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STABILITY OF A CONTROL SYSTEM

Specific Objectives

» Appreciate the importance of stability

» Analyze different types of stability

» Apply Routh’s stability criterion for stability

analysis and solve the numerical.



Stable System Stable System
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Jongeun Choi, ME 451 Control Systems Lecture notes, Michigan State
University, Slide 19. Available at:

https://www.egr.msu.edu/classes/me451/jchoi/2012/notes/ME451 L9 Sta
bility.pdf



Unstable System

» A linear time invarient system comes under the class of
unstable system if the system is excited by a bounded

input, response is unbounded.

» This means once any input is given system output goes
on increasing & designer does not have any control on

it

Unstable System
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Jongeun Choi, ME 451 Control Systems Lecture notes, Michigan State
University, Slide 6. Available at:
https://www.egr.msu.edu/classes/me451/jchoi/2012/notes/ME451 L9 Sta
bility.pdf



Critically Stable System

Critically stable System

» When the input is given to a linear time invarient system,

jw
for critically stable systems the output does not go on T , Location of

-
~Moots on jo axis
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increasing infinitely nor does it go to zero as time increases.
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» The output usually oscillates in a finite range or remains : we
steady at some value.
» Such systems are not stable as their response does not | i
decay to zero. Neither they are defined as unstable because  Bounded i/p & o/p response Location of roots
for critically stable system for critically stable system

their output does not go on increasing infinitely.

Jongeun Choi, ME 451 Control Systems Lecture notes, Michigan State
University, Slide 6. Available at:

https://www.egr.msu.edu/classes/me451/jchoi/2012/notes/ME451 L9 Sta
bility.pdf



Relative Stability

» A system may be absolutely stable i.e. it may have

passed the Routh stability test.

» As a result their response decays to zero under zero

input conditions.

» The ratio at which these decay to zero is important to
check the concept of “Relative stability”

» When the poles are located far away from jw axis in
LHP of s-plane, the response decays to zero much

faster, as compared to the poles close to jw-axis.

» The more the poles are located far away from jw-axis

the more is the system relatively stable.



Relative Stability Relative Stability
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Sobieraj, S.; Sieklucki, G.; Gromba, J. Relative Stability of Electrical into Mechanical
Conversion with BLDC Motor-Cascade Control. Energies 2021, 14, 704. https://doi.
org/10.3390/en14030704, page 12.



Routh’s Stability Criterion

For the transfer function;

C(S) - bos" +blsm_l A isenesseuveenee + bm

In this criterion, the coefficients of denominator are
arranged in an Array called "Routh’s Array”;

aOSn +alSn—l T T P +dn = O



The coefficients of s"and s" ' row are directly written from the given
equation.

QoS @8 i ian=10

The Routh’s array as below; Eor e o 1a, 43

" ar a: d4as as
* andz2—dsdo

as a b=

g @ as al




The coefficients of s" and s" ' row are directly written from the given
equation.

-1
aos’ + AlS"  Foeeeeiierrvenneat+an=0

The Routh’s array as below; For next row i.e. s™* ;
by — Q1.a2—asao
] =
an
S" ao ax ds4 ae
g @ ax @5 a b, = Q144 —aoas
ai
sn-z bl /
sn-3




The coefficients of s" and ¢*'row are directly written from the

given equation.

-1
QoS + A1ST  Foeeierrriinenet+tan=0

The Routh’s array as below; For next row i.e. 5™~ ;

r

.12 — aico
b =

a
¢" | @owa as_sas
' di.d4 — aods
>< b2 =
gt e oay 45 an ai
2 by b > daide — daodr
n-1 ai




Now the same technique is used, for the next row i.e. 3"~ row, bu
only previous two rows are usedi.e. s"' and "

For next row i.e. 5"~

he Routh’s array as below;
bl e ard?2 — dsdo
a
Sn ao q das as B dair.ds — aods
i a
&Y Gl 43 9 @ ar.ae — ao.dl
D3 =
sn-Z bl b2 b3 af n-13
For next row i.e. § s
n-3
Cl=
b
0




The Routh’s array as below;

ard?2 — dsdo

b = »Each  column  will
)
S" an m as e
N anr ¢ a4 as arda — aods fEdUCG by 0n€ aS We
> b2 = W m oa 5w
ai move downthearray, ' @ @ ©

bs

el y A5 wm
i T ’ ar.ae — aodn

b3 — sn-l
s"": bl bl al
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For next row i.e. 5 »This  process is ¢
i ”"‘“b"”‘“ obtained till last row is
l .
obtained.
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Routh’s Criterion

Routh’s Criterion

» The necessary & sufficient
conditions for a system to
be stable is all terms in the
first column at Routh’s
Array should have same
sign.

» There should not be any
sigh change in first
column.

Must have same sign

/

/
" (a: a4+ de

s,n—l as a ar
¢ b, b3
= C2

0
)

» When there are sign

changes in the first column
of Routh’s array then the

system is unstable.

» There are roots in RHP.
»The number of sign
changes equal the number

of roots in RHP.
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Example:

Comment on stability.

st 425 4657 +105+3=0

s“l1 6 3
o |2 10 0
' | b b

.i’l Cl

'i'{} (n

aid:—das.dao

bi=

i

~(2x6)-(1x10)
2

b

b =1

aras— aods
b2 =

il
2x3—-1x0
2

b2 =

Ho=3

bi.az— baan
c1=
b
I1x10-2x3
1=
1
c1=4
c.b2—bic2
{n =
Cl
4x3-1x0
(n =
4
=3



Example 1 cont....

s 1 6 3

3 10 As no sign change in first
s 2 0 column; system is stable
s 11 3
$ | 4




Example 2

Comment on stability. 25 +4s5* +45+12=0

a2 4 0 bl_mm—m.an . ~(=2x12)-(4x0)

ai -2
14 12
.?1 b, i bl=[4x4]-[2}{12}

4 fdn = ]..2
| an

b =-2
b1=[4xﬂ}—[2‘xﬂ)
4

b= = 0



Example 2 cont....

s | 4 12 There are two sign changes
l +4 to -2 and -2 to +12.
s |2 0 Hence two roots are in RHP

0 S-plane and system is unstable
A




Example 3

Comment on stability.

S +5 +258 +25 +35+5=0

| 1 2 3
st] 1 2 -
s | b b
e e

s' | di

§0 | a

(1x2)-(2x1)

b =
|
b =0
b:=(lx3)—(5xl)
1
br=-2

Cl
di

(n

2 3
2 -
-2
2

Case | = “When the first of any row is zero and the rest
of the row is non-zero."



Routh’s Criterion Special Cases

Case | - “When the first of any row is zero and the

rest of the row is non-zero.” Here the next row

cannot be formed as division by 0 will take place.

Method to Overcome: A method to overcome

|
above problem is to replace s by - and complete

~

the Routh’s test for z.



Example 3 cont..

Replace s by (1/z)
) + () + 20 +2(2) +3(2)+5=0 7
4 Z e < <

Take L.C.M 2
l+z+2z°+272°+3z"+57° -0 :

142427 +22° +37 452 =0 7

N

577 +37' +22° +27° + z+1=0 :

Use above characteristics equation and complete Routh’s Test

There are two sign changes

in first column.

Hence two roots are in RHP
S-plane and system is unstable



Example 4

Comment on stability.  s' +65"+11s" +65+10=0
'L 1 11 10
| 5 " i - [6:-:1]]6— (1x6) a6 6 0
s 6 6 0 b =10 s 110 10
s | b b s 10
' | e bo= tﬁxlﬂ]ﬁ-ilxﬂ} ' [an \
0 Case Il - “When all elements in any one row is zero.”
5| @ b,=10

o2 10x6)-(10x6)

10




Routh’s Criterion Special Cases

Case Il - “When all elements in any one row is zero.”

Method to Overcome:

v Here form an auxillary equation with the help of
the coefficients of the coefficients of the row just

above the row of zeros.

v Take the derivative of this equation and replace it’s

coefficients in the present row of zeros.

v’ Then proceed for Routh’s test.



Example ,

sl 1110
i | 6 6 0
s 110 10

s 1o

s’n (In

cont..‘.

Here s' row breaks down.
Hence write auxiliary equation

for s? .
A(s)=10s*+10

(Note each term of next column
differs by degree of 2)

Take derivative of auxiliary equation
i Als)=20s
ds

Use these for s row coefficients.

{n

~(20x10)=(10x0)
20

HH:IO



cont....

Example4
sl 111
s 6 6
s 110 10
s 120
s"110

As no sign change in first
column; system is stable

Problem: Using routh’s criteria find the stability for given figure.

R(s)

100

S(s)

s* +10s




Application of Routh’s Criterion
v'The gain is kept in terms of k and Routh’s array s solved to find k for stable operation.

Examples

Determine the range of k for stable system.  ¢* +5¢° +55% +45+k =0

s“ ] 1 5k
S 4 0
s |4.2 k
o [16:8-5

4.2
s' | k



Examples cont.....

For stability all elements of first column 1 should be positive

- k>0 For .ln‘n row (1)
and 16.8—5k >0 For S] row
4.2

i.,e. 16.8>5k or 1@:165—'8

k <3.36 E—
Thus combining equations (1)and (2), O < k < 3.36

This is the range of k stable operation.



Examples

Determine the range of k for stable system. e A 445 4354k =0
S” 1 2 k
S 4 2

]

s/4 k

1 15—-16k

\n
LA



For the svstem to be stable, all elements of column 1 should be positive

ie k=0 For § TOW....ooooeoeeneeeeee. (1)

15—16k 1
and ————— For g

5
15-16k =0 or K=<15/16

K < 0.9375 e

Thus, combining equations (1) and (2), 0 =k = 09375

This 15 the range of k stable operation.



Advantages of Routh’s Criterion

» It is a simple algebraic method to determine the stability of

closed loop without solving for roots of higher order

polynomial of the characteristics equation.
» It is not tedious or time consuming.
» It progress systematically.

» It is frequently used to determine the conditions of

absolute & relative stability of a system.

» It can determine range of k for stable operation.
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