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Week 8: Differentiation: Gradient of a curve, Chain rule, Products and

quotients
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Intended learning outcome

Gradient of a curve

Function of a function (chain rule)
Product rule

Quotient rule
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Intended learning outcomes

Define gradient of the curve

Define the product rule as a method for differentiating the

product of two functions

Define the chain rule as a method for differentiating

composite functions

Understand the quotient rule and how it can be used to

differentiate the quotient of two functions
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Gradient of a curve

Gradient of a curve refers to the gradient of the

tangent to the curve at a given point.

The gradient of a curve is obtained by differentiating

the curve given the curve y = ax™ + b

- d -
Its gradient is given as d—z = nax'
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Example : Find the y — coordinates and the gradient at the point

on the following curves corresponding to the given value of x
Vomrs — Iy a0
Solution
y=x%*—-2x+1
) () 2]
y=4—4+1
y=1

To find the gradient, we are going to differentiate y wrt x
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At =17
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y=x+2)(x+4); x=-1
solution
y=(-1+2)(—1+4)
y=1x%x3
y=3

To find the gradient, we differentiate y with respect to x

y =%t 6x+8

;l—i] =2x+6

but x = —1

dy

—Z=2(-1)+6
=

dy_

=4
dx
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Y =3xca-—_Jy’ 5y
solution
y = 3(=2)? - 2(-2)?
y=12+ 16
y = 28

To obtain the gradient we differentiate y with respect to x

d
d—i:=6x—6x2

Butatx = —2
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Y = 6(-2)— 6(-2
dx

dy
— =-12-24
dx

dy_

= —36
dx

5/17/2023 Mathematics For IT 9



// |

Example: Find the coordinates of the points on the following

curve at which the gradient has the given values

y = x2, gradient = 8

Solution
dy
2 =2
dx -
dy
But E = 8
N =
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When x = 4 then

y = (4)°
y =16

The coordinates are (4, 16)
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2)y = x3 —6x%+4; gradient = —12

Solution
dy
=
dx X X
But® = —12
dx

3x% —12x = —12
v —12x 1 12=0

x*—4x+4=0
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(r=21x=2)=0
X=20rx =2
When x = 2
y =(2)3-6(2)*+4
y=8—24+4
y =—12

The coordinates are (2, —12)
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3) y = x(3 — x); gradient = 0

solution
y = 3x — x*
dy
— =3-2
dx -
gdac
ButE—O
3 =2x =1
3
e —
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To obtain the coordinates

Therefore the coordinates are (2
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Function of a function (chain rule)

If y is a function of U and U is a function of x, y isa

function of a function

A function is differentiated by chain rule

dy dy du
dx du’ dx
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Example: Differentiate the following with respect to x
y = (x — 5)°
solution
letu=x-5
du -
dx
y =u’
dy
- 2 2
du !
From d—y == d_yd_u
dx dudx .
y
ddx -

dx
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. gyt
Solution

letu =x2%+2

du_2
dx -

y=u

dy_

— G4
du -
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dy dydu
dx dudx

d
= Su? X 2x
dx

d
= )
dx

d
e 10x(x? + 2)*
dx
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solution

o letu=2x—3

dy

=
du -
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dy dydu
dx dudx

= 20 2

= 4(2x — 3)
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Solution

Let u = sinx

But y = u?

By chain rule
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du -

e COSX
dy
W)
du -

dy dydu

dx dudx

Mathematics For IT

22



5/17/2023

dy

s )

= UCOSX
dy .
— = 2Sinxcosx
dx
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Product rule
If y = uv, where u and v are functions of say x
y+ 0oy =(u+ou)(v+ov)
6y = (u+ouw)(v +6v) —uv

= uv + uodv + voéu + dudv — uv

0y  udv - vou . ouov
Sx  Ox 0x 0x
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o) dy 6v dv ou du
As5x—>0,—y—>—y,——>—,——>—and5u5v—>0
ox dx  6x dx °~ ox dx
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Examples: Differentiate the following

= (e ket 2)r

Solution
dy udv  vdu
From dx ) dx - dx
letu=x+1
du >
dx
Letv = (x + 2)?
dv
2+ 2)

dx
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ﬂ= (x+12(x+2) + (x +2)%.1
dx

d
—y=(x+2)[2x+2+x+2]
dx

dy_ 2)(3 4
a—(X‘F )(x+)
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y — (x P Z)Z(xz e 2)
solution
Letu = (x — 2)?
du _ 2
dx (x —2)
Letv = (x* —2)
dv .
R o

ﬂ =(x—2).2x+ (x*—-2).2(x —2)
dx
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- =2x(x —2)* + 2(x* — 2)(x — 2)
dx

-
dx

d
= 2(x —2)(x? = 2x + x% = 2)
dx

dy
= 2(x —2)(2x% = 2x — 2
- fr = 2)(2x x—2)
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Solution
Letu = x°
du
g
dx =
Let v = cos5x
By using chain rule
dv - -
- sin5x

Therefore applying the product rule we obtain
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d
- x3.—5sin5x + cos5x 3x?
dx
dy

= —5x3sin5x + 3x%cos5x
dx

dy

= 2(_ ]
= X (—5xsin5x + 3cos5x)
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Quotient rule

If y = % , where u and v are functions of x
v !
dy dv du
=l _V—Z__l_ V—l_
dx dx dx
Udv 1du
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= -

Vdu U dv
dy  dx dx

dx V2
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Example: Differentiate the following
X

) =

x+1
Solution

Fetii=xandiu=x+1

 tand
dx dx
dy (x+ D1 -xl
dx (x + 1)?
dy x 1 x
dx (x+1)2
dy 1

dx (x+ 1)?
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_ x%41

Y= (x+1)2

Solution

Letu=x%+1

Letv = (x + 1)?

U_Z +1
dx_ (x )

dy (x+1)%2x— (x*+1).2(x+1)
dx (x + 1)*
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dy 2(x+D[x(x+1)— (x% 4+ 1)]

dx (x + 1)4

dy 2(x+1)(x—-1)
dx (x + 1)

dy Z(x-— 1)
a_(x+1)3
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Thank you for listening to me

In our next lecture we are going to extend our idea of

differentiation to implicit function and rates of change
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