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The theory of quaternions was introduced in the nineteenth
century, and it found many applications in classical mechanics,
quantum mechanics, and the theory of relativity. Quaternions were
also later used in aerospace applications and flight simulators.
Graphics and game programmers discovered the true potential of
quaternions and started using them as a powerful tool for describing
rotations about an arbitrary axis. From computer graphics, the
application domain of quaternions soon expanded into other fields
such as visualization, fractals and virtual reality.

The discovery and the name of the quaternion himself owes to
the Irish mathematician William Rowan Hamilton. He spent
years trying to extend the complex numbers to a new
algebraic structure with each element consisting of one real
part and two distinct imaginary parts. This would be known
as the theory of “triplets”. He hoped to climb out of the
complex plane by adding an imaginary j . But Hamilton

worked unsuccessfully at creating this algebra. William
Hamilton

On October 16, 1843, while walking with his wife,
= Lady Hamilton, along the Royal Canal in Dublin it
A h occurred to Hamilton that his new algebra would
Oka require three rather than two imaginary parts.




In a letter to his son, W. Hamilton wrote: "It was the 16th day of
October, which took place on Monday, the day of the meeting of the
Council of the Royal Irish Academy, where I had to vote. I went there
with your mother along the Royal Canal. She told me some specific
phrases, but I almost did not perceive them, because something was
happening in my mind. Unexpectedly, as if the electric contour of
thought was locked up, glittering sparks were the fundamental
relations for the symbols".

At the same time, Hamilton made a significant act of
mathematical vandalism — he carved on the soft stone of the
Brougham Bridge (now Broome Bridge) of the Roal Canal:

P2 =2 =k =ik =—1.

This event is marked by a plaque at the exact location today.

“Here as he walked by on the 16-th of October
1843 Sir William Rowan Hamilto in a flash of
genius discovered the fundamental formula for
quaternion multiplication and cut it on a stone of
this bridge”.

Hamilton’s discovery was so significant that every year on
October 16th, the Mathematics Department of the National University
of Ireland commemorates his discovery by walking to Broome Bridge.

3.2.1. Basic Concepts

Definition of Quaternion

To better understand quaternion, it is important to understand it as
an algebraic structure.

As we indicated, quaternions are a four dimensional extension of
complex numbers with three dimensions being imaginary and the
other being real. Therefore, many of the properties of quaternion
algebra can be deduced by logically extending the well known
properties of complex algebra. Unlike complex numbers, the set of
quaternions are not commutative algebra under multiplication.



Quaternions can be defined in several different, equivalent ways.
It is helpful to know them all, since each form is useful.

Definition 3.2. }

Quaternion is called the expression of the form \
q =1z, + I + 1,5 + 15k,
where the real numbers x,, x,, 7,, T, are called quaternion

coordinates;
the imaginary units i, j, k satisfy the following conditions

(Hamilton’s Rules):
’é2:j2:k2:_1,

i-j=k, j k=i k-i=j, (3.6)

i-j=—j-i, j-k=—k-j, k-i=—ik,

\ b1 /

The real number gz, is called the real component of a quaternion

¢ and the sum zi+ 2,57+ 2,k is called the imaginary part of this

quaternion.

Thus, quaternions have 4 dimensions (each quaternion consists
of 4 scalar numbers, hence the name “quat-“): one real dimension
and 3 imaginary dimensions. Each of these imaginary dimensions has
a unit value of the square root of (—1), but they are different square

roots of (—1), all mutually perpendicular to each other.

N.B. The quaternions don’t commucte:

q 49y =Gy q -



A useful mnemonic for multiplication i, j, & you may see on Fig. 3. 22:

?
~—_ 7

Fig. 3.22

You may also recognize i, j and k as the standart orthonormal

basis for R*. And their product is the same as the cross product of
unit vectors:

—

i) =k, [J.kl=17, [ki]=7.

Except, for the cross product:

- — - —

[i,i]=0,[j,j]=0, [k,k] =0
while for quaternions, this is ! (—1).

In fact, we can think of a quaternion as having a scalar part =z,

and a vector part T = x4+ 2,5 +xk. So quaternion can be
represented as follows:

q =12, 4+ = {7y, Z}.
If the vector part of a quaternion is zero (7 = zi + ,j + z,k = 6),
that is, if
q= {%76}7
then a quaternion is identified with a real number
q = I

(scalar quaternion).



The quaternion
g = {1,0} = {1,0,0,0}

is called the identical quaternion.
When the real part of a quaternion is zero (z, =0), then the

quaternion
q = A0, 7}
is identified with a vector
q=1
that has cartesian coordinates z,,z,,z, (vector (right) quaternion).

Due to quaternions are an extension of complex numbers, many
properties of them are familiar.

Equality of quaternions

Two quaternions
q = Ty + 0+ Ty) + vk = {7y, T}
and

Qb =Yy + Y+ yd +ysk ={y,, ¥}

are defined to be equal, if their real (scalar) parts are equal and their
imaginary (vector) parts are equal too:

'xozy(),

¢ =Gy < x_?:y(_),7(:>‘$1:y17
r =Y Ty = Yo

ENR



Addition and Subtraction of Quaternions

Addition and substraction of two quaternions act similar to complex
numbers — component-wise:

q g = (5’70 + yo) + (551 + yl)i + ('CU2 + yz)] + (ms + y3)k,
or
a, :l:QQ :(moiyo)_i’(fig)-

Additive Form of Quaternion

We may represent a quaternion in the following form
q = +I= {$076}+{07£}1

which is called the additive form of a quaternion.

Quaternion Products

Multiplication of quaternions by a scalar is the same as for complex
numbers:

aq = ax, + o = az, + axi + axyj + ok, o« € R .
If ¢, and ¢, are scalar quaternions
4 = o> 49 = Yp»
then their product is also a scalar quaternion
4 95 = Lol -
We can also express the product of a scalar quaternion
%G = Ty
and a vector quaternion
G =Y =Yi+YpJ + ysk

as

@ - G = To(Yyt + YoJ + ysk) = (T1)i + (Y)J + (T0y35)k -



In this case we obtain the vector quaternion and the
multiplication operation coincides with the multiplication of a vector
y by a scalar z;, in space.

Let us consider now the multiplication of two vector quaternions:
@ =T=gzi+xj+ak and ¢ =y =yi+yj+yk .

Using the distributivity of multiplication over addition, the product
becomes

q, Gy = - ?j = (:Uli =+ ij + xgk)(yli + y2j + ygk) =
= Ty, 1 + T Yotl] + T Ysth + Toy Ji + TolodJ + ToYs gk +
+zy, ki + Tyk + oy Kk

It is quite long to understand what is going on. However, using
Hamilton's Rules we can simplify the product of quaternions:

Ty = -2y + Tk — 1Ys) — Ty k —
— Loy T Tolsl + Tl ] — Talyl — Tgls -
We regroup the terms according to the imaginary units, and we obtain
GG =T Y = (@Y + DYy + T3ys) + (Toyy — T3 )i +
3y, — Bys)J + (@9, — Ty )k -
Fortunately, we can utilize the dot product

Y + Toyy + T3y =(2,7)

and the cross product
(x2y3 o x3y2)i + ($3y1 — 1Y, )] + (3711/2 - $2y1)k :[57?7]

of two vectors in R? to write the above quaternion product in a more
concise form



N.B. q, " 4, :fg:_(i)?g)—i_[f?g],

where (Z,y) is the scalar part, [:E,ﬂ ] is the imaginary part of the
product of two imaginary quaternions.

The product of two imaginary quaternions
¢ =2 and ¢, =Y

is also a quaternion, the real part of which is the
dot product with the opposite sign, and the vector
part is the cross product of these quaternions.

Let’s consider now the multiplication of two quaternions:
Q@ =Ty + i+ T,)+ Tk =13+ 7,
G = Yo+ Wi+ YJ +Ysk =yy + 7.
We get the rule of multiplication of quarterions
0% = (%) + )Yy + ) = 70y, + 209 + yT — (7,9) +1[7,9],
or
0 - @ = {2y, T} - {vo, ¥} = {zgyy — (Z,9), 20§ + 4T +[2,¥]}.

We see that the product of two quaternions is still a quaternion
with scalar part

—

LoYo — (f, y)
and vector part

Ty + Yot + (7, Y] .

Let’s multiplicate quaternions
Example g =2+ 3i—j+4k,

g =4+1+25—3k.




Q We first single out vector parts of the quaternions:
z=3-L4), y=(12-3).

Let us find the dot product and the cross product of these
vectors:

(Z,7) =3—-2-12 = —11,

A
[Z,7] =13 —1 4 |=(=5)i +13) + 7k .
1 2 -3

And we get
@9 =8—(—11)+2(i + 25 — 3k) + 4(3t — j + 4k) + (=5i + 135 + Tk) =

=194+ % +135 +17k. ®
It is not difficult to verify that multiplication of quaternions is
associative and distributes over addition:
(@ 0) a3 = (% 43)>
(ql +QQ)'Q3 =q;"q3 TGy q5,

(G +a) =906 +q-q).

Quaternion Conjugate
As in the case of complex number, we can define the conjugate of a
quaternion.

Let
Q=T +xi+ 25 +3k =23, +7

be a quaternion. The conjugate of q, denoted as ¢, is defined as

—

=Ty — B — T — Tk =2, =T .



Given two quaternions ¢, and ¢,, we can easily verify that

q1+q2:§1+§2, %'%Z@g@l-

» Let’s check, for example, the second formula.
Indeed, we have

q " 95 = TpYy — (f, g) + 33()?7 + yof + [fa ?7]
and

GGy = ToYy — (Z,9) — TY — YT — [Z,7]. (3.7)
Then, let’s find the product g, -q, :
@ = Wy — Y2y — ) = Tyy — (Z,7) — 2§ — Yo +[¥,7].
As the cross product of two vectors is anti-commutative, we have
G- @ = Tyy — (Z,9) — 20§ — Yot —[7,9]. (3.8)

Comparing (3.7) and (3.8), we obtain

%'%Z@@l- <

From the definition we immediately have that the sum of the
conjugate quarterions is the real number:

q+q = 2x,.
Let’s find the product of conjugate quaternions

07 = (o, +3) (3~ 7) = — 7,

T° =77 = (v + xy5 + k) - (w5 + 2,5 + 23k) =

= xfzz + 2,751 + 1,751k + 7,51 + :133 J + 2yxa gk + mywki + xowky + SU?Q)]C]{ =

= —a] —x; —a; = —(a7 + 15 +13).
Thus,
-7 =x+z +3 +1;.
N.B The product of conjugate quaternions is the positive real
) number which is equal to the sum of the squares of their
coordinates.

10



By analogy with the complex numbers let’s call the number

2 2 2 2
\/5’70 + I+ T + T

as modulus of a quaternion ¢ and denote it as |q| :

‘q‘:\/x§+x12+x22+x§.
Number
den

2 2 2 2 _
Ty + 2] + Ty + T3 —HqH

is called the norm of a quaternion.

Thus, the product of conjugated quaternions is the square of the

modulus or a norm of a quaternion:

07 =af =]al.

A quaternion is called a unit quaternion if its modulus (norm) is
equal to one. Any quaternion ¢ can be normalized by dividing by its

norm, to obtain a unit quaternion.
The inverse of a non-zero quaternion ¢ is defined as
-1 9
7 =—7"
a
Really, as we know

We can easily verify that

In the case when ¢ is a unit quaternion, the inverse is its

conjugate q:

¢g'=7.

11



Of interest are two more operations with
quaternions. First one is called a scalar product
of quaternions and is expressed by the formula:

ql‘Q2+a2.Q1
2

= {zyyy + 2y + Ty, + 23Y5,0}.

/ As a result of this operation, a purely
scalar quaternion is obtained, the scalar part of
which is equal to the scalar product of
quaternion-multipliers, if consider them as four-
dimensional vectors, and the vector part is zero.

The second operation is called a vector cross
product of quaternions:

q -4y — 4y 4 - -
= 10,|z,y|}.
: {0.7,71}

/ As a result of this operation, a purely
vector quaternion is obtained, the scalar part of
which is equal to zero, and the vector part is
equal to the vector product of vector parts of
quaternion multipliers.

Euler’s Identity

As in the case of real numbers for quaternions, the following theorem
is valid.

M The norm of the product of two quaternions q,

and ¢, is the product of the individual norms.
» As we know,
”(,Z”:qq and 49 =G q,
then we have

|4 @) =@ @)@ o) = @ ) =0 (@& &) 7 =

H%'%H = ¢ (& %) q :%'H%H'@ :HCJQH'%’(Z :H%H'H%H'

12



Thus,
lo- ] =[a ]|l

or we may write

9 %] =|a||e].

Let us express this equality in components of quaternions.
Consider two quaternions

q = Ty + 30 + 3,7 + x3k,

d = Y +y1i+y2j+y3k-
We have

Q- q = (1) + 20 + 255 + 23K) (yy + Yyt + YoJ + y5k) =
= (T — Ty — Loy — L3Y3) + ey + LYy + Tz — Tah) +
FJ(Tyyy + Ty + Ty — TY3) + k(Toys + Ty + Yy — Toyy) -
Remember that
o =@+ + a2+ a2, |of =@ + 07 + 02 +95.
Therefore

2
‘ql : CJQ‘ = (TgYy — Ty — LYy — :L’3y3)2 + (2gy, + 1Y + oy — x3y2)2 +

@Yy + Ty + T3y, — 33193)2 + (Tgys + T3Yy + 1Yy — 332%)2-

And we get
(a5 + 2 + a3+ 23) (Y5 + o7 + 5 +5) =

= (TgYy — TY; — TylYy — x3y3)2 + (Toy; + Yy + Tyys — x3y2)2 +

@Yy + ToYo + T3y, — 95193)2 + (Tgys + T3Yy + 1Y — 552?/1)2

— the product of the sum of four squares by the sum of four squares is
again a sum of four squares.

This is well-known Euler’s Identity.

13



3.2.2. Polar Form of Quaternion

Quaternions, like complex numbers, can be represented in polar
form.
Consider quaternion

q=1x,+7T (3.9)

where z, and 7 are the scalar and vector parts, respectively.

Let us divide both parts of equality (3.9) by

‘q‘:\fxg—i—xf—!—xg—l—xg.

We get

g _m T
gl |q

&

i

—

X
The term |— we represent as
z]

i _z |2 _z |7
T T TS TS T
ol o 2] 2] g
r . : .
here |T = u is a unit vector of vector-quaternion z, and
2

‘:Z‘ = \/xlz — azg + x§ is the modulus of 7.

Then we have

ST

qz\q\<ﬁ+ ).

()

We introduce the notation now

o
H = COS Y,

| 21

= siney.

al
Obviously, the well-known equality holds:

cos’> ¢ +sin? ¢ = 1.

14



Indeed,
2

_|_

—

X

s
A

Thus, we obtain the polar form of quaternion

2 2,2 2
_ Tyt +w

cos® ¢ + sin® p = 5 5 > 5
To + 27 + 2 + 23

=1.

q= ‘q‘(cosgo + using)

that both in essence and in form is similar to the polar form of a
complex number.

3.2.3. Matrix Model of Quaternion

We’ll now use matrices to give representation of quaternion.
Let us consider two quaternions:

q = Ty + 38 + 1,5 + 25k,
4 = Yy +y1i+ygj+y3k-

We may represent the quaternions as vectors in R*:

0 Yo
q = 'l and gy =

Lo Yo

Ty Ys

To discover a matrix form of a quaternion let’s use quaternion
multiplication.

As we know
4y "9y — LYy — (g_c', 37) + %27 + y()f + [f, 37]

or in vector form

LoYy — T1Yy — LYy — T3¥3
ToYy T Yoy T TolYs — T3Ys
LYy + YoTy + Ty — Y5 |
ToYs T YTy + 1Yy — LY,

a4 -4y =

15



The latter expression is best represented as

LYy — T1Yy — LYy — T3¥s
Yy T Toly — T3y + LY,
ToYy + Ta¥y + Loy — T1Y3 |
T3Yy — To¥y + 1Yy + TYs

449y =

and it can be recognized as a matrix — vector product

9 9% = _
Ly Xz Xy CRIES

Ly —Ty I Lo J\Ys3

Here the first matrix is considered as coefficient matrix, the

second matrix is quaternion g, .

Thus the product of quaternion ¢, and quaternion ¢, we may

write as the pair of two matrices

o | | Y% Ly —Tp —Ty —T3||Y

¢ - q = il A5 T T3 _1132 %
2| | Y2 Ly Iy X Ly 1| Yo

Ty | \Ys3 Iy —Ty Iy Iy )| Y3

We may assume that the coefficient matrix is the matrix form of
quaternion ¢,. This leads us to possibility of modeling quaternion by

special square matrices of the fourth order:

T T 77 —
: - 1 1 0 3
=1, + %1+ 2,7+ 2.k = —
q 0 1 92J 3 . o @ 5
9 2 3 0
L3 Ty —Xy I

The matrix

T, Ty T, I
Ty —Ty I )

has some very interesting properties.

16



The transpose of this matrix is the matrix

T T —T T —T T T —T _

QT - a:l xO T ’ —:?7 - —:1:1 —:2 zr:3 T dindE
2 3 0 1 2 3 0 1
Ty —Iy I Ly I3 Ty I X

We get the matrix representation of quaternion conjugate.

Let’s multiply

T
Q-QT = T | S B | I S N S
Ty —T, I Ty (T3 —xy 1 2
We obtain
T, —I1, —T, —I3|l x T, Ty
0.-Q" = T O T | B T | L S B
:cg + x12 + :1;3 + :c§ 0 0 0
_ 0 :133 + iIJ12 + l‘% + m§ 0 0
0 0 :1:3 + :cf + xg + :L'§ 0
2 2 2 2
0 0 0 Ty + @) + 1y + a5
1 0 0 O
01 0 0
/2 2 2 2 2 2 2 2
—(:1:0+x1—|—:172+x3)0 01 0 = (x5 + o] + x5 +x3)- 1,
0 0 0 1

Thus, the matrix Q is orthogonal matrix if

3
2 2 2 2 2 _
me—x0+xl+x2+x3—1.

m=0

17




In this representation, the fourth power of the modulus of a
quaternion is the determinant of the corresponding matrix:

T, —T —T, —Ty
x, T, —T. 4 2
Lo 2= el v+ a)) = =]
T, X T, —
2 3 0 1
Ty —xy Iy )

detQ =

Let’s find the matrix representation for very important
quaternions:

identical quaternion

S O = O
SO = O O

where | is our well-known Identity matrix;

0 0 -1 0 0
1 1 0 0 0
T='"=1o|™ 1o 0 0 —1)
0 0 0 1 0
0 0 0 -1 0
o 0 0 0 1
=777t 0 0 o]
0 0 -1 0 0
0 00 0 -1
|0 00 -1 0
T=%=1o|™lo 1 0 o0
1 10 0 0

18



We may verify that all Hamilton's Rules holds in this case.

Indeed,

= —| — —1.

0
0

-1 0
-1

0
0

0

— k;

-1
0

00 O

—1

0 0

0

1

0

—1

0 0

—1

0
1

0 0 O

—1

1o 0 0

-1 0 O

0

0
-1

0
0 O

0

0
1

—1

0 O

0 O

-1

0

0

1

0

-1 0 O

0

0 0 -1

0

I

-1 0 O

0

= —| — —1.

-1

0 0 O

0

—1

0 0

-1

0 0 O

0

—1

0 0

0

We leave it as an exercise to verify other Hamilton's Rules for

interested reader.
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So any quaternion ¢ = z, + z;i + 7,j + r;k we may represent in the
following matrix form:

1 00 0
. . 0100
qzxo—l—:zzlz+:1:2j—|—x3k=x00010—l—
000 1
0 -1 0 0 0 0 —1 0 00 0 -1
Lt o0 0 o0 0 1) 00 -1 0
Tilo 0 0 =17 ™1 0o o0 o|/"™™lo1 0 o0
0 0 1 0 0 -1 0 0 10 0 0

This matrix representation of quaternion is not the

only one.
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