COMBINATORICS

Borsuk’s Conjecture

In 1933, Borsuk conjectured that if X C R? has diameter 1 then it can be
partitioned into d+ 1 sets of diameter less than 1. (It’s easy to see that there
are sets for which d + 1 is necessary: consider the regular simplex.)

Borsuk’s conjecture remained open until 1993, when Kahn and Kalai
showed that it is false.

Theorem 29. Let k(d) be the smallest integer k such that every subset of
R™ of diameter 1 can be partitioned into d+ 1 sets of smaller diameter. Then

there exists ¢ > 1 such that
k(d) > ¥4

for infinitely many n.

In fact, Kahn and Kalai proved that (with a little more work) the bound
holds for all d. Surprisingly, their result uses the Modular Frankl-Wilson
Theorem.

We will need a preliminary lemma.

Lemma 30. Let p be a prime and suppose A C [4p|?P). Suppose there is no
pair of distinct A, B € A with |AN B| =p. Then |A| < 4(:_1’1 .

Proof. For z € [4p], let A, :={A € A:x € A}. We can choose z such that
|A:| > |A|. Then, for distinct A, B € A,, we have |[AN B| # 0,p,2p. So,
for distinct A, B € A,., we have

|AN B| # 0 mod p.
On the other hand, for all A € A,
|A| = 0 mod p.

We can therefore apply the Modular Frankl-Wilson Theorem (with S =

— (4p 4p
al=> (M) =2()7):
=0

since 2(41?”) > (f‘_pl), for all : < p — 1. The result follows. |
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Proof of the Kahn-Kalai Theorem. Let N = (42”), where p is a prime. We
shall construct a set K C R". In fact, let

W = [4p]® = E(K4,),

so we identify [4p]® with the edges of the complete graph with vertex set
[4p]. We will work in R". Note that

e Coordinates in RY are indexed by edges of Kj,; and
e (-1 vectors correspond to subgraphs of Kj,.

For each A € [4p]®P), let
Ea={{i.j} €W+ AN {i.5}] = 1}

in other words F 4 is the edge set of the complete bipartite graph with vertex
classes A and A°. We set

F={E,:Ac [4p]*"}.

Since |A| = |A¢| = 2p and E4 = E4e, we have

1/4p
F1=3 (’Zp)'

We identify each element E, of F with the vector v, given by

1 ee F
(UA)E_{O e F.

Let K be the set of points in R" corresponding to F.
Now for A, B € [4p]®P),

1/2
lva — vsl|2 = (Z(’D‘A(e) — UB(B))Q)

[

= (|Ea| + |Ep| — 2|E4 N Eg|)"2.

So ||[va — vp||z increases as |E4 N Eg| decreases. It is easy to check that
|E4 N Eg| is minimal if and only if |AN B| = p.
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Now suppose L C K satisfies diam(L) < diam(K). In the set A C F
corresponding to L there can be no pair A, B with [AN B| = p. So by the
lemma, |A| < (;fl), and so

FI/1A] > ;(;‘g) /(fl).

For large p, an application of Stirling’s formula shows that this is at least
1.67, which is at least 1.5V". Thus if we want to partition K into sets of
smaller diameter we need at least 1.5V" sets. |





