MARINE HYDRODYNAMICS II

3.7 Governing Equations and Boundary Conditions for P-Flow

3.7.1 Governing Equations for P-Flow
(a) Continuity

1 .
(b) Bernoulli for P-Flow (steady or unsteady) |p = —p (@z + §|V¢|2 + gy) + C'(t)

3.7.2 Boundary Conditions for P-Flow

Types of Boundary Conditions:

. . o . o . o
(c) Kinematic Boundary Conditions - specify the flow velocity ¢ at boundaries. 8£ =U,
n
(d) Dynamic Boundary Conditions - specify force F or pressure p at flow boundary.

p=—p ((I'}g -+ % (Vo) + gy) + C' (t) (prescribed)

The boundary conditions in more detail:

e Kinematic Boundary Condition on an impermeable boundary (no flux condition)

g = _U_ -n = U = Given
fluid velocity  boundary velocity nornal boundary velocity
o=V
Veo-n = U, =
a o a
(nliﬁL'nQiJFnSi)@ = U, =
6'171 8I2 8.‘1‘3
9P
a Un.
on
U
n= (nl,nz,n3

e Dynamic Boundary Condition: In general, pressure is prescribed

1 .
p=—p (f_fba +35 (V) + gy) + C'(t) = Given
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3.7.3 Summary: Boundary Value Problem for P-Flow

The aforementioned governing equations with the boundary conditions formulate the
Boundary Value Problem (BVP) for P-Flow.

The general BVP for P-Flow is sketched in the following figure.

KBC: (Lecture19)

Free surface

Hv

O

1 7
p=-p(0 +5(V¢)' +g)+C(1)

DBC:-p(g + 1 (Vqﬁ)2 + gy)+ C(t)=GIVEN
2 ——

non-linear

*Solid boundary KBC: g—%ﬁ =U, =GIVEN
I

[t must be pointed out that this BVP is satisfied instantaneously.
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3.8 Linear Superposition for Potential Flow

In the absence of dynamic boundary conditions, the potential flow boundary value
problem is linear.

e Potential function ¢.

$=U" =fon B —'"‘L.JO

e Stream function 1.

Viy=0inV

RN

y=gonB

Linear Superposition: if ¢, ¢,,... are harmonic functions, i.e., V%¢; = 0, then ¢ =
Y a;¢;, where «; are constants, are also harmonic, and is the solution for the boundary
value problem provided the kinematic boundary conditions are satisfied, i.e.,

dop 0
n  on
The key is to combine known solution of the Laplace equation in such a way as to satisty
the kinematic boundary conditions (KBC).
The same is true for the stream function . The K.B.C specify the value of ¢ on the
boundaries.

(a10y + gy +...) = U, on B.
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3.8.1 Example

Let ¢; (:.?) denote a unit-source flow with source at z;, i.e.,

L - :
0; (I) = Osource (1’; 331') =5 In |I - 331'| (in 2D)
= — (4|7 -z)” (n3D),
then find m; such that
¢ = Z m;;(x) satisfies KBC on B

Caution: ¢ must be regular for z € V| so it is required that 7 ¢ V.

p—y

Figure 1: Note: 7,7 =1,...,4 are not in the fluid domain V"



MARINE HYDRODYNAMICS II

3.9 - Laplace equation in different coordinate systems (cf Hildebrand §6.18)

3.9.1 Cartesian (x,y,z)

o (i E s (92 90 99
U= (u,v,u.) =V¢ = (8:3’ ay’ﬁz)

o 90 0%

2 ) —_—
Ve ox? * oy? * 0z
Ae
Z}
AP(x,y,2)
ox Y >é,
x/ N Y
éx
3.9.2 Cylindrical (r,0,z)
r? = 22 442,

§ = tan"'(y/z)

5 = (i in) = (22,292 92
) T\ o r a0 0z

P26 106 186 8%

2 _ _ __r o -
Ve = or? + T or +-r2 06?2 * 0z2 <
182 (r52)
10¢ [ 0o 1 0% 0%
2 — T . _ P
Ve = Do (rar) TR T o
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3.9.3 Spherical (r,0,p)

r? =% 442 4 22,

§ =cos™'(z/r) & z =1 (cosb)

p = tan™"(y/x)

=V = (0,1, 0 10¢ 1 _0¢
I A or’ r 80 r(sin ) Ay

@+28¢)+ ! 2 51n98—¢ + ! _(92¢
or2  rodr  r2sinf 00 o r2sin?  Jp?
7 5:(58)
= ar

ai
by 10 (a00N 1 0 (. 06\ 1
Ve = r2or r@r +-r23in989 ﬂng@t‘? +rzsin298t,92

Vip =
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3.10 Simple Potential flows
1. Uniform Stream V*(az + by +cz+d) =0

1D: ¢ = Uz + constant ¢ = Uy + constant; v =(U,0,0)
2D: ¢ =Uzx+ Vy+ constant ¢» = Uy — Vz + constant; v = (U,V,0)
3D: ¢ =Uz +Vy+ Wz+ constant v=(UV,W)

2. Source (sink) flow

2D, Polar coordinates

19 0 1 9?
Vi=-—r(r=— | + 5=, with 7= /22 4+ 92
ror \  Or -
An axisymmetric solution: ¢ = alnr + b. Verify that it satisfies V2¢ = (), except at

r = /2% + 32 = 0. Therefor, r = 0 must be excluded from the flow.

Define 2D source of strength m at r= 0:

6= o
=—Inr
27
do m m
Vo= "6, =—¢. = 1v,=—, 1g=0
¢ or 27r o 0
source

Y (strength m)
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Net outward volume flux is

$v-nds= [[V-vds= [[V-vds
C g S,g

2T
$v-nds= [ v, r.dd= m
Ce 0 Y~ M
Trre source
strength
y
n C
Se

!""K
]

If m < 0 = sink. Source m at (xq,yo):

¢ = %ln\/($—$g)2+(y—-yg)2

= Py (Potential function) «— ¢ = ;9 (Stream function)
T m
v="0¢

y 2n
/

V= m

2n
" X

y=0
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3D: Spherical coordinates

2_ 10 (20 9 9 . I e arap
Vv =25 r@r - 50° 95 , where “r—\/:c +y?+ z

A spherically symmetric solution: ¢ = 4 + b. Verify V2¢ = 0 except at r = 0.
r

Define a 3D source of strength m at » = 0. Then

. m do m
@ e e -——1 Up = — =

d7r ar  Amr?’ vg =0, v, =0

Net outward volume flux is

ﬁvrds = 47r? - 4m2 =m (m < 0 for a sink )
2

3. 2D point vortex

2 10 (0, 15
v  ror T@-r +-r2392

Another particular solution: ¢ = afl + b. Verify that V?¢ = 0 except at r = 0.

Define the potential for a point vortex of circulation I' at » = 0. Then

B r B 0o B B 1 0o B r
0= 0= =g, =0 w= 15 = o and:
1
w, = Lo (rvg) = 0 except at 7 =10
ror
Stream function:
p=——Inr
¥ 27

10
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Clirculation:
2
. . . . . . T
v - drxr = v - dx + v - dxr = —rdf& = I
29T S—
(&2 O ' —C'z o vortex
< __
S — strength
f:! {8 ] =

4. Dipole (doublet flow)

A dipole is a superposition of a sink and a source with the same strength.

L 4

2D dipole:

o= V@ -+ — @0 + 7

Im ¢ = Lol 2ln\/(.:lv,‘—<‘;-')2—|—y2
a—0 \_%";,, o0& £=0
= 2ma
constant
7 x T
2w a?4y? 272

2D dipole (doublet) of moment p at the origin oriented in the +x direction.

NOTE: dipole = ,uf% (unit source)

11
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unit
sourc o
> X
. —pzcosa+ysina  —pcosfcosa+sinfsina
P= 2w 2 + y? Cor r
3D dipole:
1 1
¢ = liﬂ}) - 43 - where p = 2ma fixed
- ' \/(ﬂf—a)%ry“rz2 \/(HHLGE-)?+-:f,f2+z2
_ p o 1 _p T _pT

3D dipole (doublet) of moment p at the origin oriented in the +x direction.

5. Stream and source: Rankine half-body

It is the superposition of a uniform stream of constant speed U and a source of
strength m.

LA
d

/2N

2D: ¢=Uzxr+ ;ln vV 2+ y?
T

12
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/

stagnation point v =0

A’.
-~

—+»Uu

!

h
m
X
:-h._

Dividing
Streamline

a m T
u=22 4T
Ox 2w 2 + y2
s
uly:ﬂ = U + ﬁ’ Uly:{] =0=
— m
V=(uv)=0at r=x,=——— =0
(u,v) s 5l Y
. “ T
For large x, u — U, and UD = m by continuity = D = U
3D: b — Uz —
( A
I
stagnation point
div. streamlines
v — 9P _ x
Ox A7 (22 4 32 + 22)3;‘2
me T
"i‘.a‘.Iy:z:(_J — U — EW, Iy=z=0 — 0, ?_(__r|y:z:ﬂ E
V =(u,v.w) =0 at x =z, = — 4ZrnU’y=Z
For large x, v — U and U.A = m by continuity = A4 = g

13
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6. Stream -+ source/sink pair: Rankine closed bodies

dividing streamline
(see this with PFLOW)

To have a closed body, a necessary condition is to have > m

in body — 0
2D Rankine ovoid:

b = Uz—k% (ln \/(.:r:

3D Rankine ovoid:

m 1
¢’—U$4W[

1
\/(1‘ +a)? 4+ y? + 22 \/(I —a)® +y> + 22:|

+a)2—|—y2—111\/(:c—a)2—|—y2)

2 2
:U.:r:—i—?ln (x +a)® +vy

(G o)

For Rankine Ovoid,

0o m T+ a
oz Ut [

U

T (@ +a)?+2+22)" (@—a)?+y2+ 22)3/2]
- 1 1
wl,_ . o =U + m [

Ar [(z+a)®  (z-— a:F]
™ (—4ax)

A (-:52 _ a.2)2

1"9:3:0 =0 at (.1'2 — a2)2 = (%) dax
At =z =0,

2
u=U—|—m “a

: _ .2 2
i (a2 R2)3/2 where R =y~ + =z
Determine radius of body Ry

Ry
QN/URdR = 1

0

14



MARINE HYDRODYNAMICS II

7. Stream + Dipole: circles and spheres

r
U
L /e
/ S —
—s
. b= M st (Ur+
2D:p=Uz + 502 T cost (Ur+ 27r-r)
The radial velocity is then
do 7
u,.—g—COBB(U—m).

Setting the radial velocity v, = 0 on r = a we obtain a = |/55. This is the K.B.C.
for a stationary circle of radius a. Therefore, for

1= 2rUd*
the potential

o = cosf (U-r—l— i)
' 2nr

is the solution to ideal flow past a circle of radius a.

e Flow past a circle (U, a).

2
p=2xlla

Sa Sp

15
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0= Ucosﬁ(r+ %)

Vo = %g—z = —Usinf (1 + ‘,’—j)

=0at §=0,7 — stagnation points

=F2U at =7, %’r — maximum tangential velocity

Vo|,—, = —2Usinf {
2U

2

[llustration of the points where the flow reaches maximum speed around the circle.

Tt L i (14 B
3D: ¢ = U+ - = Urcosd (1+ 1)
y
b
I
— /
U—r }/ﬂm
—
Z
The radial velocity is then
_ 09 _ p
LT—E—COSG(U—%)

16
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Setting the radial velocity v, = ( on r = a we obtain a = {/55 . This is the K.B.C.
for a stationary sphere of radius a. Therefore, choosing

= 2rUa®
the potential

I
¢ = cosf (U-H— I—)
' 2mr
is the solution to ideal flow past a sphere of radius a.

o Flow past a sphere (U, a).

4
=Urcosf |1+ —
¢ = Urcos (+2r3)

10¢ ‘ a®
Ug—;@——USIDH(l—I-ﬁ)

3U . {:(]at f=0,
Vg |pma = — 5 sinf$

T
——S,Qat.(:?:g

31U

V.

i1, U

17
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8. 2D corner flow Velocity potential ¢ = r® cos af); Stream function v = r® sin a

(@) V20 = (§+ 1 + i) 0 =0
()

do _
U, = — = ar* ! cosab
or
Uy = Lo¢ = —ar®'sinaf
T o ‘

supg=0{orvv=0} onald =nm,n=0,+1,+2, ...

Le., 0n9=90=0;§,2”,...(90 < 2nm)

o
i. Interior corner flow — stagnation point origin: a > 1. For example,

a=1,0=07m2r, u=1 v=0

/|/ P x

18
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y
/ \ T _3n
o=2, 0,=0,—,m,—,2n u=2x,v=-2y
X 2 2
(90° corner)
i N1/

y=0

o=3/2, eozo,z—“,ﬂ,zn
373

(120° corner)

3n 3n
o=4/3, 0,=0,"", |
' 4" 2 4
(1357 corner)
0=3n/4, lp‘i._[_]/
rE)=0, w=0

1350

6=37/2, =0

19
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ii. Exterior corner flow, |v| — oo at origin:

a<l

fo =0, T only
o

Since we need 6y < 27, we therefore require = < 27, ie., a > 1 /2 only.

1/2<a<1
By =0~
0}

For example,

a=1/2,6, =0,2x (1 infinite plate, flow around a tip)

6=0,y=0

./
C::_— ) \\9=21c,1|1=0

a=2/3,0)=0,% (90° exterior corner)

. /~ 6=0,y=0

0=3m/2, y=0

20
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Appendix Al: Summary of Simple Potential Flows

Cartesian Coordinate System

Flow Streamlines Potential Stream function
d(z,y, 2) Yz, y)
—
Uniform flow —p Usct + Voot + Wooz Uscy = Vo
o
2D Source/Sink (m) at {(z4,9,) 7= In((z - z0)? + (¥ = v0)?) o arctan(gfig-)

3D Source/Sink (m) at (24, Yo, 2a) h:\ -ﬁ 1/(1‘—20)2-#('9—15-0)3—{-(:—:0)3 NA

Vortex (T at (zo, yo) @ L arctan(4=to) =L in((e = 20)2 + (4 = ¥0)?)
o Dlpcle (i)t (zo o) st anmmele |- | R
3D Dipole (+2) (1) 3t (o, 30s 20) NA - % ([ﬁ—ra}2+fy(—gty_cr?§-)l-(z—20}2)3’{2 A

21
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Appendix A2: Summary of Simple Potential Flows

Cylindrical Coordinate System

Flow Streamlines Potential Stream function
&(r, 0, z) t(r, 8)

—

Uniform flow —_—p Uaercosf + Vaersinfl + Was 2 Unersinfl = Varcosf
—»

2D Source/Sink (m) at (2o, yo) s=Inr =

3D Source/Sink (m) at (24, Yo, 2o) NA - NA

Vortex (T) at (zq, yo) @ 20 - o= Inv

D Dipole (F") at (3::»: ya) at an anglc o _% cos # cos r:xir sin # gin a % gin # cos r:xircos H gin

o
3D Dipole (+2) (g) at (o, Yo, 2a) NA o e o NA

22
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Appendix A3: Combination of Simple Potential Flows

Stream + Source | (2D) | ¢ = Ut + 5= Inr Te = g D=g-
Rankine ;alf Body | (3D) | 6= Upa— 22 \/ﬁ Iy=- \/E A=
Stream + Source + Sink | (2D) | ¢ =Usz + 2 [In((z +a)* + %) - In((z - 0)2 +4?)]
Rankine C:losed Body | (3D) | 0= Uz + £( \/(x+a)i-|-y2-|-zz - \/(m-a)lﬂ+y2+zﬂ)
Stream + Dipole | (2D) | 6= Uz + 5% ifp=2m0s 9= Uscosr+<)
Circle (Sp;re) R=a | (3D) | é=Usz+42 if p=2m0*Us ¢ =Uscosb(r+ %]
2D Corner Flow (2D) | ¢ = Cr*cos(ab) =Crsin(ad) =0,

23
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Appendix B: Far Field Behavior of Simple Potential Flows

Far field behavior L
(.D V= V(D
r>>1
1
(D) |~Inr ~-
r
Source
1 1
D)| - ~=
o)) e~
1 1
)| ~- o~
)| ~e o~
Dipole
1 1
D ve ~p
1
Vortex 2D)| ~1  ~-
r

24





