Lecture 10

Problem 2: Suppose we are given Im(wy) =g on I = {x +1iy : 0 <z < ¢, y =0}, with w holomorphic on
C\T. Find w when (1) gy = —g— = g and (2) g+ = g— = g, where g is continuous on T.

Remark: If w = u + iv then this problem is equivalent to the problem of finding v such that V?v = 0 away
from T, and v+ = g+ on T.

Solution: Seek a solution for w of the form

ey - L [

Tom ), €=z

which is holomorphic on C\T assuming f to be sufficiently regular. The Plemelj formulae (11)—(12) become

1
wi:ui+igi::|:§f+F on T, (13)
where

F(z)= 1 C&d

27 fy E-x

£
Note that F is real on I' if and only if f is pure imaginary on T' (because £, x are real on T').
Case (1): If g4 = —g— = g, (13) becomes

wy +w- =uqp +u_ =2F on T, (14a)
Uy —u_ +2ig=f on I (14b)

'f.U_’_ - 'LU+

By (14a), F must be real, and hence f pure imaginary, on I'; thus, by (14b), uy —u_ =0and f =2igonI'. It
follows that a solution for w is given by

_ 1 [2ig(§)d€
“om), -z TN

w(z) (2),

where h(z) is an arbitrary function of z that is holomorphic on C\{0, ¢} and real on I" (h being trivially a solution
of the homogeneous problem in which g = 0).

Case (2): If g4 = g— = g, (13) becomes

wy +w_ =uq +u_ + 2ig =2F on T (15a)
Wy —wWe =uUp —u_ = f on T (15b)
By (15b), f must be real, and hence F' pure imaginary, on I'; thus, by (15a), uy +u_ =0and F =igon I. It

follows that 1 © f(€)dg
LU(Z) - % 0 5_ >

is a solution provided f satisfies the Cauchy singular integral equation

L[ fO)dE _

™ Jo E—Z

—2g(z) (0<z<e), (16)
which we need to invert to find f.

Remark: In case (1) the data gives w, — w_ and hence f directly. In case (2) the data gives w; + w_ leading
to a Cauchy singular integral equation for f.

© St Paul’s University



Lecture 10

Trick: Suppose we can find an auxillary function @(z) that is holomorphic and non-zero on C\T and satisfies
wy = —w_ #0on I, i.e. wis a solution of the homogeneous problem (in which g = 0) that is non-zero on I'.
Let W = w/w, then

w w_  wy w_ wy +w_ 2ig

W+—W7—H———:—— —

po = = = — on T.
wy  w- Wy (—w4) w4 w+

If w4 is known, then W, — W_ is known (because g is known), so we can turn a problem in which e, + e_ is
given for w into a problem in which e, — e_ is given for w/w. By problem (1), a solution for W is given by

W= L [(1Odk

C2mify, E-2z

+I}(z),

where f = 2ig/w4+ on I" and H is an arbitrary function of z holomorphic on C\{0,¢}. Let us check this result:
by the Plemelj formulae,

Wy (z) = :I:%f{a:) + % :,2{5_7);1:5 +H(z) (0<z<e),

SO f =Wy -W_= 2ig/tﬁ+ on I', as required. Moreover,

1 [°fde -
Wi +W. =— —— + 2H(x).
e wo = —of TS o)
Since w_ = —y # 0 and wy —w_ = f on I', we also have that
Wo W= WE W W wo _wemw-  f o p
wy W Wy (—wy) W Wy

Since f = 2ig/w, on T', we deduce that

F(2) = s (2) (W () + W_(2)) = 254 (2) (% et Er(:r))

satisfies the Cauchy singular integral equation (16).

Finding w

We are left with finding an auxillary function 4 (2) that is holomorphic on C\I' and satisfies @+ = —i— # 0 on
[,whereT={z+iy : 0<z<ec¢, y=0}and T ={zx+iy : 0 <z <¢, y=0}. To find @, we need to find a
function whose value as I' is approached from above is minus that as I' is approached from below.

Im(z)

c Re(z)

Example (1): When ¢ = oo, we can use @(z) = z1/2 provided we take the branch cut along the positive real
axis, e.g. z%/% = r/2e%/2 for z = rel (r >0, 0 < 6 < 27), in which case w4 (x) = +x'/? £ 0 for = > 0.

Example (2): When ¢ < oo, we can use (z) = 21/2(c — 2)1/2 where we take the branch cut along T’ and
wy(x) = ﬂ::r:l/z{c— )2 £0for0<z<ec.
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Lecture 10

Remark: Note that in example (2), we can obtain another valid solution by multiplying w(z) by any function
of z that is holomorphic and non-zero on C\{0, ¢}.

What about a general method of finding w? We have w, /w_ = -1 on T, so
logw; —logw_ =log(—1)=(2m+1)7si  on T,

where m € Z (corresponds to the infinite number of branches of the logarithm). From problem (1) in the previous
lecture, we deduce that

log (z) = % Uc % dé + h(2)

—(m+? log(¢ — z) C:C+fz(z)
(e 3) e =)

(=0
_ m+1/2
= h*(2) (" z)

Z

where fz(z), and hence h*(z) = (—1)'"1ie51(2), is an arbitrary function of z holomorphic on C\{0, ¢}.

Important remark concerning case (2): It is necessary to prescribe the singularities of w(z) at z =0, ¢
and oo in order to fix H and h: often easier to choose h to make the Cauchy integral in w(z) bounded at the
endpoints 0, ¢ and then fix the behaviour at 0, ¢ and oo via H. Two concrete examples next time.

© St Paul’s University





