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Intended learning outcome
Pythagoras theorem
Compound angles

Double angles

Half angles
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Intended learning outcom

Students should be able to understand and apply the formulas that relate
the trigonometric functions of compound angles, such as sin(4 +

B),cos(A + B),and tan(4A + B).

Students should be able to use the formulas for trigonometric functions of

compound angles to solve problems involving angles in various contexts.

Students should be able to understand and apply the formulas that relate
the trigonometric functions of half angles, such as sin(6/2),cos(6/

2),and tan(8/2).
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Pythagoras theorem

Consider the figure below
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Using Pythagoras theorem

x 2 + y° = = (***)

But cos 6 = f and sin 6 = %, so we divide by 7 obtaining

X =1rcosf,y = rsinf
r? cos? 0 + r?sin® @ = r?

cos & ftsmeg —¢ . (]



Two similar identities can be deduced from this.

Dividing equation (1) through by cos?6

sin? 6 1

cos?20 cos?0

1+

1 Ftan%6 =sec?d ... (2)



Dividing the original identity by sin“6

cos? 6 . 1
sin? @ ~ sin20

cot<8 El =cosec®.

(3)
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Example

Solve the equation 1 + cos8 = 2 sin?0, for values of 6

between 0° and 360°.

Solution
1+ cosO = 2(1 — cos? 9)
1+ cosf =2 —2cos?0
2c0s?0+cos8—1=0
2c0s?0 + 2cos0 —cosf —1 =0
2cosO(cosf +1) —(cos@+1) =0



(cosf + 1)(2cos8 —1) =0
cosf = —1

g = 180Y

1

0 =—
coS S

0 = 60Y,300°
6 = 60°,180°,300°
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Simplify T

Solution

when x = a cosec@.

1

va2cosec20 — a2
1

_ Ja?(cosec?6 — 1)
1

av ci)t2 %,

acotf




Compound angles

Consider the figure below
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What is the height of R above P?

One way to find this out is to drop a perpendicular RU from R to

the horizontal through P, then from the triangle RPU,
RU =sin(4 + B) ...... *

Alternatively, since RQ = sin A, PQ = cosA and angle

QRU = B, the height of R above P can be found in two parts.

First, the height of R above Q, RT = sinA cosB .



Secondly, the height of Q above P, QV = cosA sin B.
RT + QV = sinAcosB + cosAsinB ....xx

Thus, equating the height of R above P obtained in the two ways

Equating * and **
sin(A + B) =sinAcosB + cosAsinB .......(1)



How far to the right of P is R?

In triangle RPU, PU = cos(4 + B).

Alternatively, the distance of Q to the right of P, PV = cosA cosB,
The distance of R to the left of Q, QT = sinA sinB .

So, equating the distance of R to the right of P obtained in these

two ways

cos(A + B) = cosA cosB —sinAsinB ..........(2)
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The height of R above P is now sin(4 — B).

R is a distance sinAcosB above Q, but Q is a distance
cosAsinB below P,

Therefore
sin(A — B) = sin AcosB — cosAsinB ... ... ... (3)

Further, R is a distance cos(A — B) to the right of P.

Q is a distance cosAcosB to the right of P, but R is now
a distance sinAsinB to the right of Q,

Therefore
cos(A — B) = cosAcosB + sinAsinB .......(4)
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We can deduce more two identities from the above four
From (1) and (2)

sin(4A + B)
cos(4 + B)

tan(4A + B) =

- sin A cosB + cosAsinB

cosA cosB —sinAsin B

tanA + tanB

tan(4A + B) =
ul ) 1 — tanAtanB

..(5)
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From (3) and (4)

sin(4A — B)
cos(A — B)

tan(A — B) =

sin A cosB — cosAsinB

cosA cosB + sin Asin B

tanAd — tanB
tan(A — B) =

=

..(6)
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Example

. 3 15 : :
[fsind = - and cosB = = where A is obtuse and B is

acute, find the exact value of sin(A + B), cos(A+B) and

tan(A+B).

solution

sin(4 + B) = sinAcosB + cosAsinB

Using Pythagoras theorem to find cosA, and sinB



Sin4d =

)

ul|l W

sinB = —,

COSA = —

15
cosB = —
17

x2 £ 9 =95
Y2 =16
x =4
15% e =vliga
y? = 64
y _8



sin(A + B) = sinAcosB + cosAsinB

—3><15+ 4X8
5 19 5 17

5

85 85

_ 13
sin(A + B) = ™



cos(A + B) = cosAcosB — sinAsinB

- 4><15 3X8
- § {7 5 49

60 24
85 85

34
cos(A+ B) = =



Ll sin(A + B)
= ~ cos(A+B)
= g
85 85

13 -85
= X
85 84
13
tan(A+ B) = ——

84
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Solve the equation cosfcos20° + sinfsin20° = 0.75 for values of

Afrom 0° to 360°

Solution
c0s8c0s20° + sinfsin20° = 0.75
cos(@ — 20) = 0.75
6 — 20 = cos~1(0.75)
6 — 20 = 41.41°,318.59°

6 = 61.41°,338.59°
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Double angles

Double angles are obtained from compound angles by
setting A=B
sin 2A = sinAcosA + cosAsinA

sin2A = 2sinAcosA ... ..... (1)

c0S2A = cosAcosA — sinAsinA

= cos?A —sin?A...........(2)



Identity (2) can result into

cos2A =1 —2sin% A

cos2A = 2cos?A—1
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Example

Solve the equation 3cos26 + sinf = 1, for values of 6

from 0° to 360° inclusive.

Solution
3(1 — 2sin? @) + sinf = 1
3 —6sin?6 +sind =1
6sin“ @ —sind —2 =0
6sin® @ + 3sinf — 4sinf —2 =0
3sinf(2sinf + 1) — 2(2sin6 +1) =0



(2sinf + 1)(3sinf —2) =0

.
SIno = 5

6 = —30° 210", 330°

2
Sin —3

6 = 41.8Y,138.2°
. 6 =41.8°138.2Y,210° 330°
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Find the values of sin268 and cos268. when sinf = %where g

is an acute angle
Solution

Using Pythagoras theorem

¥<=25_0
X2 =16
x =4

vt |

. 3
Therefore sinf = = cosf =



sin260 = 2sinfcos6

—2><3><4
=5 5

Sin260 = —



cos20 = cos? 0 — sin? 6

o[ (g)z

16 Y

cos20 = o — ot

20 = —
cos20 ot



Half angles

From
.
Sin —51n<§+z>— 51n<§

A A

()

cosA = cos (— + —) = Cc0S? (é) — sin? (
2 ' 2 2

Which results to

cosA = ZCOSZE 1

A
cosA=1-2 sinZE

A

2

)
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Example

. 3 o :
If sinx = = and x is in the second quadrant, find the exact

value of sin(g) using the half-angle formula for sine.

Solution

From

coSx = cos? (g) — sin? (g)

. zx
BN e i D E



4—1 Z'ZX
= sin >
X 1
a 2_ A
sin =
X 1
=
in(3) =+

Since sine is positive in the second quadrant then

sin (;) =

ﬁ‘._x
-]
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Thank you for listening to me

Next lecture: Derivatives of trigonometric
functions



