COMBINATORICS

INTERSECTING FAMILIES CONTINUED

Theorem 27 (Frankl-Wilson Theorem). Let A C P(n) be S-intersecting.

Then
S|

A< (f)

We won’t prove the full version of F-W here: instead we prove it under
the additional assumption that |A| € S for all A € A.

Proof. This is an easy deduction from the Modular Frankl-Wilson Theorem:
just apply the modular version of the theorem with p > n. H

The next result is a uniform version of the Modular Frankl-Wilson The-
orem.

Theorem 28 (Ray-Chaudhuri-Wilson Theorem). Let A C [n]*) be an S-
intersecting system, where S C {0,...,k —1}. Then

A= (%)

Proof. Let x = (z1,...,z,). For each A € A, we define

fae) =TI (le - ) |

sES icA

So for A, B € A we have

0 A#B
a0ws) = [J04n 51— - {#0 e

Now for B C [n], let

pe(x) = H;I?i.

i€B
(In particular py = 1.) We have
(xE) = 1 ACB
Pa\XB) = 0 A¢B.
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Finally, define

Q(I) - Zmi — k,

1=0

so q(xp) =0 for B € A, and ¢(xB) # 0 if |B| < k.

Define the collection
G: {farAe A} U{q-pp:[B[<|S| -1},
and let G be the multilinearized collection
G:  {fazAe Ayu{gps:|B|<|S| -1}

We claim that the collection G is linearly independent. If this is true
then note that all the polynomials in G are multilinear and have degree at
most s. Thus they lie in a space of dimension Zlilo (;). However, the set

{qpp : |B| < [S|—1} has size Z!i'o_l (™). So the set A has size at most (IT‘;I)'

All that remains is to prove our claim. Suppose that
Y Mafa+ Y. upips=0.
AcA |B|<|S|~1

For C' € A, we have
qpe(xc) = aps(xc) =0,
so for all C € A we have

0= Z Aafa+ Z 1eaps | (Xc) = Ac.
AcA |BI<|S|-1

It follows that we must have

Z 1pqpp = 0.

|B|<|5]-1
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Now if not all uc are 0 then let C' be of minimal size with pc # 0. Then

0 BCC,B#C (as up=0)
neape(xc) =0 B Z C (as pp(xc) =0)
£0 B=C

So

0= Z 1teqpre(xc) = peqpe(xe) # 0,
|B|<|S|-1

which gives a contradiction. Thus the claim holds.





