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Lecture-3
Solving Differential Equations Using Laplace Transforms
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Laplace Transforms and their properties

Session Objectives

By the end of this session, learners will be able to:
» Explain steps to follow while solving differential Equations
» Solve 15t Order Differential Equations using Laplace Transforms

» Solve 2"d Order Differential Equations using Laplace Transforms.



Steps Involved in Using Laplace Transform
Methods

algebraic equation.

aaaaaaaaa

lllllllllll
eeeeee
rrrrrrrrrrrr




Recall

The main tools we need from the last lecture
L{f ()} = F(s)

L{ZEY = sF(s) - £(0)

L{ELY = 52F () = SO - 1(0)

L dt?

L(EL) = smLf () — sm1f(0) — s (0) -

dth

- —f"71(0)



Inverse Laplace Transform by Identification

When a differential equation is solved by Laplace transforms, the
solution is obtained as a function of variable s. The inverse transform
must be formed in order to determine the time response. The simplest

forms are those that can be recognized within the tables and few of
those will now be recognized.



Solved Examples

Example 1:

Solve using the Laplace Transform
y' —y=e>* y(0)=2

Firstly, apply Laplace on both sides
Left hand side

Lly'—y)=Ly') — L)

= SY(s) —y(0) = Y(s)

=[S —1]Y(s) — 2



Right hand side

L(e3) = —

Taking both the left hand and right hand sides give
1

[S—l]Y(S)—Z =—3

o) = (5 +2) ()

25-5
Y(s) = (5-3)(5-1)




Perform Partial fraction expansion

25-5 A B
Y(s) = (5-3)(S-1) S-3 T




Inverse Laplace is obtained by using Laplace Table

y(t) =2 (e + 3e)



Example 2.

Solvey" —3y' +2y=e3 y'(0)=0 y(0)=1
Apply Laplace Transform on both sides

Left hand side

Liy" —3y" + 2y)

= §5%Y(s) — Sy(0) —y'(0) — 3[SY(s) — y(0)] + 2Y(s)
=[S$4—35 4+ 2]Y(s) — S + 3



Right hand side
3ty — 1
L(e°") = P
Taking both the left hand and right hand sides give
[S2-3S +2]Y(s) =S +3 = —
52—-65+10

(5-3)(S—-2)(5-1)

Y(s) =



Perform partial fraction expansion

5%—65+10 C
Y(s) = (5-3)(5-2)(S-1) 5_3 ts ot
1
2
= —2
5
2
1 1
Y(s) =2 —— + 2



Inverse Laplace is obtained by using Laplace Table

y(t) = %(63’5 — 4e°t + 5eb)



Example 3.

Solvey” —10y"+9y =5t y(0)=-1 y'(0) =2
Applying the Laplace Transform on both sides, we get
Left Hand Side

L(y" — 10y’ +9y)

= §%Y(s) — Sy(0) — y'(0) — 10[SY(s) — y(0)] + 9Y(s)
=S%Y(s) — Y(s)[10S — 9] + S — 12



Right Hand Side
5
L(St) — S_Z

Taking both the left hand and right hand sides give

S2y(s) — Y(s)[10S — 9] + S — 12 = Si
~$3+1285%+5

Y(s) = S2(52-105+9)
<3 2

Y(s) = $3+125%+5

$2(5-9)(5-1)



Perform Partial Fraction Expansion

A A B C
Y)==+5+—+—
S S S—9  S—-1
50
17 g1
5
Azzg
_ 31
81
= —2
50 5 31 5
Y(s) =8 +2 4+ 2L 2
S S $S—9 S—-1



Inverse Laplace is obtained by using Laplace Table

50 5 31
t) = —+—-t+——e’" —2e
y(t) =51ttt 51¢ ¢



Example 4.

Solve y"" — 6y’ + 15y = 2sin3t y(0) =-1 y'(0) = —4
Apply Laplace Transform on both sides, we get

Left Hand Side

Liy" — 6y’ + 15y)

= S%Y(s) — Sy(0) —y'(0) — 6SY(s) + 6y(0) + 15Y(s)
=Y(s)[S? —6S+15]+S —2



Right Hand Side

L(2sin3t) = 2

3
S249

Taking both the left

Y(s)
Y (s)
Y(s)
Y(s)

S2 — 65 + 15

S2 — 65 + 15] =

nand and right hand sides give

+S—2=="
. S4+9

=29 S+ 2
_ —S3+25%-95+24

S2 — 6S + 15’

o $249

—-53+425%-9S+24 _ AS+B CS+D

(S24+9)(S2-6S+15)  S249  S2-6S+15



To find the constants, we need to simplify the expression on the right
(find the common denominator) and equate the coefficients at the
equal powers:

S3: A+C=—1.ueu...(1)
S —6A+B+D=2...... (2)
Sl: 154—6B +9C =-9....(3)
SO 15B+9D =24..............(4)



From equation (1) C=-1—A4...........(5)

From equation (4) D = 24_9153 RV (<)
Putting equation (5) into equation (3), we get
15A—-6B+9(—-1—-A4) = -9

6A—6B =0

A—B=0.........(7)




Putting equation (6) into equation (2), we get
—6A + B+ 1B —

—9A—B=—1...... (8)

Solving equation (7) and equation (8), we get
1
10







By solution
_ 1
10

B=—
10

C=—=
. 10

D=2

2
Hence we get

1 (S5+1 —115+25
Y() =55 (Frs + Fmesras)
10 \S$“+9 S§S<—-6S+15




We need to find Inverse Laplace
Starting from the first term

L™ (;2++19) =L~ (SZS+9 T 521+9) =L (SZS+9) +1™ (521+9)

L™ (SZS+9) T %L_l (523+9)

1 .
= cos3t + 55”’131’




The second term is slightly more complex

Remember that we can always add and subtract the same expression
and multiply and divide by the same expression different from zero



~115+25 _ —11S+25 _ —11(5—3)-8
S2-65S+15  (s—-3)2+6  (5—3)%2+6
_ —-11(s-3) 8 <6

T (5=3)246 V6 (s=3)2+6

Now

~115+25 8 .
L1 (52_6;15) = —11e3tcosV6t — \/—ge3tsmx/gt




Hence the final answer is:

y(t) = (COS3t + =sin3t — 11e3tcosV6t — %e“sin\/gt)
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