Lattices

Some definitions

Throughout this section k& and n will be positive integers with k& < n.

A lattice L, of rank (or dimension) k£ in R" is a Z-module spanned by
k linearly independent vectors in R" (linearly independent over R). Thus

k
L={> zib: z; € Z},
i=1

where by, ...,b. are linearly independent column vectors in R". Any such
linearly independent spanning set for L is called a basis.

If c1,...,¢cr is another basis, then there exists a k£ x k£ integer matrix U,
with determinant +1, such that

(Clr'--ack) =(bla-“:bk)Us (*)

where (¢q,...,¢;) and(by, ..., by) are n X k matrices.

The determinant of L, denoted A(L) or det(L), is defined by
A(L) = det(B'B)Y/?

where B = (by, ..., b). The matrix B*B will be a positive-definite symmetric
matrix, and hence will have positive determinant. It takes the form
t
(bi b )f,jgk

with entries being the scalar products of the basis vectors. One sees from (*)
that the definition of A(L) is independent of the choice of basis. Moreover
in the special case kK = n we have

A(L) = | det(by, . .., b,)| = | det(B)].

In fact A(L) is the k-dimensional volume of the fundamental parallelo-
tope

k
{Z .'I.'.gb.i 10 < x; < 1}.
=1

If L, C L, we say that L, is a sublattice of L,. (Here the corresponding
values of n must be the same, but we might have k; < k5.)

COMPUTATIONAL NUMBER THEORY



Example Let £ = n = 2 and take

=(1)-0=(3)
(1)

The symmetric matrix Q = B'B may be used to define a positive definite
quadratic form

@(xry}=(xy)BtB(‘;)=(xy)(§ j) (f;)=2x2+4xy+4y2.

Then

A(L) = —2.

In general any positive definite quadratic form arises from a suitable lattice
in this way. Note that Q(xy,...,x) = || Zle a:b;||2, where || || is the stan-
dard Euclidean norm on R".

Instead of the basis by, bs we could use

7 6
Cl:(lg)’ CQ:(IG)’

which is also a basis for L. However in many situations we want to find a
basis in which the vectors are as short as possible.

The shortest non-zero lattice vector

A lattice L has a well-defined minimal length among non-zero vectors. The
square of this length is usually denoted by M;(L). To prove this assertion we
consider the quadratic form () associated to L. Since (Q is positive definite
one may complete the square successively to produce

Q(x1, ..., xr) = ar(z1 + A2w2 + ... + Apexe)?
—|—(12(.’L‘2 + /\235&"3 + ...+ ).2;;1‘;;)2 + ...+ lei?%

The coefficients a; will all be strictly positive since @ is positive definite.
Then the vector b, has ||by]|*> = Q(1,0,...,0) = a;. We claim that there
are only finitely many lattice vectors b with ||b||? < a1, or in other words,
only finitely many integer vectors (xy, ..., zg) with Q(zy,...,x) < a;. This
condition is equivalent to

al(:rl + )\12172 +...+ /\1;;1';@)2 -|—612(l'2 + )\23173 +...+ )\2;;1‘_&)2 +...+ (l-k.’li'f. E 1.

COMPUTATIONAL NUMBER THEORY



Thus we have apxr? < a;, which shows that there are finitely many possi-
bilities for ;. Then ap_;(xp_1 + A\i_1x22)? + arz? < a,, so that there are
finitely many possibilities for x;_;, and so on.

Example
Continuing the example before, we have

Q(x,y) = 22% + dzy + 4y* = 2(z + y)? + 247,

with [|b1]]? = a1 = 2. If 2(x + y)? + 2y® < 2 then y? < 1 so that y = 0 or
+1. Trying these values of y we find that Q(x,y) < 2 for integers x,y pre-
cisely when (z,y) = (0,0),(1,0),(—1,0),(—1,1) or (1,—1). Since we want
to have a non-zero vector the first of these is disallowed, leaving 4 vectors
whose length is the minimal value \/§, namely by, —b;, —by + by and by — bs.
In particular M, (L) = 2.

In general, in higher dimensions, this process is horribly inefficient, particu-
larly if one starts with a basis that consists of vectors that are much larger
than necessary. Thus we shall describe, later in this section, a good algo-
rithm (the “LLL” algorithm) for finding a tolerably good basis, which can
be used as a starting point for the above process. Indeed in many cases the
LLL basis is already good enough for the required application.

Hermite’s theorem

Hermite’s theorem states that for each k € N there is a constant yz such that
My(L)* < (L)
for every lattice L of rank k.

Sketch proof

Since we may restrict attention to the k-dimensional subspace of R™ in which
L lies it suffices to suppose that & = n. Consider the fundamental paral-
lelepiped

k
P={inbi: U<$i < ]_}
i=1

For different lattice points x the translates P+ x are disjoint, and their union
is the whole of R*. Thus in a large cube C the number of lattice points is

approximately Vol(C)/Vol(P) = Vol(C)/A(L). This approximation gets
better and better the larger the cube we use.
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On the other hand, consider the sphere

S:={xeRF:||z|]| < %\,’MH(L)}.

We claim that the translates S+x of these are also disjoint, for distinct lattice
vectors z € L. If this were not the case we would have two different vectors
x,x" a distance less than /M;(L) apart. This would produce a non-zero
vector x — 2’ € L of length less than \/M;(L), which is impossible.

Since the translates of S are disjoint, the number of them which can
lie in a large cube C is at most Vol(C')/Vol(S). However, since there is
(essentially) one such translate for every lattice point in C' we deduce that
Vol(C')/A(L) is (more or less) at most Vol(C')/Vol(S). Again the approxi-
mation gets better and better the larger the cube we use. We deduce that
A(L)™t < Vol(S)~ L. If we write ﬁ;m for the volume of the sphere of radius

1/2 we have Vol(S) = JMl(L)k"z,u;lﬁ, and the result follows.

This argument does not give the best possible value for p;. Finding the
optimal values is a well-known problem, which has been solved only for k < 8.

An important corollary

Corollary For any lattice L there is a real number ¢(L) > 0 such that
A(Ly) > ¢(L) for every sublattice L, of L, irrespective of the rank of L,.

Proof Suppose that L; is a sublattice of L and that L; has rank h. Then
ilfIl(L) S ﬂrifl(Ll), and ilffl(Ll) E !J_}l/hA(Ll)2/h Thus

A(Ly) > My(L)"p, "2,
so that if L has rank k we can take ¢(L) = minj<, My (L)"2p; 2.

The Gram—Schmidt process

The Gram—Schmidt process deals with vector spaces over R, and converts an
arbitrary basis into an orthogonal one. In our situation we do not need to
produce an orthonormal basis (with vectors of length 1) but merely one in
which any two different basis vectors are orthogonal. To fix our notation let
us recall how this is done.
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Given linearly independent vectors by, ..., b, in R", one defines b] = b; and

i—1
b; = b; — Z.Hijb; (2<i<k)
J=1

with (b, 1)

iy Uy . ;

i Vi
Then b7, ..., b; will be orthogonal, and will span the same vector space as
bi....,b.. However they will not span the same lattices, unless by fluke all

the numbers p;; are integers.

LLL-reduced bases

We now begin the study of the reduction process discovered by Lenstra,
Lenstra and Lovasz. A lattice basis by,...,b; is said to be LLL-reduced if
the associated Gram—Schmidt basis and associated coeflicients p;; satisfy

(1) |pj| < 5 for 1 <j<i<k;and
(2) |16 + prii—abiy||? = 3||b_y||* for 2 < i < k.

Motivation
Condition (1) says that by, ..., b, are “almost orthogonal”, in the sense that
the Gram—Schmidt coefficients p;; are small.

Condition (2) restricts the relative sizes of the basis vectors. Using orthogo-
nality one can see that (2) is equivalent to

1611 > (3 — w2 < i< k).

Thus the lengths

||| form an “almost-increasing” sequence.
The precise fraction % which appears in (2) is not crucial. Any value strictly

between i— and 1 could be used, but % is a good compromise. Larger values
would give better bases, but at the expense of longer running times.
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Properties of LLL-reduced bases

Throughout this section suppose that by...., b is an LLL-reduced basis for
L, with associated Gram—Schmidt coeflicients ;. Then

(a) We have _ _
[Ibs11* < 277 (1 < 27|l |

for1 <j<i<k.

(b) A(L) < TTE, ||bs]] < 2KE=DAA(L).

(c) [[ba]| < 20=DAA(L)VE.
(d) For every non-zero vector x in L we have ||b,|| < ¢||z|| where

bl e
1<i<k ||b*|| -

Remarks
From (c) one sees that

My(L)* < ||bo| | < 2¥E=D2A (L),

giving us a form of Hermite’s theorem, with the (rather bad) explicit value
pr = 2FE=1/2 Notice also that (d) shows that ||by|| is close to being a
minimal-length vector in the lattice. It is larger than minimal by at worst
the constant factor c.

Proofs
(a) We have

G117 > (3 — wf i )Ibial1? = 3101 (2 < i < k).
Hence [|b3||* < 277|[b;||* for 1 < j < i < k by induction. Thus

16" = Hb?||2+2u?j\\b}-‘ll2 (%)
j=1
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IA

1—1

(1 s ng) Bl
J=1

= (1+ 32 —2)|¥;]?

< 27|13,

so that
2 f— * |12 j— i—7 %2 i— * 12
[1b;1[* < 277 H[B7][° < 227177 [b7 |7 = 207 [6||.

The inequality (a) then follows, using (**).

(b) Let B be the matrix with columns by, ...,b; and let B* be the ma-
trix with columns b7, ...,b;. Then B = B*J where J is the upper triangular
matrix

1 Hz21 H3z1 - Hi: 1

0 1 pos -+ pie

7 ) . )
: - ME k-1
0 con e e 1

Then A(L)? = det(B'B) = det((B*)'B*), since det(.J) = 1. However the
vectors b} are orthogonal, so that (B*)'B* is a diagonal matrix, with diagonal
entries (b))b; = ||b}||>. We therefore conclude that A(L)? = Hle ||b2]?.
However (**) yields ||bf|| < ||b;]|, so that

k
A(L) < H I16;|| (which is the first inequality in (b))

1=1

A

k
JT25 2725511 (using (a) with j = i)

1=1

k
= VAT e
1=1

— zk(k—l)/ﬂiA(L).
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Remark The same argument shows that Hle |eil|] = A(L) for any basis
c1,...,cp of L, whether LLL-reduced or not.

(c) Set 7 =1in (a) and take the product for 1 <i < k to get

k
o] < [T 27105117 = 2¥ =02 ALY,

1=1

and the required inequality follows.

(d) We have ||by||? < ¢2|[b7]|? for 1 < i <k, by definition of ¢. Any non-zero
z in L may be written as Y% | r;b; with r; € Z, and also as Y+, 73bF with
r! € R. Choose the largest index i such that r; # 0 and call it : = h. By con-
struction of the Gram—Schmidt basis one has by —b;, € (by,...,b,—1), and also
b: € (by,...,bp—1) for 1 <i < h—1. It follows that (r,—r} )b, € (b1,..., by_1),
and since the the vectors b; are linearly independent this shows that r;, = ry,.
However ry, is a non-zero integer so that ||r|| > 1. We therefore have

k
e[ = 201 = ()03 12 = (16311 = [[6a] /€

1=1

as required.
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