BIOLOGICAL CONTROL SYSTEMS

SYSTEM CONCEPTS
SIGNAL FLOW

SIGNAL FLOW GRAPH

SFG is a diagram that represents a set of simultaneous linear algebraic equations which describe
a system. Let us consider an equation, Y = aX . It may be represented graphically as,

Xe — oY
where ‘a’ is called transmittance or transmission function.
Definitions in SFG
Node — A system variable, the value of which equals the sum of all incoming signals at the node.
Branch — A directed line segment joining two nodes.
Input/ Output node — node having only one outgoing/ incoming branch.
Path — A traversal of connected branches in the direction of branch arrows.
Forward path — A path from input to output node.
Loop — A closed path that originates and terminates on the same node.
Self-loop — A loop containing one branch.
Non-touching loops — Loops which do not have a common node.

Gain — Transmittance of a branch.

Construction of SFGs

The SFG of a system can be constructed from the describing equations:
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X, = a,X, +dyr X,

x. =

Xy = Aoy Xy T ay Xy

- a13x1 + a23x2 + a33x3

7]

SFG from Block Diagram

Each variable in the block diagram becomes a node, and each block becomes a branch.

Mason’s Gain Formulae
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It is possible to write the overall transfer function of a system through inspection of SFG using

Mason’s gain formulae given by, r= (Z BA)/A

where T = overall gain of the system, £, = path gain of ith forward path, A = determinant of SFG,
A, =value of A for that part of the graph not touching the ith forward path.

A =1—ij-, +Z‘F}2 _Z‘% +"= 1 - [sum of loop gain of all individual loops] + [sum of all
J J I

gain-products of two non-touching loops] — [sum of all gain-products of three non-touching

P, = jth product of k£ non-touching loops .

Example ) )
1. There are 6 forward paths with path gains

P, = G,G,Gq
P, = G;G5 Gy
Py = G,G,- G,
Py = Gscaée

P = "GzGl‘Hst'Ge
Py = -G3GgH G, G7

Py =-H G,
2. There are Py, = - H,G; three individual loops with loop gains
3. There is only Py = G H, Gg H, e combination of two non-touching loops

R, =H,H,G,G;
4. There are no combinations of more than two non-touching loops.

5. Hence, A=1-[-H G, - H,Gs + G, H,Gg H,} + [H, H, G, Gs]

l - G|H268H| + HZGS - G| HstHI + HIHQG“GS



BIOLOGICAL CONTROL SYSTEMS

= 1 _(_ H2Gs)= 1 +H265’ A2= 1 —(— HIG“)= 1 +HIG4;

I'g
1

A=A, =A,=A, =1

PA, +PA, +PA, + PA, + PA + PA,
A

, where B,A,,Aetc. are derived before.

Thus, T =

Example

Draw the SFG and determine C/ R for the block diagram shown in Figure below.

GI G2G3 + Gl G4

|0

1+ G GGy + GG H + G,GyH, + GG, + G H, { Answer}

Example

For the system represented by the following equations, find the transfer function X(s)/U(s) by
SFG technique.



BIOLOGICAL CONTROL SYSTEMS

X=X +a,u . . )
) We need to Laplace transform the given sets of equations in
X, =—Bx,+x,+a,u ; . ;

1 1”1 2 2 order to represent differentiated variables.

)'c2 =—[Fx +au

oy/s+B,

X(s) _ay+ays+as-[s°+ fis+ ]

Answer
U(s) 7+ Bis+ B, { }
Example
Using Mason’s gain formulae find C/R of the SFG shown in Figure below.
© - 0
R 1 1 c

Cc. PA + PA

R~ A |
_ G,G,G3G4 (1 — Gy) + G, Gs Gy Gy
- 1 - [G| Gng + 6364610 + GI GscsG"GH)GQ + GSGG + G7]
+ [G,G,G3G; + G3G,GgG5Gg + G3G4 Gy Gy]
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FEEDBACK CHARACTERISTICS OF CONTROL SYSTEMS

Consider the block diagram of the open-loop and the closed-loop system shown below.

() c(n)

p—
R(s) C(s)
—--—-——.- G(s) e
() o)

For open-loop system, C(s) = G(s)R(s)

For closed-loop system, C(s) = G(s)E, (s) = G(s)[R(s) —H(s)C(s)]

GO R(s) and, E.(s)= ———R(s)

Hence, we have, C(s) = 1+G(s)H(s) T 1+ G(s)H(s)

It is seen from the above equations that in order to reduce error, the loop-gain G(s)H(s) should

be made large over the range of frequencies of interest, i.e., |G(s)H (s)[? 1.

1. Reduction of parameter variations by use of feedback

One of the important properties of negative feedback systems is the reduction in the sensitivity to
the variation in the parameters of the forward path. In the design of control systems, it is
important that the transfer function of the closed-loop system be relatively insensitive to small
changes in the values of the parameters of the components in the forward path of the system.

Let i be a parameter of G(s). Then the sensitivity of G(s) with respect to the parameter u is

defined as,
¢ _ Fractional change in G(s) _ AG/G _ u AG
g Fractional changeinu  Au/u G Au -~
C(: G
Now, (=D )
R(s) 1+G(s)H(s)
ST=£._T=£.Q.EA_T=SG.(1+GH).1+'Gﬁ/_/Gﬁ/= S.
T Au G T AuAG " (1+GHY 1+ G(s)H(s)

Thus feedback has reduced sensitivity in the variation in u by the factor 1SCH
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M AT _p H AHAT _ o, H(+GH) G4 _ . GH - _gh

Again, ST = =£.Z. = =- ="
LS T A H T AuaH & (+GHY  “ 14GH "

It is seen that, the magnitude of two sensitivities are nearly equal for the variation of parameter in
the feedback path. Thus, feedback does not reduce the sensitivity to variation in the parameter in
feedback path.

Therefore, we can conclude that, G(s) in a closed-loop system may be less rigidly specified. On
the other hand, we must be careful in accuracy of H(s) in the feedback loop.

2. Control over system dynamics by use of feedback

Let us consider the simple feedback system shown below.

R(s) X an
I o

The open-loop transfer function is, G(s) =

s+u’

The impulse response for the non-feedback system would be, ¢(f) = Ke *u(t) = Ke ""u(t) .

The closed-loop transfer function of the above system is, 7(s) =————.
s+u+K

The impulse response of the closed-loop system is, ¢(f) = Ke™“**"u(t) = Ke " u(t).

The location of the pole and the dynamic response of the non-feedback and feedback system are
shown in Figure below.

eft) I c) 4 o

K\ kK

v

i

A4

-(u+K) U
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It is seen that the time-constant of open-loop system is 7, =1/ & and that of closed-loop system is

7, =1/(u+K). As the time-constant of closed-loop system is less, its dynamic response is faster

than the same of the open-loop system.

3. Control of the effect of disturbance signal by use of feedback

A. Disturbance in the forward path

OTofs) A(s)

~H(s) ' é N(s)
C,(s) _ -G, (s) ~ -1 Cor, C)(s)= =T,(s)
T,(s) 1+G,(5)G,(s)H(s) G (s)H(s) ’ T G,(s)H(s)

If G,(s)is made very large, the effect of disturbance on the output will be very small.
B. Disturbance in the feedback path

C(s)_ ~G()G(Hy(s) _ -1
N(s) 1+G,(5)G,(s)H,(s)H,(s) H,(s)

-1
Therefore, the effect of noise on output is, C,(s) = ) “N(s) .
(:

Thus, for the optimum performance of the system, the measurement sensor should be designed

such that H,(s) is maximum. This is equivalent to maximizing the SNR of the sensor.

4. Regenerative Feedback

The regenerative feedback is sometimes used for increasing the loop gain of the feedback
system. Figure in the following shows a feedback system where regenerative feedback occurs in
the inner loop.
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G(s)(1-G{s))’

E(s) l C(s) C(s)

Ats)  E(s) Cs)  C(s) A(s)
P = o
TR 1 6l 1 1 @_1’_0
N 6o | I . He
\\*_ = )
- H(s)
G(s)
_ P G §y=—>>7
The open-loop gain is, G, (5) 1-G.(s)°
R(s)-G(s)/1-G,(s) R(s)-G(s)

. . C 5)= —
The system response is obtained as, C(5) 1+G.()G(5)/ 1-G.(s)  1-G.(5)+G(s)H(5)

R(.
When, G,(s); 1, C(S)E%_ Due to high loop gain provided by the inner regenerative

feedback loop, the closed-loop transfer function becomes insensitive to G(s).

Example

A position control system is shown below. Assume, K=10, a =2, B =1. Evaluate: S;,SJ,S; .
For r(#) =2¢0s0.5¢ and a 5% change in K , evaluate the steady-state response and the change in

steady-state response.

K
Here, G(s) = ,and H(s)=p
R(s) - ) s(s+a)
s(s + o) |
c K dG 1
x == o =s(s+a) =1;
el G dK s(s+a)
1B
G o dG — -2 H _ B dH_
Sa =—— = =, Sﬁ ——'——l
G da s+a s+2 H dp
§7 — Sy _ s(s+a) _ s*+2s
K1+ Gs)H(s) s(s+a)+K s> +2s5+10
S¢ - s(s+a) -2s
ST= 4 = . =
Therefore, 2 = OHG) s+a ssra)+K s +25+10
; =S, -G)H() K -10
P 14G(s)H(s) s(s+a)+K s>+2s+10
K 10 _
Now, T'(s)= At s=j0.5 T(j0.5)=1.02¢7/"'*"

sS+as+Kp T2 +25+10°
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Thus, ¢, (f) =2.04c0s(0.5t —0.102)

2
Again, S;=£._T:>£=S§_AK= 2.*i‘ +2s .0.05
T AK T K s +2s+10
2
:‘>AT(S)=ZS;25X0.05X 5 10 = 2'55(S+2)2; éAT(j0.5)=0.0056_“'6?2
s +2s5+10 s +25+10 (s +25+10)

Thus, Ac, (f)=AT(j0.5)x2cos0.5¢ =0.01cos(0.5t —4.672)





