the circle of convergence it may converge at some points (but must diverge at at least one).

One approach to holomorphic functions is to define them as the sums of convergent power series, from which
term-by-term differentiation is justified by standard real analysis techniques (such functions are often called
analytic). This has the disadvantage that the geometry of the circle of convergence is built in from the start,
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Lecture 1: Models leading to Laplace’s equation

even though the domain in which f(z) is holomorphic may be another shape altogether. Unless one has a formula
for f(z) (eg. 35" 2" = 1/(1—2z)), to get outside this circle one has to form another series centred at a point near
the boundary of the original circle, and hope that the new series converges in a disc containing points outside
the original circle of convergence. The process is then repeated with a new circle, and so on. This procedure is
called analytic continuation.

*b .

Figure 5: Analytic continuation of f(z) out of its original circle of convergence. The radius of convergence is the
distance from z = a to z = b, the nearest singular point of f(z).

It should not be thought that analytic continuation is automatically possible. The function

oo

f@) =32

n=0
is holomorphic for |z| < 1, by comparison with the geometric series, but the sum diverges at all points z = e?
for which 6 is a rational multiple of 27 (to see this, take 8 = 2wp/q, and then for all n > ¢, (e?)™ = 1). The unit
circle is said to be a natural boundary for this function.
The guts of the proof of Taylor’s theorem are in the following calculation. Taking a = 0 without loss of
generality, and T to be a circle |z| < |i| < R,

_ 1 f(t)

f(z) =5~ Ft—zdt
_ 1 £t
T 2mi Ft(l—z/t)dt

1 2"
= 2t
27ri jé;] tntl

— f™0) ,
:,12:;) nl o

we have used uniform convergence and Cauchy’s integral formula for derivatives along the way.

The identity theorem (isolated zeroes)

One may ask how much information is needed to specify a holomorphic function uniquely. By Taylor’s theorem,
knowledge of all the derivatives at a point is enough. Another sufficient set of information is given by the
following;:

Identity theorem. Suppose fi1(z) and fa(z) are both holomorphic in D. If there is a sequence of points z, € D,
having has an accumulation point which also lies in D, such that fi(z,) = fa(z,), then fi(2) = fo(z) in D.

An alternative version of the theorem is that if f; and f> agree on a dense set, they agree everywhere. Note
that it is important that the accumulation point is also in D.
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