Exam solution

Question 1.

Define the epilimnion as the control volume of interest. The conservation of mass for this system,
assuming steady state, is
(A)
ocC
0=(QC)v - (QC)our — Dz 7 A-S
given Cry = 0. Assume epilimnion is well-mixed. .". Coyr = Cgp;r = C(z = —4m). Discretize

concentration gradient across thermocline,

aC _[e(z=-4) - C(z = -5)]
YA [-4—-5]

z=—4

Then solve (A) for S,

(B)
Cgpr—C
S = —QCrpr — Dz AZEP! - HY PO
m
; o _ 0.4 —4mg/l
— 3 _ 6,2 —1 6.,,2\ | V-2 —2mg/s
= — (1m?/s) (0.4mg/l) — (2 x 10~°m?s™") (10° m?) [ Forr ]
il
=g PO I00L el
s 1 m?
Question 2.
From Fick’s Law, q. = —DAS—Z.
ocC C o . .
(1) Atz=0and z = H, 97 < 0, .". g > 0, which indicates fluxes is upward at both boundaries.
oc . .
(2) At steady state, T = (). From 1-D conservation equation,
2
afc = Dz(? ¢
ot 072
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d*C aC . o : :
.. at steady state, 972 0. .. 7 constant. .. linear profile indicates this system is at

steady state.

\

\
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\

(1) oc <0atz=0.. ¢, >0, positive, upward. No flux at z = H.

07

(2) System is not at steady state.

)

dC . oc
3z ((9_Z> #0,.". from conservation EQ), a7 #0

Progression of evolving profiles shown. Note, because chemical is not volatile, surface (z = H)

=0 so that g,(z = H) = 0!
z=H

is a no flux boundary.

0z
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Question 3.

The release 1s described as continuous, and we are told that it rapidly distributes over the
aquifer depth. No lateral boundaries are indicated. As a first approximation, we believe
the concentration field will resemble that from a continuous release in two dimensions,
(x,y), with conditions uniform in the vertical coordinate, z. No 1mage sources are needed,
because boundaries only restrict flux in the z-direction, and the concentration 1s already
assumed to be constant in z, such that the no-flux condition, 6C/6z = 0, is automatically
satisfied. However, the source 1s not a point, but rather is distributed over a 5-m x 5-m
square. We can ftreat it as a point if this area 1s small compared to the extent of the
plume at the well (see B below), as the concentration observed at the well will then
appear as 1f it came from a point source. We estimate the lateral dimension of the plume
as B =4 6, =4 (2K, L/U), where L = 500m is the distance to the well, and the lateral
dispersivity 1s Ky = 10° m’s™. Then, B =126m. Since 5Sm << 126m, the concentration at
the well appears as 1f it originated from a point source. Finally, we write the expression
for brine concentration downstream of the leak.

Clx.y) h/u exp uy’
, L, J4nK  (x/u) 4K x 1

with L, = 2m the thickness of the aquifer. This solution is valid for Pe = Ux/K; >>1, or x
>> 10m, so we may apply it at the well located at x = 500m.

Ny
y
' =B > X
Top View v

The maximum concentration at the well, Cyx, 1S given by the above equation evaluated
for (x=500m, y=0m).

(10g/1)(0.1m*/week)(1week/604800s)
(10°1m/s)(2 - mW47(10 5 m>/s)(500m/10* m/s)

~0.011 g/l = 0.011 ppt.

‘max

This salinity 1s not detectable by the human palate. For reference, salt water 1s 30 ppt.
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The solution above assumes that steady state has been reached at the well. The time-
required for this to occur depends both on advection and longitudinal dispersion. The
advection time-scale, Ty = 500m/10°m/s = 5x10°%s =~ 15 years, defines the arrival of the
mid-front which will have the concentration Cy.x/2. The time interval At between the
arrival of the mid-front and the end of the transient period is approximately At = (26, )/u,
where o, 1s estimated at the time the mid- front arrives at the well, o, = V(2K L/u). So,
At=(2/10°ms™) x V(2x 10° m’s " x 500m/10°ms™)=6.3 x 10" s =2 years. The
concentration observed at the well is sketched below.

Concentration Observed at Well (x = 500m, y = 0)
A

Cmax ~
0.5 Cnax
. > t [years]
- 15 17 ~_
L L+2c
u u

Finally, note that molecular diffusion, while present, is negligible compared to the lateral
and longitudinal dispersion, and so is not considered in the plume transport calculations.

Question 4.

If the tracer is mixed over the channel area, Qr =Qi Cv/C¢= mTC]S where 7 is the

tracer injection rate and Cr 1s the steady-state, far-field concentration. From the
observed concentration, and 7= 0.01 gs'l,

X [m] Ce[gm-3] estimated Qg [m’s™]
20 0.075 0.13
40 0.1 0.10
60 0.1 0.10

The estimated river flow at the first station is higher than the later two stations. At
first this suggests that flow is diverted from the channel between 20 and 40 m.
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However, diversion of flow would not change the concentration, so this is

implausible. Instead, we suspect that at x = 20m the tracer has not yet fully mixed
within the channel, making the observed concentration lower than the steady state
value. We then conclude that the flow in the channel is 0.1 m’s”. We estimate the
Lagrangian mean velocity, u, from the arrival of the mid-front. At x =L downstream
of the injection, the concentration will be 0.5Cr at t = L/u. Using the 60-m data, C =
0.5C:=0.05 gm" at t =20 minutes. Thus, u=(60m)/(1200s) =0.05 ms". The mean

cross-sectional area between x = 0 and x = 60-m 1s then, A=Qg/u = 2m’.

C[gm3]
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Time [Minutes]

The coefficient of longitudinal dispersion, K, 1s estimated from the shape of the front.

At tg 16 = (L-oy)/u, the concentration will be 0.16Cs. At tggs = (L+oc)/u, the
concentration will be 0.84C;. Using the concentration at x = L = 60m,

L u to.16 Go16—L-utp 16 to__84 G084~ utp g4-L
[m] | [m/s] [min] [m] [mun] [m]
60 0.05 17 9 24 12

Assuming ¢ = 0 at t = 0 we have two estimates for K,

2 2 2

Ky = 167 _ 1 [—Q'-S-J'—G J = 1 _(121'11-) =3.0 m’min’’
2 8" 2 t0.84 2\ 24min
2 2 2

Ky= =22 - —1(—% ) S OO s 4 i
2 6t 2 t0.16 2\ 17min

We can average these to find the best estimate, Kx = 2.7 m’min’’
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Question 5.

a) Write an appropriate transport equation
If Toluene is always and everywhere in equilibrium with the solid phase, its transport is
described by,

oC cC oC oC o ac cC o oC
(1) —+fu—+fv—+fw—=—1K; — fK —+—1K,—,
ot oX oy 0z 0OX [6).4 ay ay oz 0z

where C 1s the total concentration and £ 1s the mobile fraction. It is given that v=w =0, and
implied that 6C/dz = 0. If we also assume that K and f are homogeneous, then (1) becomes

2 2
(2)—+ﬁ£—ﬂ(6c ﬂ(a—g
OX 6x oy

To determine f we need the bulk density, which is
p= ps(l—-n)=2.6x(1-0.3)= 1.82 g/mL. Then

n 03
n+pgKy 0.3+(1.82g/mL)(0.5 mL/g)

Note, Pe = fU L /K = (0.25)(1md *)(1000m)/(0.1 m*d™) = 2500 >> 1, which implies that
longitudinal dispersion is small compared to advection. However, it appears likely (to be
confirmed below) that the release behaves as an instantaneous release. If so, we need the
longitudinal dispersion term to establish the longitudinal shape of the cloud.

b) Estimate the total concentration, C(t), at the drinking well.

To determine if the release behaves as an instantaneous point source, we estimate the transport
time-scale, Ty = L/fU = (1000m)/(0.25 x 1 md™") = 4000 d. Since Ty is much longer than the
duration of the release (2 hrs), we confirm that the release behaves as an instantaneous source.
In addition, since Ty >> 24 hrs (time to distribute Toluene vertically), we confirm that the
concentration can be assumed uniform in z. For an istantaneous source of mass, M, released at
(x,y) =(0,0), the solution to (2) 1s,

e L 2
exp{_(x fut)? +
L,4ntfK 4TK

(©) C(xy.t) =

2

where Lz = 5m is the vertical depth of the aquifer.

c) Estimate the peak concentration in the porewater at the well and the duration of exposure.
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The peak in total concentration at the well (x =L) occurs at t = Ty=L/fuand y = 0.

2000 _
Cpeak = g —=032gm >
(5m) 47 (4000 d) (0.25) (0.1m~d )

The pore water concentration, Cy, = (f/n) C. So the peak porewater concentration is,
Cuvpeate = (/1) Cpeate = (0.25 x 0.32 gm™)/(0.3) = 0.26 gm™

To estimate the duration of exposure we will define the length of the Toluene cloud by 4o,
evaluated at the peak arrival time, Tu.

. _ 40 _ 4y 2iKT, 4y 2KL/u 41/2(0 1m?d! )(1000m)x(1md)

exposure fu fia fu (0.25)(Imd ™~ )

=226d

Question 6.

Let the bubble rise velocity be wg. A bubble requires the time T,;. = h/wpg to reach
the surface. In this time the bubble will travel a downstream distance of uT,... Thus
the desired spacing scale 1s

(1) L=ub/ws.
To find wg we first assume creeping flow,

_2d’(pg—pyw) _ 9.8ms (107 m)*(1.4 — 998 kgm)

= - = 0.54ms ™
B 1811y 18(10 "kem 5 ) e

Check Reg = (0.54ms)(0.001m)/(10°m’s™) = 540 >> 1, so creeping flow is not
confirmed. We now iterate to find the bubble velocity using the relations:

24 3 4 gd
Cp=—u+ +0.34 and wg { M}

Rep JRe:B 3 Gy

Assume Reg = 540

24 3
Cpp=—"—1+ +0.34=0.51
D™ 540 540

. {4 (9.8ms™)(0.001m) (1.4 — 998kegm™)
B

= } =0.16m/s
3 (998kgm ~)(0.51)

Reg = (0.16ms™)(0.001m)/(10°m’*s*)=160+ 540, so go around again.
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Assume Regp =160

c.-2, 3
D7 160 160

+0.34=0.73

B - S
. [i (9.8ms)(0.001m) (1.4 — 998kem )} i

3 (998kgm ™ )(0.73)
Reg = (0.13ms™)(0.001m)/(10°m’s ")=130 = 160, we are close enough to stop.
Now, returning to (1),

L =ul/wg = (1Ims™)(1m)/(0.13ms™") = 7.6 m

Question 7.

To estimate whether phosphorus mass in the epilimnion will change in the near future, we
consider a mass balance for this region. There are four fluxes contributing to and/or removing
phosphorus from the epilimnion volume.

Inflow Flux = Q;C; = (0.1 m’s™)(100pgL™)(1000Lm™>) = 10 mgs™.

Outflow Flux = QoCo = (0.1 m’s™)(50ugL")(1000Lm™) = 5 mgs ™.

The settling flux occurs across the base of the epilimnion control volume. From the
graph, this is located at 4m depth at which point Csy, = 40 pugl™. If we assume a
cylindrical lake basin, the area at the base of the epilimnion is the same as the water
surface area, A. Then,

Settling Flux = wpAC = (2.0 x 10°ms™)(2 x 10* m*)(40ugL")(1000Lm™) = 1.6 mgs™.

The diffusive flux also occurs across the base of the epiliminion. We need to estimate the
gradient of concentration at the base. For this we can use a central difference z = 4m,
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(6C/0Z) 4 = (Cam - Csw)/(3 - 5 m) = (50-30 pgL™")/(3-5m) = -10pugL'm™.

Diffusive Flux =
-D:A 8Cloz= -(2x10'6n125'1)(2x104m2)(-10ugL'1m'1)(1000Lm'3) =+0.4mgs?

The positive sign indicates that the diffusive flux is directed downward, along the
positive z axis. This flux is a loss for the control volume.

The sum of these fluxes gives the rate of change of phosphorus mass in the epilimnion,
8M/ét = + Inflow - Outflow - Settling - Diffusive Flux = (+10 - 5 - 1.6 - 0.4) = +3mgs ™.

With M/t > 0, the phosphorus levels in the epilimnion will continue to increase.
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